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Resumo

O objetivo da seguinte dissertacdao é apresentar a conexao existente no comportamento
do regime infravermelho em ambas as teorias de calibre e gravidade. O primeiro elemento
desta andlise é o estudo dos os teoremas soft , originalmente desenvolvidos por Weinberg
[1][2]. Em um sentido geral, os processos de espalhamento sao governados por meio de
restrigoes que controlam a forma como as particulas soft sao produzidas. O segundo ele-
mento sao as simetrias espago-temporais assintoticas desenvolvidas por Bondi, van der
Burg, Metzner e Sachs [3] [4] dos espago-tempos assintoticamente planos. Eles fornecem
o surgimento de cargas conservadas associadas ao comportamento dos campos através
nos infinitos nulos. Terceiro, mas nao menos importante, a existéncia de efeitos de me-
méria, como os estudados por Christodolou [5][6] e Thorne [7] no limite infravermelho.
Novamente, em termos simples, eles se referem ao surgimento de perturbagoes no tecido
do espaco-tempo devido a sua propagacao, levando a deslocamentos de campo. Nés ex-
ploramos a conexao em termos da aplicacao de transformadas de Fourier e identidades
de Ward. Por simplicidade, vamos-nos focar no caso da Eletrodindmica Quéntica e da

Gravidade Quantica.

Palavras-chaves: Espaco-tempo assintoticamente plano. Identidade de Ward. Teorema
"Soft".



Abstract

The objective of the following dissertation is to present the existent connection in the
infrared regime behavior of both gauge theories and gravity. The first element in this pic-
ture analysis is the study of soft theorems, originally developed by Weinberg [1][2]. In a
general sense, scattering processes are governed through constraints that control the way
soft particles are produced. The second one shall be the asymptotic spacetime symme-
tries developed by Bondi, van der Burg, Metzner and Sachs [3] [4] of asymptotically flat
spacetimes. They lead to the appearance of conserved charges associated to the behavior
of the fields at null infinities. The third but not least, the existence of memory effects,
like the ones studied by Christodolou [5][6] and Thorne [7] in the infrared limit. Again,
in simple terms, they refer to the surgence of perturbations in the fabric of spacetime
due to its propagation, leading to field shifts. We explore the connection in terms of the
application of Fourier transforms and Ward identities. For simplicity we focus on the case

of Quantum Electrodynamics and Quantum Gravity.

Key-words: Asymptotically flat spacetime. Ward identity. Soft theorem.
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1 Introduction

The asymptotic symmetries of spacetime where originally studied as symmetries
of the bulk when considering the propagation of gravitational waves and their behavior
towards infinity. In the seminal works by Bondi et. al. [3] and Sachs [4], the authors
deduced the existence of a group of isometries correspondent to the case of asymptotically

flat spacetimes.

The existence of the soft limit of S-matrix preceded the derivation of asymptotic
symmetries. We understand the soft limit as scattering processes in quantum field theory
(QFT) where there is production of soft particles, whose energy F satisfies the condition
E — 0. Then we talk about infrared phenomena due to the production of these particles.
The so called soft theorems of scattering amplitudes factorized into an amplitude with
soft factor. Original developments were made by Bloch and Nordseick [8], Low [9], Yennie
et. al. [10] and Weinberg [2]. The case of memory effects on the other hand referred to
the appearance of a finite variation in the average value of some quantity after a certain
process occurs. This was originally studied by Zeldovich [11], Christodolou [5], Wiseman

[12] and Thorne [7] in the context of propagation of gravitational waves.

The existence of a connection between all these infrared phenomena was intro-
duced in the literature by different authors. On the side of soft theorems and asymptotic
symmetries by Barnich [13], Kapec et. al [14][15], Campiglia and Laddha [16], Seraj [17]
and Gabai [18], and in the case of memory effect and those symmetries, originally intro-
duced by Strominger & Zhiboedov [19]. Based on different approaches, all of them claim
the possible interpretation of the symmetry group of asymptotically flat spacetime as
the sources of conserved quantities which lead to the existence of the so-called soft theo-
rems for scattering amplitudes. Similarly an interpretation is made for the memory effect,
where a vacuum transition in those types of spacetimes are generated by the application

of certain transformations which are elements of its symmetry group.

As mentioned in the title, the study of infrared phenomena on gauge and gravity
theories is the main focus of our dissertation. In particular, the issue of infrared diver-
gences on field theory is a common subject developed on standard texts on the field,
such as Weinberg [20] or Schwartz [21] recently. Generally speaking, infrared divergences
appear on field theory when questions arise about the calculation of cross sections for
different scattering processes, like ete™ — pt ™. The question which arises, is how this
process differs from a similar one involving the production of soft particles, either on the
initial or final state, or from virtual particles. This leads to a proper treatment involving

regularization procedures beyond the scope of the present work. However, it gives us some
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motivation on the subject on how does infrared divergence of scattering processes can be
dealt properly through the understanding of soft particle production due to symmetry
considerations. Besides that, opens the possibility of analysis of particle jet production

and its interpretation.

This dissertation is organized as follows: on Chapter 2 we aim to describe the case
of the infrared triangle for the case of electromagnetism. Both the classical and quantum
mechanical cases of asymptotic symmetries are discussed and its link to conservation laws
through the interpretation of Ward identities on null infinities as the so-call Soft Photon
Theorem. Chapter 3 discusses a similar analysis, this time applied to Quantum Gravity.
In the context of this dissertation, Quantum Gravity refers to a Quantum Field theory
describing the physics of relativistic particles and quantum mechanical nature with spin 2,
which interact with any system with certain amount of mass and energy. These particles
of spin 2 can be portrait as the excitations of the gravitational field at quantum scales.
Being our study focused on the infrared spectrum, problems as the non-renormalizability
of the gravitational field described by the metric are set aside. On the other hand, through
the introduction of the Bondi-van der Burg-Metzner-Sachs symmetries (BMS) we derive
the set of spacetime isometries known as BMS group, and then link its existence to the
known Soft Graviton Theorem. On third place, Chapter / looks into the definition of
the memory effect and its interpretation as vacuum transition on an asymptotically flat
spacetime. Finally, conclusions about the link between the soft theorems, asymptotic
symmetries and memory effect are presented, as a picture of the current state of research

derived from these developments.



2 Infrared divergences for electromagnetism

Analysis of infrared divergences for electromagnetism can be started through the
study of the Lienard-Wiechert potentials [22]. The main objective of this section is to

show that these solutions are discontinuous at the boundary of the Minkowski spacetime.

2.1 Classical divergences-Lienard Wiechert potential

Given the position x'(7) of a particle with charge e, we want to compute the field
potential generated due to its movement. Let us start from the wave equation for the

potential
OA% = —4nJ?, (2.1)

where the potential A* and 4-current J¢, are given as
A%(z) = / d'2' D (x — 2)J°(z), (2.2)
Jo(z) = ¢? / dru®st(z — o). (2.3)

Here, the retarded Green function D (z — ') is defined as

1

Dy(z —2') = pr—

Ot —7)é(t — 7 — |x —X'|), (2.4)
where |x(t) — x/(7)| is the the relative position to the source of the field, and

t—71=|x—x|. (2.5)

Replacing both expressions in the wave equation leads to

(@) = = [ drOo(r)aly ys(r)u, (2.6)

where y*(7) = 2% — 2%, u® = (1, 8), with v = (1 — 8?)7%/2. Then, by deriving the
4-potential, we get

OnAp = 2% [/dTé(yO)ﬁa(xo — Y0 (g Yus + /dT@(yO)aaé(yuy”)uﬁ], (2.7)

where the first integral is evaluated in crossing light trajectories, so it cancels out. Then

the above expression is reduced to

2
(&
Ouls = 5 [ ArO(y")0ud (g Jus (2.8)
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Consider both Dirac delta and derivative identities,

of dr d
0.3(1) = o 100 (2.9)
Oof = 0u(yuy*) = 2(xq — 2'4), (2.10)
df = =2(z* — 2", (7)dr, (2.11)

where f = y,y". Now, by substituting in (2.8), one gets

2 /
Oadly = 47T|ZVUV|CZ'[|xfa— xiruu] °l, (212)
The Faraday tensor Fip = 0,Ag — 03A,, will be given by:
Fop = 4W|Zju,,, ddT [yauf/;fﬁua] ) (2.13)
For the special case of constant u,,
—e2
Fap = g P [yau,@ - ygua] (2.14)

Now, considering n moving sources with charges ()i and the 4-velocities uf , we obtain

the radial component for electric field

e & Qrye(r =t - By,)

Fr ,t - ~ )
(1) 4t = V2(t — 12 - B)? — 12+ r2|3/2

(2.15)

where r? = x-x and x = r2. Expression (2.15) is discontinuous at 7 — oo, requiring the
necessity of analyzing it towards the conformal infinities of Minkowski spacetime, whose
causal structure is developed in its correspondent Penrose diagram, which is presented on
Appendix A, where is established that ZT and Z— are the future and past null infinities
and 7° is the spacelike infinity. In fact, the expression (2.15) can be rewritten in terms of

retarded coordinates u =t — r, as

e d Qiy(r — (u+r)2 - By)

Fo=F., = - . 2.16
t i 2 7 =1 B — (ut )+ PP (210
Taking u fixed, and r — oo (r >> u), we have
Fu| , = 2.17
e = Bl = § AT (247
Similarly, for the advanced coordinates v =t + r, we obtain
e & Quye(r — (v —7)Z - By)
Fr = — , 2.18
T A Z U—T—r:%-ﬁk)Q—(U—T)2+T2|3/2 (2.18)
Frt - = Frv (219)

I- 47T7‘2k1’}/ 1+x B)?
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For obtaining the F,; value at Z*, we take the limit at u — —oo. Similar analysis is
applied for evaluating F,; at Z, this time at v — oco. The field tensor exhibits a singular
I+ 7£ Fry -
we can see that the leading contribution of the Taylor expansion for the field tensor will

be FT(t2 ), i.e. the %2 order term. However, it is possible to identify an antipodal matching

behavior at %, since F, . From the asymptotic expressions (2.17) and (2.19),

condition when z — —2, as follows

lim r2F,,

Jim I+(:f:) = lim r%F,,

r—00

_(-2). (2.20)

+

Therefore, the leading term in the radial electric field for a collection of n particles at
any point Z* will be equal to the value of the field at the antipodal point on Z;. As
a consequence of equation (2.20), we are going to deduce that the infrared behavior
of electromagnetic radiation at infinity leads to the identification of a set of conserved
quantities which come to existence because of the residual large gauge symmetry of the
system. In particular we are interested in the zero energy limit, the so called soft modes.
From here, we will use a combination of both retarded or advanced coordinates together

with the complex stereographic coordinates for the angular sector.

Let us start from the Minkowski line element expressed in spherical coordinates
ds* = —dt* 4 dr* + r*(d6? + sin 6*d¢?). (2.21)
Then replacing u =t — r, leads to
ds* = —du® — 2dudr + r*(d6* + sin 0*d¢?). (2.22)

Note that for u fixed, this element reduces to the S? unit sphere line element. Here we
can introduce stereographic coordinates expressed as X = cot g cos ¢ and Y = cot g sin ¢.
However, for our purposes will be useful to express it as complex coordinates, z = X +1Y.

Then, the line element becomes equivalent to

ds® = —du® — 2dudr + 2r*y,:dzdz, (2.23)
where
2
2z — N9 2.24
7 (14 2%)2 (2.24)
Analogously, this procedure can be applied for v = t + r, with X = —COthOS¢ and

Y = —cot g sin ¢, leading to
ds* = —dv? + 2dvdr + 2r?7y.sdzdz. (2.25)

Note that the point z mapped with the retarded coordinates at (2.23), is related to
its antipodal point on the sphere mapped with the advanced coordinates (2.25) by the
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transformation z — —1/z. This refers to the fact that the {z,z} for the retarded Bondi
coordinates defined as

2rz

1, .2
_ , 2.26
T +ax 1522 ( )
1—2z2z
3
= 2.27
S + 27’ (2.27)
are mapped to the {z, z} pair for the advanced Bondi coordinates defined as
2rz
1, .2
-7 92.28
T +1x 1+ 22 ( )
1—2zz
3
= —r——— 2.29
T2z (2.29)

through the application of the transformation referred to. In terms of these coordinates,

we can rewrite the matching condition in the following way:

FD(z,2) (2.30)

— F@(, 3
4 _er (ZJ’Z)I_

- +

T

The above result will imply the existence of an infinite number of conserved charges for the
electromagnetic theory in Minkowski spacetime. This can be implemented by considering

an arbitrary function €(z, z) which satisfies the following boundary condition

€(z, 2) = €(z,2) - (2.31)

- +
Depending on the explicit analytic expression for €(z, z), this will lead to a different set of

symmetries and subsequently, conservation laws. From Noether’s theorem, see Appendix

B, the conserved current (B.10)is determined by
LO(F,pFP) —  0A°

Te= = 1 ameany "7 gman) 0
- Lanar
= —F,6A". (2.32)
Given the local gauge transformation
A=A, + 0.¢(z, 2) (2.33)

Then, the conserved charge (B.11) at Z*, being this space a 3-dimensional spacetime,

leads to volumetric integral for the charge
Q: = —/dQZ%zFOVfSAV
= —/d22725Fu2(5AZ
= —/dzz’ngFuzﬁze

Y {au(azAz A + Yar (2.34)

T+
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Now, by introducing the retarded radial gauge fixing [23]

A, =0, (2.35)

A =0, (2.36)

T+

the field tensor components become
]:zé = 82’-/42 - 82Aza ( )
‘Frz - arAz - azAra (239)
—Fur = auAr - arAua ( )

where we consider the following expansion of the potentials

o0 (n) -
A(u,r,z,2) = 3, 4=-lwed) (2.41)
n=0
_ o0 (n) -
Ao, z,2) = 2l 5] A, (2.42)
From Maxwell’s equations we know that
arfru + aZ‘qu + agféu = 62ju- (243>

Preserving just the leading order terms of (2.43), it reduces to
O"FP + D FY + DFY =&, (2.44)
where the covariant derivative D? is with respect to the sphere S?, leading to

1
QF = dud®z€|0,(0:AY + 0:A)) + €*7.27] (2.45)

e o+
Different kinds of gauge symmetries lead to different conservation laws. For instance e = 1

leads to the total initial electric charge

= /I+ dud® 27,252 . (2.46)

Other type of conservation law, shall be the total conservation of outgoing electric charge
at fixed angle (w,w), from the generator € = §*(z — w), where (w,w) is a fixed angle on

the S? sphere. The conservation charge is given by
+ Lo 2 -
fe= /_  du[0,(0uAs + 05 Au) + € Yunni]. (2.47)
Now we define the conserved charges and conservation law at null infinities Z1 as
1 .
Q:— = Q/IerQZdTVzE]ua
_ d*zdr~.;0"F,
- 62/I+ ZAT7Y 2z U

1
= e2/z+d22’yZZEF7"(5)’ (2.48)



Chapter 2. Infrared divergences for electromagnetism 14

and at 7™, as
_ 1 Pad .
Qe = 62/1+ 2dryzzjo,
1 2 T
= Q/I+d Zdrfyzia Frva
1 2 (2)
= 7/1*d 2Y,z€F (2.49)
e
+
where the antipodal matching condition leads to

QF =Q: (2.50)

€ €

being 7.z the metric of the S? sphere living on every point at Z* and where the F\?) come

from the asymptotic expansion towards infinity made for the potentials (2.41).

Our understanding of the asymptotic symmetries in-built on the electrodynamics
at null infinity is subject to right interpretation of these new set of gauge transformations.
As explained by Strominger [23], the concept is rooted on the idea of asymptotic symmetry
group (ASG). A symmetry group can be understood as a set of transformations which leave
invariant a lagrangian, composed both of trivial transformations and non-trivial ones.
Then the ASG corresponds to the subset of transformations which act non-trivially on the
system. Examples are for instance the BMS group [3] for the case of gravitational radiation,
or the two copies of Virasoro algebra SL(2,R) used to describe the asymptotic symmetry
of an AdS; spacetime, originally developed by Brown & Henneaux [24]. Then, for the
case of QED, this asymptotic symmetry corresponds to the large gauge transformations
presented previously, which generate phase transitions on particle states at fixed angle on

the null boundary.

The large gauge symmetry of the system comes from the factorization of the
charges in two contributions, called soft and hard terms, being the latter the one with

non-zero energy. For instance charge at future null infinity is given by

QF = Q5 + Qi (2.51)
1
Qi = =5 [ dud=(0.eFY + 0:eF(Y), (2.52)
Q5 = /+ dud®zev,57?. (2.53)
A

From this ansatz we can deduce the commutators algebra for the large gauge symmetries.
We follow the protocol introduced by Frolov[25] and Ashtekar[26], were the quantization

relations at any conformal hypersurface ¥ in Minkowski spacetime is defined as
(@ (u, 2, 7), Ops (], 2/, 2] = %@ué(u )02 — &), (2.54)

By (v, 2,2), by (v, 2, 7)] = ;8u5(v — )Rz — ), (2.55)
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where Z* and Z~ are the hypersurfaces ¥ where the commutation relations are evaluated.

Considering ® — F},,, then
[Foa(u, 2, 2), Fu (W, w0, @)] = %8u5(u — )03 (z — w). (2.56)

Integrating with respect to v and fixing integration constants to 0, this leads to

(A (1, 2, 5), Ay (u, w, @)] = i@(u — W)z — w), (2.57)
Q5 AV (u, 2,2)| = i0.€(2, 2), (2.58)
Q. AP (v,2,2)| = iD.e(2, 2). (2.59)

From these results, we can see that the infinite number of symmetries generated by the
conserved charges @QF in a canonical formalism are just gauge transformations with pa-

rameter € [23].

2.2  Quantum divergences-Ward identities for QED

Our presentation of the Ward identities in Quantum Field Theory and its inter-
pretation as conserved quantities from symmetries of quantum mechanical systems are
based on the references [21] and [27]. The generating functional for QED is defined as

follows:

Zljm.7i) = [IDUD]DA)exp (i [ d'a(L - 5(8 AP 0+ + 1 Ay)). - (2.60)

being the lagrangian density
1 R -
L= —ZFWF“ + Y(iv*0, — m)p — eyHP A, (2.61)

where j# = ey is the charged current, {t, 1} are the fermionic fields, v* the gamma
matrix and {7, 7} Grasmann fields. Under a local gauge transformation the fermion fields

transform as:
¥ — ' (x) = exp(iea(x))(), (2.62)
b — ¢P'(x) = exp(—iea(x))P(z). (2.63)
Considering the infinitesimal transformation we obtain
£ = £ — e(dua(a) iy i(a). (2.64)

Now let us apply the gauge transformation for a generic correlation function. We introduce

the concept of time-ordering for a field product. Mathematically speaking it is defined as

T(d(2)d(y)) = O(z" —y")d(2)d(y) +O(y" —2°)d(x)d(y). (2.65)
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where ©(z) is the Heaviside function. Its purpose would as stated, to order relatively
the action of the operators depending on their time location. Then, we can evaluate the

vacuum expectation value of the action of two fields as

(T (21)8 (x2)))
- 5@ [ IDUIDYID A (21)0 (w2) expli [ (L’ - QlA(a LA)%)
- Z%O] /[DQE] [DY)[DAJ (1) (2) (1 + dea(x1)) (1 — dea(xs))

expli [ d'a c——a A)? = e(0,0)57")), (2.66)

Introducing first order expansion in «a(z):

= Z%O] /[D@E] (D] [DA]¢(x1)1/j(x2)(1 +iea(xy) — iea(xy) — /d4$i€(aua)j“>
leads to:
: Z}O] DDAt [ da(e - Lo 4P

/d4xa / D][DY][D A (1 )b (x2) (ied(x — x1) — 2'65(3: — Z3) +ied,j")
exp /d4 (L= 55(0- A1), (2.68)

Considering the invariance of the correlation function under gauge transformations we

obtain

0 = ied(z—a1 (T (¥(x1)(x2))) —ied(x —w2)(T((21)(22))) +iedu (T (5" (2)¢(21)¥(2))).-
(2.69)
Finally, we obtain the Schwinger-Dyson equation for QED at leading order [21],

10T (7" (x)1(x1)¢(x2))) = —ied(w — 2 (T (Y (21)(2))) +ied(x — x2)(T (W (x1)P(22)))-
(2.70)
This result can be interpreted as the generalization of the conservation law 9, J* = 0. By

defining the Fourier transform of the 4 current correlation function as

M“(p, Q17QQ) = /d4$d4$1d4$2€ipx€iqmefiqﬁg<j#($)w(331)¢(952)>> (2-71)

and

Mo(qr1,q2) = /d4$1d4$26iq1m16_iq2x2<¢($1w(x2>>7 (2.72)

Mo(Ch + p, Q2) = /d4$d4$1d4$261p$6iq111e_iq2x254($_afl)w(l‘l)&(@)% (2-73)
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we obtain finally the Ward-Takahashi identity as

i, M*(p, q1,q2) = Mo(q1 + p, @2) — Mo(q1,q2 — p). (2.74)

To express this result in proper coordinates, we wil identify the scattering amplitude due
to charge conservation as (T'(j*(z)i(x1)(x2))) — ((QFS — SQI)). If we identify the

action of the asymptotic conserved charge
Q- fin) = -2 / A220.¢0,N" (2, %)|in) + fj Qine(zin, 5M|in), (2.75)
(out|QF = 2/d228 €0z (out|N(z, z) + Z Qote(zi™ ZiM) (out|, (2.76)
where N* and N, are defined for the electromagnetic field as
/ duFO = N, = 29N, (2.77)
and N7 is N evaluated at Z%, then, the correlation function becomes
(QFS=8Q)) = 2 [ d0.c0-(utIN(2,2)S +28 [ dP20: 0N~ (2, 2)]im)
+(out| Z Qe(z", ZMS — S i Qie(z™, ziM)|in). (2.78)
k=1

Due to integration by parts, we see that

/d228568,z]\7_(z,2) = /dzf)zN_/déage

T+
= / d% 856
=

- / d220.0.eN". (2.79)

N~ — /dQZ 0,05 N~

As a consequence our Ward identity is expressed as

m in n out

2 / d228z82<0ut|(8ZNS—S@ZN_)|7jn):{Z A o/ }<0ut|3|m>. (2.80)

out
k=1

z—zy 12— %
The identification with the photon soft theorem requires an expansion on plane wave
modes. Starting from the potential we have

= Z / d3q3 21)[ (@)ag" (q)e™ + e (q)a O“t(q)Te"’ql’} (2.81)

Given u =t —r, ¢ =qg, T = r# and ¢* = 0 = w, = ¢, the expansion becomes

d3q 1 . . . n . . JA
_ *Q ou —iwqu—iwgr(1—4%) o out T iwqutiwgr(1—gr)
Aw) = o 3 [ G [ @ar @ et 4 g gage (g et 00

T *Q ou —iwgu—iwgr(l—cos 6
g X [ e, im0 (e gge - saraoes

_’_63 (q)agf‘t <q)T6iwqu+iwqr(l—cos 0)

, (2.82)
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where the integral in spherical coordinates is given by

2
/d3q—/ dwq/ @ [ dou?sin. (2.83)
Given the saddle point at § = 0, we use the Taylor expansion at leading order
€ oo *a ou —iWgl T —iw rﬁ
A (z) = ?Za jE/ dwawqe€ (q)ag (q)e ™" / dffe """
92
+/ dwqwq (q>aoutT zwqu/ deeezwqr
dw ot —iWqU a ou TWqU
= g 3 et @ e @] (280

This leads to the calculation of the A, = 0.2*A,,, then

d .
D [a e (@ag (g — 0. (g)ag (g)e | (28
a==t
Considering the identity d.x"€;*(q) = lgz, we obtain
_ —1 \/_6 dwq out —iwqu out T iwqu:| -1
A (x) = ST 4 25 - Z / { Je at™' (q)e +0O(r). (2.86)

For the large r approximation, we recover the leading order

dw ) )
A(O / g [ out —iwqu __ _outl zwqu] ) 2.87
(x) = WHZZZ Qe = agg)e (287)
We are finally able to connect our results with the Ward-Takahashi identity due to the
identity
e’0,N = lim du(e™" + e~ ™). (2.88)
w—0 ) _0o

For both 0,N and 0,N:
]' \/5 out

N = li out(, a\t 9.

9% 87T€ 1+ 22 wgﬁi [wa+ ( ) +waz (wm) ]a ( 89)
1 2 . ,

O.N~ = V2o wa’ (wi) + wa™(w2)1]. (2.90)

"~ 8rel 4+ 22 w—0t

Then, our Ward identity becomes

out

(Lig%)[ w(out|(a (wi)S—Sa™ (wi)'|in)] = \/56(14-22){% £ m—z

} (out|S|in).
k=177 Pk k=

_ out

(2.91)

2.3 Soft theorem for photons

The upcoming discussion is based on the arguments of Weinberg shown in [1], [2],
and [20]. We start by stating the photon soft theorem

out out NN,

(atq)s) = o Yo LI 5 DTk
k=1

=1 Pk

" } (S). (2.92)
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The modification of the S matrix is subject to the appearance of soft photons in both
in and out states. Its coupling is introduced according to Feynman diagrams by a vertex

and propagator factors. First, the vertex is given by

Ling = — A", (2.93)
V = iee"2Qp,, (2.94)

and the propagator: , ,
Sr(p,q) = = : (2.95)

(p+q)?+m?  2p-q

As a consequence

V Sy = (ieeﬂsz[Q;q] _ eif;]p | (2.96)

The soft photons can be produced in both in and out states undistinguisably, leading to
the so called Soft Factor,

k=1 PZ“t q k=1 pk q

Having obtained this result, we analyze the Lorentz invariance and associated global
charge conservation for this system. Due to ortogonality of polarization and momentum
vectors, we have that:

e'q, =0, (2.98)

and then
e = et + g*. (2.99)

Then, we consider the following transformations:

¢ = lfzg(1+z5,z+z, —i(z — 2),1— 27), (2.100)
1
E+'u = E(g, 1, —i, —2), (2101)
1
M= —=(2,1,i,3), (2.102)
V2
n o zin + Ezn —q Zz’n _ Ezn 1— Zmzm

, = , .
1+ 20z 1+z" Zin 1+z}€”z}§"

By using the above expression, we finally find the Ward identity in the following form,

out n
. ~out AinT . — Q Qk
lim [w((a7"S — Sa™1))] = V2e(1 + 22) [zkj e z,i”} (S). (2.104)
Finally we obtain that the Ward identity obtained previously can be reexpressed in terms
of a connection with the soft photon theorem in the Bondi coordinates introduced in the

present chapter.
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3 Infrared Divergences for Gravity

3.1 Spacetime symmetries

To build up spacetime symmetry, we start by considering spacetime isotropy. Math-
ematically this condition is equivalent to the invariance of the infinitesimal interval under
Lorentz transformations

ds” = ds”. (3.1)
By considering the Minkowski metric g,, = (—1,1,1,1), we have
ds”? = g, da""dx"

_ « B v

- gaﬁ(Aydx“) (Al/ dx )

= (gaﬁAﬁAf)(dx“dx”)

= ds”. (3.2)
The previous result, leads to the following condition:

Guw = GapAiAD = (AT)0gasN) — g = ATgA, (3.3)

where A € SO(1,3) is an element of the Lorentz group satisfying the condition (3.3), i.e.

a 4-dimensional matrix with 6 independent elements.

Spacetime symmetries are associated to the geometry of spacetime. Lorentz in-
variance, for example, is characteristic of flat spacetimes, while diffeomorphism invariance
corresponds to generalized curved spacetimes. Now, in our present context, we are exam-
ining the case of asymptotically flat spacetimes. The natural question that arises is what
would be the symmetry group associated to that geometry. As first developed by Bondi,
van der Burg, Metzner and Sachs [3], these set of isometries would be denominated the
BMS group. An additional comment on the symmetry structure behind both flat and
asymptotically flat spacetimes. From the group theory perspective, Lorentz group can be
considered a subgroup of BMS. Beyond, both supertranslations and superrotations can
be interpreted as extensions of translations and boosts on the celestial sphere, S? at null

infinities Z% .

3.2 BMS group

The key idea behind the development of the Bondi, van der Burg, Metzner & Sachs
(BMS) group of transformations [3] is the study of isometries for the case of asymptotically
flat spacetimes. According to Wald [28], this can be accomplished by defining it as an

isolated system, with an appropriate boundary representing points at infinity.



Chapter 3. Infrared Divergences for Gravity 21

3.2.1 Minkowski spacetime and conformal infinity
In spherical coordinates, the line element is given by
ds® = —dt* + dr® + r*(d6* + sin 0%d¢?). (3.4)

With the objective in mind of studying gravitational radiation, whose propagation speed
is the speed of light, we consider the application of null advanced v, and retarded wu

coordinates such as:

b= ttr, (3.5)
u=t-—r, (3.6)
leading to:
1
ds* = ~dudv + (0 — 0)*(d6? + sin 6°d?). (3.7)

Now we manipulate the infinity through conformal transformations. First, for example,
study the case of outgoing radiation at u = constant and v = oo. To introduce the

compactification of this point, we make one further transformation as V' = 1/v. Then:

1 1.1
ds* = JzdudV + (57 —w)*(d6° + sin 0°de?). (3.8)

As a second step, we need to deal with the singularity at V' = 0. To skip it, we introduce

the factorization of the so called conformal factor €2, as follows

g,uu = ng,uw (39)
4
2 _
= (14 v2)(1 + u2)’ (310)

which can be accomplished through the conformal transformation

T = arctanv + arctan u, (3.11)

R = arctanv — arctan u. (3.12)
In the end, the equivalent non-physical metric is given by
d3* = —dT? + dR? + sin R*(d6? + sin 6%d¢?). (3.13)

Now, we can say that there exists a conformal isometry of Minkowski spacetime con-

strained to the region [28]

—-Tn<T+R<m, (3.14)
—t<T—-R<m. (3.15)
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In terms of the new variables, the conformal infinities of Minkowski spacetime are
o i~ — past timelike infinity R = 0,7 = —7
o it — future timelike infinity R =0,7 =7

o 7= — past timelike infinity R € (0,7),T = -7+ R

It — future timelike infinity R € (0,7),T =7 — R
o 1 — spatial infinity R =m, T = 0

All these locations gives a proper prescription for the describing the asymptotically flat

infinity structure.

3.2.2 Construction of asymptotic flatness at curved spacetimes

With the previous results in mind, our objective becomes to define asymptotic
flatness on curved spacetimes. The key role is subject to the introduction of conformal
infinity on this arena as well. On our former concept, this included past and future timelike
infinity i* on it, but not anymore. Besides, it would be necessary to introduce smoothness
and differentiability at spatial infinity i° without excluding physically relevant systems

from our setup like isolated bodies at early and late times, that is at i*.

Then an asymptotically flat spacetime set on a manifold M and with a metric g,,
is defined by Ashtekar & Hansen [29] by the following conditions

e 3(M, §,,), infinitely differentiable where (M, g,,,) can be mapped.

o Shall exist a conformal isometry ¢ : M — (M) C M with conformal factor Q
with the subsequent conditions:

1. The metric g, shall be continuous at ", with directional limits well defined on it.
2. The conformal factor Q2 shall be continuous and two times differentiable at i° on M.
3. Well defined non-physical metric both in the null Z* and spacelike ° infinities.

4. Both the metric g, and its non-physical equivalent g,, can only be related through

an infinite stretching.

As it is known, Lorentz invariance in flat spacetimes can be pictured as dynamical equa-
tions to be invariant under that set of transformations [30]. If we extend this to the case

of small gravitational effects from General Relativity, the natural question will be: what
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kind of symmetries are in place under these conditions?. In other words, given physical
systems embedded in an asymptotically flat spacetime, what kind of symmetries shall they
obey? With that problem in mind, further developed in [4], the problem can be addressed
equivalently as what are the boundary conditions that field equations subject to extremely
small gravitational fields to have a uniform an smooth behavior at » — oco. Mathemati-
cally speaking, is found that a field ® with behavior ® = O(r~%) as it approaches r — oo,

is called "uniform" and 'radially smooth" if

0y

3“ =01, (3.16)

a‘f — oG, (3.17)

o N

ge = O0@r™), (3.18)
P -N

35 = O@r™). (3.19)

If these conditions are violated, the radiative modes of the field ® are claimed to be
carrying infinite amount of energy, giving rise to an infinite mass term for the field.
A remarkable feature of this construction, is that it is completely independent from a
particular gravitational field profile. In other words, one is able to separate the kinematics
of spacetime from the dynamics of the gravitational field at spatial infinity [4]. Keep in
mind that, all this construction is perfectly compatible to the conditions introduced in

[26] previously.

Our aim is to find compatibility with the principles introduced by Sachs, as well
as with the consideration of having an asymptotically Lorentz covariant spacetime. We

start from a general Lorentzian metric, expressed in Bondi coordinates [3],

ds® = —du? —2dudr+2r2%gdzd5+2@du2—H’C’ZZdZQ+7“C'55d52+Uzdudz+Ugdud2—l—- .
r

(3.20)

where the functions mpg, C,., Csz, U,, U shall be also uniform and smooth at » — oo, so

we can recover Minkowski metric in the flat limit,
ds® = —du® — 2dudr + 2r*y,;dzdz. (3.21)

The idea behind of expressing Minkowski in retarded /advanced coordinates is to recover
the BMS symmetry group as a product of the rigid translations and a six-parametric
group isomorphic to the homogeneous orthochronous (improper) Lorentz group, that is

the conformal group for the S? sphere.

Asymptotic Flatness criteria is induced through the falloff conditions of the Weyl
tensor computed from (3.20). Being defined as:

1 1
O/u/pa = R/u/pa + i(ngRUu + gMO'RpV - gl/JRpu - gupRUV) + éR(gungV - guagpl/)a (322>
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where R,,,, is the Riemann curvature tensor, R,, the Ricci tensor and R the Ricci
scalar. It encodes the curvature in free space, and governs the propagation of gravitational
waves. Then, it is the appropriate observable for measuring the effects of curvature for
the asymptotically flat spacetime. From the calculation of the Weyl tensor associated to
the metric (3.20), we extract the following components
Cz:C2 7.2
Crzrz = - ze') 2 (323)
2(C..Csz — r?yZ:)?
1
- C? Cg‘Uz rCzz + rCz(Usvzz + 2rDz.z
8(7‘033022—7‘3732)2{ zz[ zz + + ( 7 + v )
—TZ’YzzDEsz] + TS’Y?E[QT’sz(Uz’sz — D:C,,) — C5:D,C.,.]

+7a202z7z2[022(_2U2722 + 270Dz'7z2 + DECZZ> - rszzDzsz]} (324)

C’I"LLT‘Z

Its behavior towards » — oo is the one which defines the condition of asymptotic flatness.

Specifically, the criteria is that

Croe ~ O(r ), (3.25)
CTUT27Crur2 ~ O(rig)- (326)

By the introduction of Taylor expansion on both expressions at (3.23), we recover

cEe,

—5
Crors ~ S +O0) (3.27)
1 z 1 22N V2~ _ (O 2z 7
Crurz ~ 47102([]2 - D sz) + ﬁ{2c szD ’)/zz CZZDZC szDzC }
+O(r ). (3.28)

The first constraint is satisfied, given C,.,. ~ O(r~®) and beyond. About the second
constraint, the first non-zero contribution comes at O(r~?), with

1 z
where (', is the initial conditions tensor. So to make vanish this term, we consider

U, = D*C... (3.30)

With all that in mind, there is a third constraint due to the interpretation of the radial co-
ordinate r as luminosity distance as defined by Sachs in [4][30]. Mathematically speaking,
we get that

0, det {gz"} = 0. (3.31)

2
Given that g.; = r?v.; +rC.: + O(r~!), this condition generates as consequence that the
C,; is traceless
C:=0. (3.32)

z
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As result of the falloff conditions, the line element for this kind of spacetimes is given as

2
M5 du? + rC..d=> + rCesd® +

T
. 174 1
+D*Ceadudz + D*Crsdudz + —| (N, + udmp) —
T

where mp is the Bondi mass and N, = 0.C, being C' the fully contracted expresion of C...

ds® = —du®— 2dudr + 27“2fyzgdzd5 +

0.(C,.C**)|dudz . .. (3.33)

N, is called the angular momentum aspect of the metric, due to its connection through
integration to the angular momentum. Originally, this was deduced by Bondi et. al in
3, 30].

3.3 BMS algebra

The symmetry group associated to these geometrical conditions shall preserve
both local and global boundary conditions at the null infinity [26], defined in the previ-
ous section. These are equivalent to the conservation of the fall-off conditions for the 4D
Lorentzian spacetime (3.20). For the Killing equations to be solved for this general case,
we are able to determine the elements of the BMS algebra. Even though our computa-
tions are expressed in the {u,r, A, B} coordinates, this is also valid for {u,r, z, Z} via the
identification { A, B} — {z, z}. Then, we have

U= 1- QTZB +O@r?), (3.34)

o= 0@, (3.35)
Uy = ;DACBA +0(r™), (3.36)
gap = r*yap +1Cap + O(1). (3.37)

By expanding (3.20), we obtain the following metric elements

Juu = —U+ igzzUZUZ, (3.38)
Gur = —€7, (3.39)
Jua = ;DBCBA +0(r ™Y, (3.40)
Grr = Gra =0, (3.41)
gap = r*yap +1Cap + O(1). (3.42)

Our objective is to determine the set of transformations which leave the metric invariant
up to the fall-off conditions imposed. To determine this, we perform the calculation of the

Killing vectors for the system

Leguw = E0pGuw + 9up0i§” + 9up0,8". (3.43)

We analyze each element as follows

Eﬁgrr = 2gurar£u =0— argu =0— fu = gu(u, xA)' (344)
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Then
‘C&gur = ufugur + O<7n71) =0— gu = fu(xA) = f(xA> (345)

So far, from the previous constraints and fall-off conditions the Killing vector £ shall have

the following decomposition

0 fr(n) ) fA(n)
=[O+ O+ > —0a. (3.46)
n=0 n=1

Now our Killing equation for g, g.a and gap become

E&.guu = fauguu + grarguu + gAaAguu + 2aufrg7“u + 26qugAu
—28u£7"(1) + 2f8umB + 8U§A(1)DBCBA

_ _28u€7“(0)+ —|—O(7”72)7 (347)
T
‘CﬁgrA = argch'A_‘_guraAf
o £B@) 4 O ¢B()
= —up(ePW 4 Dy - DB T CnE T o) (3.45)

T
Legap = fOugap +E0vgan +E°0cgap + gupOaf + 046 gcn + Gualnf + 08E°g0a
= 7|f8,Cup + 274" + DY + Dl | + f0,0) + Cape™®
1 1
129456 + S DCoaDpf + 5D CopDaf +E°ODeCas + Datly’
FCpeDAECD 4 DpeS® 1 CueDpef® + O ). (3.49)

Now to cancel out the terms violating the fall-off conditions in (3.48), we obtain for the

angular components of the &:

S — _piy, (3.50)
1
8@ — §CBCDC f. (3.51)
Similarly for its radial components, both the Killing equations
1
F8,Cup + 27apE™ 0 + DAY + Dpel) =0 — ¢ = §DADA 1, (3.52)

and luminosity distance condition

C
det 9‘4%23 = det |vap + Ll O(r—?)
r r

1 1
= detyexp tr{log (61’43 + ;Cfl? + ﬁhf‘?)B 4 (’)(Ts))]
1

1 1 1
= dety[l + ;c,g‘ + ng(hf“ - 50}503 + 5cj;qf;) + 0<r—3)] (3.53)

Given that C4 = 0 due to Weyl tensor properties, the only non-trivial term to be cancelled
is

1 1
Pt = SCRCE =0 — hy" = Sokog, (3.54)
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Then its variation is given by

RO = CupsCAB
= 0,0 4 4¢W 4 2D, fDRCAB — CABD LDy f

= gau(oABCAB) — 208D Dgpf
= 0, (3.55)
and then,
1
¢ = —5Da fDCA8DsDgf. (3.56)

This result leads us to obtain the Killing vector associated to the preservation of asymp-

totically flat spacetimes, as

A LOAB
&f) = fam{—D f+2 - Bf+(9(r‘3) 0a
_1 AB _ 1 ABD D

Being f = f(2?) the parameter for our group of transformations, then its Lie algebra is
built up from the Lie brackets of (3.57). Defined as:

v.w]  =[V*,,W"o,]
OWE gy
= V'S = WS (3.58)

Then our respective brackets will be obtained from the expansion

€(f1),E(f2)] = [£"(f1)0uE" (f2) — £ (f2)0uE" (f1)]
+[E"(f1)0: (f2) — € (f2)0:6"(f1)]

HENF1)0aE" (f2) — £ (f2)0aE (1)), (3.59)
and as a result, we get that
[£(f1): &(f)]" =0, (3.60)
E(f1),(f)]" = O, (3.61)
[ECA): E(f)! = O(2). (3.62)

Our symmetry vector £(f) shall be identified from now on as the Super-translation gen-
erator. To interpret and connect the action of super-translations to charge conservation
and subsequent Ward Identities and Soft theorems, we shall consider the action of (3.57)

on the initial data of the system, encoded in mpg,Cap, Nap:
[fg(f)CAB = f0,Cap+ "yABDQf —2D4Dgf, (363)
LeyNap = fOuNas, (3.64)
1
Lepymp = fO,mp + Z(NABDADB f+2DofDpMNAP). (3.65)
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where the Bondi news tensor is defined as
MwI;%Qw, (3.66)
and particularly in the retarded Bondi coordinates is expressed as
N.. =0,C... (3.67)
Making explicit identification with the Bondi retarded coordinates (2.23), then
Le(5)Cap — Le(p)Coz = [0uCuz + 0,C.. + 72D f — 2D2 f, (3.68)
and considering the vanishing of the curvature it is obtained that
C..=—2DC. (3.69)

However, under supertranslations that condition is not fullfilled, because under its action

LC =, (3.70)
generating vacuum degeneracy up to f.

Further development of the new concept of supertranslations is required. First,
from a group theory point of view, supertranslations are a generalization of the spacetime
translations in the Poincare group. In Bondi retarded coordinates, they can be pictured as
translations along every null generator of Z*. In addition, about the infrared behavior of
gravity theories, these transformations preserve metric gauge choice and fall-off conditions
for asymptotically flat spacetimes. Then, the BMS group is defined separately on null
infinities where we identify both BMS™ and BMS™ invariance groups.

At both classical and quantum level, the BMS invariance has dynamical conse-
quences. The former can be analyzed through the lens of Einstein’s field equations. To
have a full BMS invariance, the equations of motion are constrained by continuity condi-
tions at the spatial infinity %, consequence of the initial value problem in General Rela-
tivity. In practical terms, it will imply the introduction of the definition of Christodolou
and Klainerman (CK) spaces, as explained by He et. al. [31] and in last instance, the

matching conditions for the bulk fields of the metric

C(z,2) = C(z,2) , (3.71)
I+ ¥
mp(z, 2) = mp(z,2) (3.72)
T+ I+
Expressed in terms of the BMS group parameter f(z,z), we get
f(z2)] =[(z2) . (3.73)
T+ I+

the same matching condition introduced for gauge fields.
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For scattering amplitudes, as will be seen in the next section, spontaneous symme-
try breaking of the BMS invariance leads to the appearance of soft gravitons as Goldstone
modes. The preservation of the symmetry becomes a Ward Identity and Soft Graviton

Theorem.

3.4 Quantum Gravity Ward ldentity

Scattering amplitudes invariant under BMS is subject to the continuity of Cauchy
initial data from Z~ to Z~ through i°. Spacetimes subject to this type of expansion
are called Christodoulou € Klainerman spaces (CK)[5][6]. In our application context,
we can picture them as described in [32], spacetimes which subject to the evolution any
physical interaction, like black hole mergers or particle scattering, they return to a vacuum
configuration. Having in consideration all interactions are allowed, except those whose
energy surpasses the threshold for the formation of black holes. Having now fixed a gauge
for the metric (Bondi gauge), introduce the fall-off conditions and CK space configuration,
the bulk and boundary fields in the metric become constrained like

N..(u) ~ |u|_3/27 (3.74)

u—r+00

and the Weyl tensor

_ 1 1 .
‘Ilg(u, 2, E) = - JL%(TOUZTE/yzz) = —mp + ZCzZsz - 5’}/22(850; - azU,E)) (375)

where mp is the Bondi mass, and asconsequenceto mp| = 0,
I+
mp| =—M, (3.76)where M can be identified as the ADM mass. Besides
A
[aZUZ _ @UZ] 0. (3.77)
i

Now we proceed to discuss the scattering problem in the context of BMS invariance.
Given the continuity conditions for the initial data, we introduce the supertranslation

generator at Z7, and its action on the news tensor N,.:

) = o [ o fms

1 2 z 1 1) = — (3-78)
{7 (f),sz} = f.N...

The action of T (f) as seen in the expansion, is composed of two terms. The first corre-

sponds to the introduction of supertranslation on the radiative modes and the second is
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a boundary term which properly manipulated is equivalent to

dud?z f0, [azUz n GZUZ} — lim

2 W —iwu zZ 12 zZ 12
lm o ) dud z(e™" + e ") |NZD;f + N:D; f/,

(3.79)

1
327G JT+

the soft graviton term. The latter will be responsible for the spontaneous symmetry break-

ing in the scattering process. As a consequence then
{T7(), T ()} =0, (3.80)
and the S-matrix invariance
TH(f)S — ST (f) =0. (3.81)

Due to this symmetry, the action/coupling of soft graviton current generated by those
fields lead to the so called quantum gravity Ward identity, which associates to this inser-

tion of the well-known soft factor, given as:

<Zout--~|'PS“Zin-'->:<Zout---|S|Zin-~-> f: Elgm . S Elicn (382)
1 > A 1> 1 > 1> Pt 5 — Zgut = o — Z]ign ’ :
where the soft graviton current defined as:
1 00 o]
P.= (/_OO A du@uUz> . (3.83)

3.5 Soft graviton theorem

A simplified version of this identity is deduced from an Einstein-scalar gravity
theory. Take in consideration the weak field approximation given by ¢, = 1., + Khy., so

the action becomes

S = [ do/=g[Lga+ L], (3.84)
where
2 1 1
Lo = =58 = =300l 07 W + S0,h0"h + 9 by 0, = Qb O,h+ -

1 1 1 1
Ls = _5 Vv _ggHV u¢au¢ = _iauqsauqs + iﬁhuy au¢au¢ - §nuuaa¢aa¢ +oe )
(3.85)

and h = det(h,,). We introduce for this case one soft graviton in the scattering amplitude
with the two topologically inequivalent Feynman diagrams (see Figure 1). In analogy to
the case of the photon, is known that regardless of the nature of the quantum field theory
studied, the Lehmann-Symanzik-Zimmerman (LSZ) reduction formula [21] is applicalbe

and the calculation reduces to the product of the expectation value of the time ordered
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product of fields with the Fourier transform of (O + m?)-like factors associated to the

dynamical coupling of the gauge/gravity field with its source, as

(pr- - pal SIpY - - Dl

/d4 e~ P (O] +m } {i/d‘*mneip”x”(l:]n +m?)
x(QT{O}(x}) ... O, (a),)O1 (1) . .. Op () }S2). (3.86)

When the fields are treated as free for both the initial and final states, then on the
asymptotic case we find that (O +m?) — 0. However those not lead to a zero scattering
amphtude due to the fact that the time ordering expectation value contains factors
like @ +

to zeros. As a result, the LSZ formula cancels all but relevant terms [21], as vertex

@imzy Which cancel the former (O + m?). So we see cancelation of infinities due

and interaction terms. For the case of our interacting scalar field theory, the Fourier
transformed interacting term come from both the vertex interaction of the soft graviton
as well as its propagator, for the case of coupling with external legs of the collision. First

the vertex is given as
—1 —1

(p+q)?—ie 2p-q

due to the on-shell condition. Since the interaction term goes proportional to 2p,p,, we

(3.87)

find the coupling term

ny
VarG S ey, (3.88)

p-q
As consequence we have that, as developed originally by Weinberg [2][20] and analyzed

by Strominger [23], the amplitude M,,, for an scattering process of m incoming and n

Figure 1 — Representation of an scattering process for m incoming and n outgoing scalars
particles. The first two diagrams represent the insertion of the soft graviton
on the external particles, while the third one considers this for an internal
particle. Figure extracted from Strominger [23]
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outgoing particle states is determined by

m

—1
M V(Q>p/1>"' 7p:nap17"' 7pn) = ZM(p/b ap;c+Q7 ap;nvplf" 7pn)—
' Pt (ph +q)* — i

[ /

) (P (P, + Do + Pro (P + O — Myt - (01, + CI))}

N

X

n

—1
+ZM(pI17 7p;n7p17”' P+ Q- 7pn)
k=1

% (Prp(Pk — @)v + Pro(Pr — @ — NP - (P — q))] '
(3.89)

X

The soft graviton theorem is the leading term in g-expansion, which comes from general-

izing (3.88) for the case of m-incoming and n-outgoing particles, such as

/ / R = p?cup%u = PrpPry / /
M,U,I/(Q7p17”. y Py P1y " 0 7pn>_§ Z ’ _Z M<p17 y Py P1y " o 7pn)7
=1 P9 = Pecd

(3.90)

where ¢ — 0. The contraction of the helicity vector with the scattering amplitude,
enables to obtain the scattering ratio. Through the application of Lorentz invariance
e (q, £2) M — e(q, £2) M7 | leading to

(2]

(G, £2) M0 = (e + ¢ ) MSD

po

(3.91)

where {«, f} are matrix indices. Implying energy-momentum conservation as

S nfuly, = /837Gy Y napt, (3.92)

where f,, is the coupling constant for this quantum gravity model, Lorentz invariance guar-
antees pt conservation if, as mentioned by Weinberg [20]. low energy massless particles of
spin 2 couple in the same way to all forms of energy and momentum. In addition, Wein-
berg’s analysis gives us an important conclusion connecting asymptotically flat spacetime
physics with curved spacetime cases as Finstein’s principle of equivalence is a necessary

consequence of Lorentz invariance as applied to massless particles of spin 2.
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4 Memory Effect and the Infrared Triangle

In the present chapter we discuss the concept of memory effect as an infrared
phenomena in physics. Our objective is to identify its connection with the soft factors

derived from the soft theorems analyzed previously.

4.1 Electromagnetic memory effect

As main references for the electromagnetic memory effect we will consider [33] and
[34]. The electromagnetic memory effect can be understood as the velocity kick received
by a set of radiation detectors, placed to profile the E-M waves propagating on their
surroundings. From a theoretical point of view, this is a result of the waves zero modes
interacting with the in and out states, that will produce a net change AA, on the leading

order terms of the A, potential. The net change will be proportional to the soft factor.

Being r the regulator, we take a Taylor expansion of the potential for r — 0 as
follows .
A(u,z,2) = lin(l)A#(r,u, 2,2)=-A,+A. +0(r)+ ..., (4.1)
r— r

Then Maxwell’s equations (2.43)(2.44) for the O(r~!) term are given by
OuAy = 0,(D*A, + D*A;) + €2j.,. (4.2)

The choice of these terms is essential for the IR dynamics of the field after the E-M
radiation has propagated away from the source, corresponds as usual to the constraints
imposed via the asymptotically flat spacetime fall-off conditions presented in (2.41). From
that expansion of the potential, we find at leading order, the terms which shall contribute
to the Faraday tensor will be F,, = F,. = O(r7?), F, = O(1) and F,, = —AM. As a
consequence, this leads to the correspondent expansion of the Faraday tensor components
like

Fur = Aua

Fz;? = azAE - aEAzw

Foo_o4 (4.3)
F., =-AW.

The net variation is measured in the space-time region surrounding the sources, which
encloses 7T and Z7. Given that along u and using F, = 0 at the boundaries of Z*, then
we integrate (4.2)
I+ Tt
AA ~=2D°DA[ 4 [ duji. (4.4)

+ +
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The electromagnetic radiation generated through this velocity kick can be identified as a

soft factor contribution through the computation of AA, as

A@:_igm%w, (4.5)
where N
SO= _ eQ]; '_Eq . (4.6)

Some additional comments can be made about electromagnetic memory. First, memory
effect can be seen even in slow motion and weak field scenarios. In those cases, it cor-
responds to the projection of the dipole moment responsible for the velocity kick. From
Newton’s second law

d*z

so then the velocity kick is obtained through integration by the identification

_ 1 _[d*

E_prﬁ} (4.8)
_apldo Ao

5v—mTP[dtp(t—oo) dtp(t_ o0)|, (4.9)

where P is the projection of the dipole moment. Second, as will be mentioned in the
upcoming section, memory effects can be understood in terms of two contributions. For
the electromagnetic memory, these two are categorized as the ordinary and null velocity
kicks. The latter is found to be the proportional to the charge radiated to infinity per

unit solid angle. For further information, refer to [34].

4.2 Gravitational memory effect

Our approach to the gravitational memory effect concept is based on the devel-
opments made by Strominger on [19]. As in the previous section, we can picture the
gravitational memory effect as a kick on the gravitational initial data due to the propaga-
tion of radiation through spacetime. As explained by Bieri [34][35], original Christodolou
memory effect [5] can be understood as the force exerted by the propagating gravitational
waves on the motion of the detector, leading to the relative acceleration between its con-
stituents. The integration of this acceleration effect over all time, leads to the residual
velocity of the detector. In principle this shall be forbidden due to the consideration of
the energy conservation law, leading to non-existent radiating modes either on the |in)
or |out) states in the scattering process. This leads to the classification of two different
gravitational memory effects, the linear and non-linear, focusing ourselves only on the

former.
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From a formal point of view, everything starts with the classical modes of the
asymptotically flat metric, Bondi mass mp and initial data tensor C;. They are con-

strained by Einstein’s equations

R, — ;QWR = 87GT), (4.10)

through
Ouymp = i D2N** + Dngﬂ — T, (4.11)
Ty = iNZZN“ +4nG lim [T, ], (4.12)

where N, = 0,C.., and T, corresponds to the full stress-energy tensor, while T I% con-
tains only the contribution of the matter content in spacetime. The action of supertrans-

lations over the gravitational field degrees of freedom then are given by

Lymp = fo,mp,
L;C,, = fN,, —2Df, (4.13)

whose algebra generators are given by
1 _
= fO0,+D*D.f0, — ;(szﬁg—i—DZf@Z). (4.14)

The transformation that our system has been subject to is obtained through the calcula-
tion of the difference between initial and final data after a super translation transformation

is applied. Defining the change as

AC,, = C,,(uy) — Cyu(wy), (4.15)
Amp = My — M,. (4.16)

where M; and M are the Bondi mass mp measured either on the initial or final state.

Integrating the Einstein equations (4.11) with respect to u, we obtain:

D2ACH =2 / Y Ty + 2Amp. (4.17)

Us

Finally, it leads to the net variation
AC*(z,2) = 2/d2z’fyZ/5/G(z, z;2' 2 (/ " du T (2, 2) + Am3> . (4.18)

The Green function G(z, z; 2/, 2’) encodes [19] the effect of the impulse of radiation carried

over the detectors, and is expressed as

2@ /‘2
2

20(z,2") _ |z2—2
2 — (1422")(142%2) "

G(z,7;2,7) = —Lsin?Slog|sin?2 |, with  sin (4.19)
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This effect introduces the continuity conditions of CK space for action of radiative modes
in a black hole merger, for example. The consequence of the effect generated is a non-
trivial vacuum transition, which is result of the application of a supertranslation depicted

above. For completeness, is important to stress that the overall global translation [19],

c1(1 —22) + coz + 32 + ¢32
1+z2z

fgtobal = o + : (4.20)

does not alter the radiative effect just discussed. A gravitational memory effect can be de-
termined as the difference between gravitational wave detector positions before and after
the interaction of gravitational radiation positions determined through their approxima-
tion as inertial observers, subject to motion along geodesics described in terms of geodesic
equation of motion

O2XE () + Th\0: XL (5)X ), (5) =0, (4.21)

geo geo

where X/, (s) is the four vector describing the worldline of the inertial detector evolving

along a geodesic. The distance change between two detectors is determined as we locate

them at initial positions (79, 2o, Zo),
Xms(s) = (ro, 20, %) (4.22)

The latter can be approximated to be an inertial observer as far as u < rg, then at leading

order
pas(s) = Xgoo+0(rgh), (4.23)
XEMS(S) = X;eo(8)+0(1/r(2])' (424>

Our original distance is given by

2r0]dz|
- 4.25
1+ 21 Z1 ( )
After the radiation pulse
AL = %ACZZ(zl, z1)02% + c.c., (4.26)
where 0z = z; — 2. We interpret then 0z as the distance between detectors, whose

variation is considered up to % [19]. Higher order contributions would be relevant for
the consideration of other effects beyond the scope of our current study. Having given an
overview of the effect, is necessary to determine how to measure this experimentally. In
a experimental setup, like the one offered by LIGO observatory, this can be measured as
relative distance change between detectors as well as relative change between clock time

measurements attached to them due to supertranslation transformations.

So far we have connected the BMS symmetry for vacuum with the gravitational

memory effect. However this is not a clear signal for identification with the soft graviton
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theorem. The proper way of developing this map is through the study of "bursts with
memory' (BWM), a particular type of gravitational wave worked out by Braginsky and
Thorne [36].

They define BWM's as gravitational perturbations characterized by the tranverse-
traceless linearized metric h';S.T, such that they raise up from zero perturbation, then have
a finite time-lapse of oscillation At, and finally settling down to a non-zero perturbation
value for the metric. This non-zero left over corresponds to the memory effect generated
by the radiation propagation. On the other hand, from an astrophysical point of view, the
emission of these signals shall correspond to a system composed by two or more objects
such as star binary systems, black hole mergers, etc.

To perform the derivation of the connection between gravitational memory and soft

TT
ij
perturbation. From [37] we know that transverse-trace-less (7T7T) gauge is mathematically

graviton theorem, first we define h;', the transverse-trace-less linear gravitational field

defined as the following set of constraints

huo =0, (4.27)
@-hkj - 0, (428)
hr = 0. (4.29)

As consequence, it can be proven that only pure waves can be susceptible to the application

of TT gauge and satisfy Einstein’s equations
Ohyy = —167T),,. (4.30)

Under these constraints, the geometrical imprint of burst gravitational waves can be

expressed in momentum space as

o 1 G Kl = Pilin ]
ARET(R) = 55| 3 Do 57 Paaie |2 (4.31)

To Dwk-p; S wkep;

On the other hand, the soft limit for AT (w, k) reached when w — 0, so that

TT (DY _ : L GTT( T
AR = o lim [— iwhT (w, k;)]. (4.32)
From (4.31) we identify the presence of the soft graviton factor, originally introduced from

the scattering process

}JIE%) Am+n+1(wk:, 6!“’) =V 87TGSI_LV€'LLVAm+n, (433)
where . o
Dj.uljv Dj1Pjv
S, =S LT , (4.34)
a ; wk - pj ]; wk - pl
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finally, we get the proper mapping between the two infrared phenomena [19]

lim wh',! (w, k)€ = V8rGe” lirr%) WS (Wk). (4.35)

w—0 w—

In analogy to the electromagnetic case, we obtain a correspondence between the gravita-

tional memory effect and soft graviton theorem on momentum space.

The possible measurement of memory effect contribution for gravitational waves is
a possibility contemplated by different studies. Two possible candidates for the generation
of such effect are the supermassive black hole mergers and pulsar time arrays if considered
the use of orbital detectors such as LISA. A numerical estimate on its contribution towards
the wave profile is hard to determine, due to the fact that is amplitude is not weaker in

comparison to other contributions, see for example Favata [38] or van Haasteren [39).

4.3 The infrared triangle for gauge fields and gravity

As expressed by Pasterski, Strominger, Mitra [23][33][40] a correspondence exists
between asymptotic symmeries, soft theorems and memory effects, all three phenomena
corresponding to infrared behavior of gauge and gravity theories as presented on this

dissertation. It can be better illustrated in the Figure 2.

THE i) Weinberg — photon O(1)
ii) Weinberg — graviton O()

1
w

TRIAD

iii) Cachazo & Strominger — graviton O(1)

Soft Factors

Memories Symmetries
(global) (asymptotic)

i) Liénard-Wiechert / Bieri & Garfinkle i) e-charge large U(1)
ii) Zeldovich & Polnarev / Christodoulou ii) p* supertranslations
iil) Pasterski, Strominger, & Zhiboedov i) J#¥ superrotations

Figure 2 — Infrared triangle big picture. On these graph are explicitly shown the pionering
developments on the subject. Extracted from Pasterski’s [41]

Prior to the developments explored and cited along our work, there was no clear
evidence of the existence of identification between infrared phenomena on gauge and
gravity theories. Causal behavior of physical systems in asymptotically flat spacetimes
leads to the requirement of continuity conditions around spacelike infinity, leading to
the identification of gauge symmetries of the system. The latter guarantee the existence

of some sort of spacetime symmetries, the well-known BMS symmetries. In the end,
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these conditions are responsible for constraining the production of zero-energy radiative
modes of either gauge or gravity fields, the soft theorems governing scattering processes.
Meanwhile, the application of symmetry transformations leads to the transition between
vacuums in the correspondent theory, which due to degeneracy, gives rise to the memory

effect. This can be summarized as presented in the following diagram:

MEMORY
EFFECT

TRAYSFORM TRANNTION

SOFT < IDENTITY ASYMPTOTIC
THEOREM SYMMETRY

Finally we want to make some comments about further developments of the infrared tri-
angle. The development of this infrared correspondence is grounded on the Ashtekar &
Hansen [29] protocol for asymptotically flat spacetime, which establishes the boundary
conditions to be obeyed by the fields on the null and spacelike infinities. However there
has been the inconvenience of needing to define every relationship for past and future
nulls separate. In order to improve this and lead to a unified picture of asymptotically
flat spacetimes, Krishnan & Pereira [42] redefine this protocol. In addition, all the identi-
fications presented on this dissertation are defined at leading order. To improve this, and
determine its universality at subleading terms, for both gauge fields and gravity, we can

consider the seminal works of Strominger [19], Pasterski [43], Cachazo [44].
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5 Conclusions

The main objective of the present work is to make a pedagogical presentation
of the concept of Infrared Divergences for Gauge and Gravity theories. Being a fron-
tier research topic under constant development, our presentation expects to serve as a
bridge between the basic concepts behind the phenomena under study and the abundant

literature published lately.

Soft theorems [1][2] are built as constraints on scattering amplitudes for the cre-
ation of soft particles either on the |in) or |out) states. Their pole structure is modified
because of the extra interaction terms on the asymptotic states due to these new soft
particles. Then this leads to the appearance of divergences, which end up being cancelled
out due to the contribution of virtual soft modes as well. On the other hand, asymptotic
symmetries set the arena for causally consistent physical processes on asymptotically flat
spacetimes. In particular, it is the continuity as well the analytical identifications between
past and future null infinities that imposes the existence of large gauge symmetries for
field theories, and a set of spacetime isometries, the BMS symmetries, "dressing up" the
Hilbert space states. On third place, the memory effect produces a change on the field
configuration due to the interaction with infrared modes of radiation, generating a non-
trivial vacuum transition which is detected as impulses, relative distance changes, etc.

Miraculously they are all connected by employing different kinds of transformations.

These transformations are responsible for linking the mathematical expressions
describing these phenomena on both the coordinate and momentum spaces. Indeed what
we can claim is that the infrared triangle provide us with a new example of how sym-
metries of gauge and gravitational systems explain around the common framework of
asymptotic symmetries. This ultimately explains the existence of conservation laws and

vacuum characterization on the same energy scale, the infrared scale.

Initial development of the infrared triangle has led to appearance of different re-
search lines. Of particular interest to us are the advent of Celestial Holography program
and the study of the Black Hole Information Paradoz. Celestial Holography in particular,
is a new realization of the Holographic Principle proposed by Susskind and others [45]
(see references therein) for the case of asymptotically flat spacetimes on the bulk theory.
Being the Anti de-Sitter/Conformal Field Theory (AdS/CFT) correspondence by Mal-
dacena [46], and then expanded by Witten et. al. [47] [48], this is a new paradigmatic
advance on the description of nature in holographic terms. It aims to describe the dy-
namics of a 2-dimensional CF'T by its 4-dimensional gravitational dual at null infinities

Z*. Then the programs objective in simple words would be to link a bulk gravitational
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theory on 4-dimensional to an 2-dimensional conformal field theory living on the so called
celestial sphere, which was not the case of Maldacena and Witten’s original proposal. For
a more detailed study, please refer to [49, 50, 51, 52, 53, 54, 55, 56].

Beyond, the infrared triangle development has found fertile soil on its possible
application for solving the Black Hole (BH) information paradox. The problem can be
phrased as follows: given a physical system thrown into a black hole, is its information
completely lost from the entire universe or could be recovered in some way? Considering
both the system falling into the BH, as well as the BH itself our current understanding of
this situation tells us that the total amount of information can be quantified in terms of
the overall entropy of the full system. Due to our knowledge of BH physics, its behavior is
constrained by three conserved quantities known as the "Black hole hair": Mass, Charge
and Angular momentum. In an scenario of BH evaporation, the process is analytically
determined in terms of those parameters. However, considering the event horizon (EH) an
asymptotically flat region, is possible that there could information "trapped" in that region
which would correspond to new hair, corresponding to the conserved quantities associated
to the asymptotic symmetries of the region. This has been extensively discussed in the
literature, as can be seen in [57, 58, 59, 60, 61, 62, 63, 64], but there is no agreement yet

about its role on solving or even describing more efficiently the problem.

Any of the previous research lines would be of interest for future projects, being
both linked to a better description of how gravitational theories can be understood at

small scales.
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A Penrose diagrams

Let us start with the line element We introduce our first change of coordinates,

whose objective is to rotate the lightcone
p=t—r, (A.1)
qg=t+r, (A.2)

Besides ¢ — p = 2r — r = 5P with the range ¢ —p > 0,7 > 0. Second, we introduce the

compactification by employing hyperbolic functions

u = tanh q, (A.3)
v = tanh p. (A.4)

And then, the line element becomes:
ds? — . dudv (A.5)

(1—w?)(1 —v?)

A second rotation

u="T+X, (A.6)
v=T—-X, (A.7)
is applied to finally obtain:
—dT? + dX?
ds? — d (A.8)

(1= (T+ X)) - (T - X))

1
T+X)?)(1-(T-X)?)’

Extracting the conformal factor i we recover a non-physical metric

given by
ds* = —dT? + dX*. (A.9)

The Penrose diagram, which contains the particle propagating in Minkowski spacetime, is
presented in Figure 3. In terms of the new variables, the conformal infinities of Minkowski

spacetime are

e i~ — past timelike infinity R = 0,7 = —7
o 7T — future timelike infinity R=0,T =7
o I — past lightlike infinity R € (0,7),T = -7+ R
o IT — future lightlike infinity R € (0,7),T =7 — R

o 1 — spatial infinity R =m,7 = 0
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Figure 3 — Penrose diagram of Minkowski spacetime. Extracted from Strominger, A.
(2018). Lectures on the infrared structure of gravity and gauge theory. Prince-
ton University Press.
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B Noether's theorem and Local Gauge Invari-

ance

The association between symmetries and conservation laws in physics is due to
Noether’s theorem. For the case of our present study, is of our interest in particular
Local Gauge invariance. Our aim then will be to present the derivation of the general
expression for Noether’s conserved current and charge. Our main reference will be [65].

Given a general lagrangian density L(z) = E(qb(x) (%(j)), so then the action is defined

’ Oz
as

S = /d%ﬁ(x). (B.1)

Our interest is to introduce the following coordinate and field variations

T, = x4 0z, (B.2)
¢'(a') = o(x) + 0o(x), (B.3)
¢ (z) = p(x) + 00(x), (B4)

where the latter is named sometimes as modified field variation. Both regular and modified

field variations happen to be related as

dp(x) = ¢/ (x) — ¢()
= ¢'(x) = ¢'() + ¢'(2") — 6()
( )

— (¢ - 6@) — () — ()

— 56(x) — (') - (@)

= d0ta) = (/(a) + 251, — /)

= doa) - 201Dy,

= 5¢(z) 8;95“"5)5%. (B.5)

Important properties associated to both field variations is their behavior under derivation.

First the modified variation

2 So(r) = 3 220, (B.6)

Ox,, oz,
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Second, the regular variation

9 1o
8% dp(r) = 9 H((b (93)—¢(x)>
_00) _ 96la) | 90) _ 09
oz, dx,, o', or',
_ (agb/(m/) B 8¢($)> n 8¢/($/) B 8@5/(1‘/)
ox’ M a'L‘M axu oz’ u

( )+8¢’ ) 02" 9¢'(a')
8$u 6m’” Oz, or',,

_|_

o (x < » 8(5$”’> ¢/ (r)

8xu ) ox'" Oz, or'),
_ < ), ) 200 00E)
N Gmu axu oz" Oz, oz’

< ) o¢' (z") dox’
+ v

Oz, oz" 0wz,
_ (09(x )) Op(z) Doz”
B 5( oz, T o oz, (B7)

With all these ingredientes, finally we can address the variation of the action under all

the set of transformations (B.2). The action variation is given by
65 = [ L) ~ [zl
m
- [(1+5 o0t )t (9L() + LG ) [ dteca)

ooxt
_ [ 4 2
—/dxéﬁx +/dazax#£(x)+(9(5)

_ / d'z <5£ éf)axﬂ + / d%z(g;)a;g

—/d4x 5L )+8‘9(£( )(wﬂ

= [ #5550+ e () s (E@)

-/ d%:g Eg&b( )+ a(‘gi qj)ai(sqs(x)) +(,;;(£(:L')5x“)]

-/ o E ¢(($)) So(x) + a(ﬁai gb))au(&b(x)) + @(cuww)
(z) ()

8@( I(0+¢) o( 895“( O(o+
e 2 (s
+ [t { :2 aa<5¢ ) aa(8@%)%(9’”ai(ﬁ(”‘wﬂ

(0
:/d%{g ((g aiu( 9(0+9) )] +/d4 [
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Due to Fuler-Lagrange eqs., in order to make vanish the variation of the action requires

the second integral to be zero. In consequence, this condition can be addressed as
o"f,=0 (B.9)

where we identify as the conserved current f,, defined as

o= 2580 0+ iy
_ OL(x) OL(x) ¢ )
~ 0(0r9) 29(x) - {3(3%) oy~ I L(x)|0a”. (B.10)

Complementary, the conserved charge associated to it is defined as
Q= [ d i) (B.11)
In particular, we consider the case of local gauge transformations. Those are defined as
A=A+ 0, (), (B.12)

that applied to electromagnetic field lagrangian density L(x) = _iFquW + j, A", leads

to
/ 1 / 104 . I

L (.I') = _ZF ,ul/F +],uA
1

=~ Fu " 4 (A 0
1

= _ZF’”FW + A" + 5,00
1

= _ZFWFW + j, AY + 10" (4. A) — AOMy,)

1 ) )
— _ZFWFW + j, A"+ 0" (juN)
= L(x) + 0" (jN), (B.13)

being invariant up to a divergence term, and considering the condition 9,j* = 0.
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