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"Vamos viver nossos sonhos,

temos tao pouco tempo."

Chorao



Resumo

Estudos de sistemas dindmicos nao lineares tém sido amplamente aplicados para analise
economica atualmente. O objetivo é compreender fend6menos econémicos através de ferra-
mentas da dindmica nao linear, tais como estabilidade, ciclos limites e bifurca¢oes de Hopf

procurando situagoes que nao podem ser facilmente modeladas por outras ferramentas.

Palavras-chave: Estabilidade, Ciclo limite, Bifurcacao de Hopf, Modelo Econémico.
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Abstract

Studies of nonlinear dynamical systems have been widely applied to current economic
analysis. The aim is to comprehend economic phenomena through the nonlinear dynamics
tools, such as stability, limit cycles and Hopf bifurcations, looking for situations that can

not easily be modeled by other tools.

Keywords: Stability, Limit Cycle, Hopf Bifurcation, Economic Model.
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Introducao

Estudos de sistemas dindmicos nao lineares tém sido amplamente aplicados para anélise
economica atualmente. A modelagem nao linear pode ser 1util para investigar o compor-
tamento e encontrar solu¢oes para os mais sofisticados problemas econdémicos que seré o
foco deste trabalho.

Mostraremos como a teoria da bifurcacao de Hopf pode ser aplicada para entender
esses modelos, e utilizaremos um método para verificar as condigoes de Hopf de nao
degenerescéncia e transversalidade em sistemas n—dimensionais, garantindo a existéncia
de ciclos limites.

O nosso objetivo é ter uma melhor compreensao de fendémenos econémicos tais como
o crescimento econdémico, ciclos, analise de mercado, entre outros, a fim de prevenir e
controlar seu comportamento.

Em uma familia de equacgoes diferenciais, a bifurcacao de Hopf normalmente ocorre
quando um par de autovalores complexos conjugados do campo linearizado em um ponto
de equilibrio se torna puramente imaginério. Isto implica que uma bifurcacao de Hopf s6
pode ocorrer em sistemas de duas dimensoes ou mais.

O primeiro capitulo mostraré alguns dos principais teoremas e definicoes que serao
usados nos proximos capitulos.

O Capitulo 2 consiste no estudo de um sistema tridimensional, dado por

T =vr — 1>,
n(z—y),
z=ay — bz + xy,

<.
Il



no qual analisaremos os valores de parametros necessarios para a existéncia de uma bi-
furcacao de Hopf, fazendo uma simulacao numeérica com tais pardmetros que pode ser
encontrado em [1]. Os principais teoremas deste capitulo sdo o teorema da Bifurcagao de
Hopf genérica, o Teorema da Bifurcacao de Hopf degenerada e a Condigao de Transver-
salidade.

O tema principal deste trabalho encontra-se no Capitulo 3, no qual estudaremos mo-
delos acoplados que podem ser encontrados em [10] e [11]. Consideraremos o sistema com

duas equagoes diferenciais ordinarias

BeR, z,y €R. (1)

Com o intuito de estudar a interseccao entre os processos de evolucao sao utilizados os
sistemas acoplados como em [5] e [6]. Considere dois sistemas idénticos ao sistema (1),

nao simétricos e linearmente acoplados

.

T = fl<x7y76) + Cl<l’ o Z)’

§:f2($7y>5)7 61702€R (2)
z= filz,w,B) + ca(z — ),

w = f2(zawa6)'

\

O sistema de acoplamento acima é ttil para modelar a evolucao de dois fenémenos seme-
lhantes que interagem de forma linear através de uma de suas varidveis de estado. Tal
acoplamento pode ser utilizado em uma vasta variedade de sistemas que sao de interesses
quimicos, fisicos, bioldgicos ou econémicos, podendo ser encontrados em [2] e [18].

O modelo econémico estudado sera um sistema bem conhecido da economia que pode

ser encontrado também em [3], [4] e [16],

— =k —axy® + By,

—— = azry® — dy,



o qual modela a dinamica do ntimero de usuarios de uma marca de acordo com a publi-
cidade.

A partir deste sistema, analisaremos as condigoes necessérias para ocorrer uma bifur-
cacao de Hopf e ver como esta afeta economicamente o modelo.

Os principais teoremas e resultados deste capitulo sao os seguintes: Teorema da Bi-
furcacao de Hopf genérica, Teorema da Bifurcacao de Hopf degenerada, a Condicao de
Transversalidade e o Método da projecao.

Por fim, temos uma breve conclusao do que tiramos de todo o trabalho.



Capitulo 1

A bifurcacao de Hopt

Neste capitulo apresentaremos algumas defini¢oes e resultados basicos de Equacoes Dife-
renciais Ordinarias (EDQO’s), com o foco na bifurcacao de Hopf, que seréo necessarios para
os proximos capitulos. As definigoes e o método da projecao que serao apresentados foram
baseados, e podem ser encontrados em [7] e [13]. Estudaremos fenémenos que podem ser
modelados por EDO’s da forma

dx

i::E:f(x), r eR"” (1.1)

sendo que f é uma funcao suave, ou seja, a classe de diferenciabilidade é suficientemente
grande (f é suave <= f € C™) e com o tempo variando continuamente em / C R nao

vazio e nao degenerado a um ponto.

Definigao 1.0.1. Uma fungao diferencidvel ¢ : I C R — R™ tal que ¢(t) = f(p(t)), para

todo t € I é dita uma solug@o do sistema (1.1).

Quando f é uma fungdo linear de x, a solugdo geral do sistema (1.1) é facilmente
encontrada em qualquer instante do tempo ¢, podendo esta ser vista melhor em [8]. No
entanto, na maioria das vezes em que modelamos um fenémeno, f é nao linear. Lineari-

zando o sistema (1.1) determinamos a matriz Jacobiana J(x), n x n dada por



of1(z) of1(z)
oz T OTn
J(x) — . .
Ofn(x) Ofn(x)
ox1 e OTn

Definigao 1.0.2. Dizemos que xo € R™ é um ponto de equilibrio do sistema (1.1) se

Definigao 1.0.3. Um ponto de equilibrio xo do sistema (1.1) € estdvel quando para
toda vizinhanga Uy de xq, existir uma vizinhanga Us de xg tal que toda solugao ¢(t) de
(1.1), com ¢(0) € Uy, estd definida em Uy, para todo t > 0. Caso contrdrio dizemos que
xo € wnstdvel. Se um equilibrio for estdvel e, além disso, t£+moog0(t) = xg, entdao xg €

assintoticamente estavel.

Definigao 1.0.4. Um ponto de equilibrio xo do sistema (1.1) é chamado hiperbdlico se
todos os autovalores de J(xy) tém partes reais diferentes de zero, onde J(xq) representa
a matriz Jacobiana de (1.1) no ponto xo. Se a parte real de algum autovalor for nula, o

equilibrio serd dito nao hiperbdlico ou degenerado.

Definigao 1.0.5. Um ponto de equilibrio hiperbdlico xo do sistema (1.1) é chamado de
atrator se todos os autovalores de J(xq) tiverem partes reais negativas, e repulsor se

todos os autovalores de J(xo) tiverem partes reais positivas.

Definigao 1.0.6. Um ponto de equilibrio hiperbdlico xo do sistema (1.1) é chamado de
sela-hiperbdlica se todos os autovalores de J(xq) tiverem partes reais diferentes de zero

e pelo menos dois deles possuirem partes reais com sinais opostos.

Considere os seguintes sistemas de EDO’s dependendo do parametro £ € R

T -1 T T
ot B EICET I e (1.2)
ZL:Q 1 f X2 T2



O ponto (z1,z9) = (0,0), para qualquer £ € R, é um equilibrio desse sistema sendo

¢ -1
IS

a matriz Jacobiana deste sistema, que possui autovalores Ay = & +1 e Ay = £ —i. Intro-

A(0,0) =

duzindo a varidvel complexa z = x1 + iz9 e usando

Zfl = 51‘1 — T9 + l’l(I% + I%)

Ty = 11 + Exo £ 2o (2? + 22),

temos
Z =T+ 12

= &(wy +ixo) + iy +imy) £ (21 + ixo) (2] + 23).

Assim, obtemos o sistema (1.2) na sua forma complexa

F=(E+i)zE 2|2, (1.3)

Para a representacao z = peig, obtemos
5= pe? + piéew
e, portanto,

pe’ + pife® = pe (& + i+ p?).

Assim podemos escrever a equagao (1.3) na sua forma polar

p=p§+p),
6 =1.



Da primeira equagao de (1.4), podemos perceber que p = 0 é um ponto de equilibrio
para qualquer valor de £ (so faz sentido para p > 0). Dependendo do sinal do termo
cibico em (1.4), para determinados valores de £, outro ponto de equilibrio surgira. Tra-

balharemos, por exemplo, com o sinal negativo do termo cubico de (1.4), ou seja, o sistema

p=p€—p),

. (1.5)
6=1.

Sendo assim, para £ > 0, p(£) = /€ ¢ um ponto de equilibrio que descreve uma 6rbita
periddica circular com velocidade constante. Como foi observado acima, p = 0 é sempre
um equilibrio, que neste caso, ¢ um foco atrator se £ < 0, um foco repulsor se £ > 0 e
um foco atrator fraco (um equilibrio nao linear e topologicamente equivalente ao foco
atrator. Veja Defini¢ao 1.0.8) se £ = 0. Para & > 0, a origem esté no interior de uma
regiao limitada por uma 6rbita isolada fechada (ciclo limite), que é tnica e atratora. Neste
caso, o ciclo limite é uma circunferéncia de raio p(¢) = /€. Qualquer 6rbita externa ou
interna a este ciclo, exceto a origem, tende para ele quando ¢ — oo, vide Figura 1.1.

A este fendmeno de geracao de uma oOrbita periddica e a mudanga de estabilidade do
foco a partir de uma pertubacao no parametro & chamamos de bifurcagao de Hopf ou

bifurcacao de Andronov-Hopf.

£<0 £>0

Figura 1.1: Retratos de fase do modelo (1.5) com uma bifurcagao de Hopf.



Para o sinal positivo do termo ciibico em (1.4), obtemos o sistema

p=p&+p?),

_ (1.6)
f=1,

podendo ser analisado da mesma maneira. Teremos uma bifurcacao de Hopf para & = 0,
porém, ao contrario do sistema (1.5), o ciclo limite surgird para £ < 0 e é repulsor. Para
valores de & > 0 a origem é um foco repulsor e nao possui ciclo limite, quando £ = 0 sera
um foco repulsor fraco (nao linear) e para £ < 0 um foco atrator. Neste caso, o ciclo
limite é uma circunferéncia de raio p(¢) = v/—&. Qualquer orbita externa ou interna a

este ciclo, exceto a origem, tende para ele quando t — —oc.

Definicao 1.0.7. Denominamos de forma normal da bifurcagcao de Hopf o sistema

(1.2), ou equivalentemente, (1.3) e (1.4).

Uma vez definida a forma normal da bifurcacao de Hopf, precisaremos da seguinte
definicao, que serd usada na proxima secao, na qual estudaremos as condi¢oes que um
sistema bidimensional deve cumprir para ser topologicamente equivalente a esta forma

normal.

Definigao 1.0.8. Os sistemas

x=[(x§), xeR"{cR", (L.7)

y=rfu¢), yeR" (cR", (1.8)

sao ditos localmente topologicamente equivalentes em torno da origem se exis-
tir uma aplicacdo (x,§) —— (he(x),k(§)), definida na vizinhanca V. = Uy x V; de
(x,€) = (0,0), contida em R™ x R™, satisfazendo:



(i) k: R™ — R™ é um homeomorfismo definido em Vjy;

(ii) he - R — R™ € um homeomorfismo para cada &, definido na vizinhanga Uy de x = 0,
ho(0) = 0, levando orbitas de (1.7) contidas em Uy em drbitas de (1.8) em he(Up),

preservando a dire¢ao do tempo.

1.1 O caso genérico da Bifurcacao de Hopf em um sis-
tema bidimensional

Nesta se¢ao veremos um sistema de EDQO’s bidimensional e estudaremos as condig¢oes que
devem ser impostas sobre ele, para que o mesmo seja topologicamente equivalente & forma

normal da bifurcacao de Hopf. Estas condicoes serao dadas no Teorema 1.1.1.

Observacao 1.1.1. Para os proximos lemas consideraremos o sistema

T —1 x €T
o ¢ )o@ | ) (1.9)

que, como vimos na se¢do anterior, representa a forma normal da bifurcagdo de Hopf cujo
sinal dos termos cubicos é negativo e, consequentemente, apresenta uwma orbita periodica

atratora. Para o outro sistema

{[:2 1 f X2 T2

os reultados sao andlogos.
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Lema 1.1.1. O sistema

T -1 T T

+O(|x]"), (1.10)

onde x = (x1,15)" € R%, £ € R e O(|x|*) representa os termos de ordem /4 e superiores, e
dependem suavemente de &, € localmente topologicamente equivalente em torno da origem

ao sistema (1.9).
Demonstracao. A demonstragao deste lema sera feita em duas partes: A existéncia e uni-
cidade do ciclo e depois a constru¢ao do homeomorfismo.

Parte I. (Existéncia e unicidade do ciclo).

Fazendo a mudanca polar 1 = pcosf e xo = psend, no sistema (1.10) obtemos

pcosf — phsend = p& cos O — psend — p? cos 0 + f(p, 0)
psend + pf cos § = pcosd + pEsend — pisend + g(p, 6).

Multiplicando a primeira e segunda linhas do sistema acima por cosf e senf respectiva-

mente e, somando os resultados, temos

p=p&—p")+0(pl").

Agora, se multiplicarmos a primeira e a segunda linhas do mesmo sistema por —senf e

cos 6, respectivamente e somar os resultados, temos
] 3
0=1+0(pl").

Logo, o sistema (1.10) nas coordenadas polares (p, 8), é dado por

p=p—p°)+2(p,0),

. (1.11)
0=1+U(p,0),
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onde ® = O(|p|*) e ¥ = O(|p|*) e dependem de &, porém, nio indicaremos a dependéncia
a fim de facilitar a notagao.

A existéncia de um ciclo limite em (1.11), por [12], é equivalente a existéncia de um
ponto fixo na transformagao de Poincaré (ou transformagao de primeiro retorno) do
mesmo sistema. Sendo assim passaremos a analisar a transformacao de Poincaré de tal
sistema.

Uma orbita de (1.11) partindo de (p, #) = (po, 0) tem a representacao dada pela Figura
1.2.

o1 po p

Figura 1.2: Transformacao de Poincaré para o estudo da bifurcacao de Hopf.

Escrevendo p = p(6, po) € po = p(0, po), pela regra da cadeia, obtemos,

. dp,
.
P= 0

Dai, substituindo nesta tltima equacao p e 0 pelas suas expressoes dadas por (1.11), temos

dp _ p(§=p*) +P(p,0)

o~ 1+ U(p,0) = p(& = p*) + R(p,9), (1.12)

onde R = O(|p["). Note que a transformacao de (1.11) para (1.12) é equivalente a uma
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reparametrizagao do tempo com ¢ = 1, implicando que o tempo de retorno para o semieixo
0 = 0 é o mesmo para todas as oOrbitas que partem desse eixo com p, > 0. Como

p(0,0) = 0, a expansao de Taylor para p(0, po), ¢

p = ur(0)po + ua(0)pf + us(6)pf + Ol pol*). (1.13)

Substituindo (1.13) em (1.12), obtemos

(w1(0)po + u2(0) 5 + us(0)pp + -..)
= (u1(0)po + u2(0)pf + us(0)pf + .. )[€ — (ua(0)po + u2(0)pf + us(0)pf + .-.)*] + R(p,0)
= u1(0)po§ + u2(0)p3& + us(9)pié — ui(@)pg + ... + R(p.0),

e das correspondentes poténcias de py vém as seguintes EDO’s

du du du
! uéa 2 Ué, d_;:ufig_u?

B
Para obtermos p = py para § = 0, devemos estabelecer as condigoes inicias u;(0) = 1,
u2(0) = u3(0) = 0. Assim resolvendo os problemas de valores iniciais resultantes (PVI’s),

obtemos

_,2¢0
ur () = e, uz(0) =0, us(f) = 65912_§

Observe que essas expressoes sao independentes de R(p, ). Como na expressao de uz(2m)

vale a igualdade

pegl = €26 Pt 2 @En)’¢

— P—<1+2@ﬂ§+——3r——+m>]:—¥“DW+O@W

26 26

podendo assim concluir que a transformagao de retorno py — p; = p(27, pp) tem a forma

pr =€ pg — 2w + O()] g + Ol o), (1.14)
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para todo R = O(|po|"). A transformacio (1.14) pode ser facilmente analisada para py e
|€| suficientemente pequenos. Existe uma vizinhanga da origem onde essa transformagao
tem somente o ponto fixo trivial para pequenos valores de £ < 0 e um ponto fixo extra,
Py = V& + ..., para pequenos valores de £ > 0, veja Figura 1.3. De fato, sendo & > 0,

escrevendo a transformagao (1.14) na forma

p1 = poS(E, po), (1.15)

onde

S, po) = e*™(1 — 2 + O(€)]pd) + O(lpol*),

percebemos que a transformacao terd um ponto fixo py > 0 se, e somente se, S (& po) =1

tiver solugao. Isto é,

g(fapO) =1
& e (1 — 21+ O(&)]pg) + O(lpgl) = 1
& 1— 214+ O(&)lpg + e O0(|pjl) = e
© 1—[27 + O(©)]pg + e *™O(|pj]) — e = 0.

Tome

S(E po) = 1= 27+ O(E)] g+ O (|po*) — €727,

Aplicando o Teorema da Fungao Implicita na fungao S(&, po), para (&, po) = (0,0) com-

provamos a afirmacao. De fato,

5(0,0)=0 e 55(0,0):%(0,0):27@&0,

assim podemos escrever £ como fungao de py numa vizinhanca de py = 0 e calcular

o) — S0 E)) _ 207 + OO0 + <O )
P T Sep0r ) 7 — 2me 2O po?) + 2me e
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Portanto, temos que
£(0) =0, £"(0) = 2,

implicando, pela expansao de Taylor em torno de py = 0, £(0) = 0, que

E(po) = P+ - s

que ¢ uma fungao injetora no dominio py > 0.

£E>0

£E<0

>

Py(€) &

Figura 1.3: Ponto fixo da transformacgao de retorno.

A estabilidade dos pontos fixos também ¢ obtida de (1.14). Derivando (1.15) com

relagao a pg, obtemos

d ~ ~
d_pl = S(f, IOO) + pOSp0(§7 p(])
Po

Para provarmos a estabilidade de p;j basta mostrarmos que

dp:
—(p5) < 1.
dpo (Po)
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De fato, como §(§,p0) =1 para py = pg; € = &(pg), o falta observar que pogpo(é(pg),pg)

é negativo. Fazendo os calculos

~ 0S
P0Sp (&, po) = Poa—po(& Po),

obtemos
P0S (€, po) = PE[—26*™ 2 + O(€)] + O(|po])],

que, para pequenos valores de p§ > 0; &(pg) > 0, satisfaz o esperado.

Levando em conta que o ponto fixo positivo da fungao corresponde a um ciclo limite
do sistema, podemos concluir que (1.11), ou (1.10), com quaisquer termos O(|p|*), tem
um unico (e estével) ciclo limite bifurcando na origem quando £ > 0 do mesmo modo que
(1.9). Portanto, em outras palavras, os termos de ordem superior nao afetam o surgimento

do ciclo limite numa vizinhanga de (z1,x2) = (0,0) com [{| suficientemente pequeno.
Parte II. (Constru¢ao do homeomorfismo)

Estabelecida a existéncia e unicidade do ciclo limite, mostraremos agora como proceder
para se obter os homeomorfismos necessarios e concluir a equivaléncia topolégica dos
retratos de fase.

Fixemos ¢ pequeno, porém positivo. Ambos os sistemas (1.9) e (1.10) possuem um
ciclo limite em alguma vizinhanca da origem. Podemos assumir que a reparametrizacao
do tempo ja tenha sido realizado no sistema (1.10), resultando num tempo de retorno
constante 27, (vide Parte I). E ainda, que fizemos um escalonamento linear nas coordena-
das do sistema (1.10) de modo que o ponto de intersecgao do ciclo e o semieixo horizontal
seja 1 = /€.

Defina uma fungao x — x* do seguinte modo: Tome x = (x1, z3) e encontre os valo-

res (po, 7o), onde 7y € o tempo minimo que uma orbita do sistema (1.9) leva para alcangar
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x partindo do semieixo horizontal com p = py. Para o ponto deste eixo com p = py,
construa uma orbita do sistema (1.10) no intervalo [0, 7] partindo desse ponto. Denote o

ponto resultante por x* = (z7, x3), veja Figura 1.4.

(1‘1,1‘2) (Z'T~7',;)

To
\ To

Po Po

Figura 1.4: Constru¢ao do homeomorfismo.

Assuma x* = 0 para x = 0. A funcao assim construida é um homeomorfismo que,
para £ > 0, leva orbitas do sistema (1.9), em alguma vizinhanga da origem, em 6rbitas
de (1.10), preservando a diregdo do tempo. O caso para £ < 0 pode ser considerado da
mesma maneira com uma nova mudanca de coordenadas.

]

Ficou provado com o Lema 1.1.1 que os termos de ordem superior a trés nao afetam o
comportamento da bifurcacao. Nosso passo seguinte, ¢ impor condi¢oes sobre um sistema
de EDO’s bidimensional de modo a transformé-lo no sistema (1.10) e, podendo assim
aplicar o Lema 1.1.1 concluindo a prova do Teorema da Bifurcagdo de Hopf genérica (Te-

orema 1.1.1).



Considere o sistema

x = f(x,§), x = (x1,22)' €R? £ €R,

17

com f suave, tendo para { = 0 o equilibrio e = 0 com autovalores \; o = +iwy, wy > 0.

Pelo Teorema da Funcao Implicita, como A = 0 nao ¢ um autovalor da matriz Jacobiana,

o sistema tem um tnico equilibrio eg(£) em alguma vizinhanca da origem para todo [¢|

suficientemente pequeno. Podemos, entao, através de uma mudanca de coordenadas, levar

este equilibrio para a origem. Portanto, devemos assumir sem perda de generalidade que

e = 0 é um ponto de equilibrio do sistema para || suficientemente pequeno.

Entao o sistema pode ser escrito como

x = F(x,),

(1.16)

onde I é uma fun¢ao suave com componentes [ 5 tendo a expansao de Taylor em x inici-

ando com os termos de primeira ordem, F' = O(|x|). A matriz Jacobiana A(§) = fx(0, &)

possui dois autovalores

onde

AE) = (&) +iw(8),

e a condicao para a bifurcacao de Hopf é

7(0) = 0,w(0) = wp > 0.

Seja q(&) € C? o autovetor correspondente ao autovalor A(€) e dado por
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e seja p(€) € C? o autovetor da matriz AT (€) correspondente ao autovalor A(€),

E sempre possivel normalizar p com respeito a ¢, tal que

(p(€),q(8)) =1,

onde (p,q) = piq1 + p2g2 ¢ o produto escalar em C?. Qualquer vetor x € R? pode ser

representado unicamente para todo & pequeno como
x = zq(§) + 2 q(§),

para algum complexo z. Assim temos a seguinte formula explicita para se determinar z
z=(p(§), x) . (1.17)

Para verificar esta férmula observemos que

(p,x) =(p,2q+2q = (p,2q) +{p, 2 q)
& (p,x) =2(p,q) +Z(p,q) .

Como (p, q) = 1, basta vermos que (p,q) = 0. De fato,

(p,q) = <p, %AQ> = %(ATp,q _2 (p.q)

=+ (1-3) o -
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Como A # ), pois para |¢| suficientemente pequeno temos w(&) > 0, concluimos que

(p,q) = 0.

Lema 1.1.2. O sistema (1.16) pode ser escrito, para |§| suficientemente pequeno, na

forma

Z2=M&z+9g(z,2,¢), (1.18)
onde g = O(|z]?) ¢ uma fungdo suave de (z,z,€), dada por
9(2,2,8) = (p(&), F"(2¢(£) + 2 4(¢),€)) ,

com F*(x) = O(]x]?).
Demonstragao. No sistema (1.16) temos x = F'(x, ), podendo este ser reescrito como,
x = Ax + O(|x)?).

sendo A = f(0,&) e O(|x|?) representando a expansao de Taylor em x iniciando com os
termos quadraticos (no minimo). Temos assim que F(x) — Ax = O(|x|?), porém, para

simplificar a notagao tome F*(x) = O(|x|?). Assim de (1.17) temos que a varidvel com-

plexa z satisfaz a equagao

2= (p&),x)
(p, Ax + F*(x))
= (p, Ax) + (p, F"(x))
(p, Alzq + 2 Q) + (p, F"(2q + 2 7))
(p, A(zq)) + (p, Az @) + (p, F*(2q + 2 7))
= A(p,@) +AZ(p, Q) + (0, F*(2q + 2 7))
= A&z + (p(&), F*(zq(§) + 2 4(£),€)) ,

obtendo assim (1.18). O
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Escrevendo o desenvolvimento de Taylor para g nas varidveis complexas z e Z temos

o250 =3 moul@),
k+1>2
onde
ak—i-l
() = 5o (), F* (:a(6) +20(€),6)) |

parak+10>2 k,1=0,1,2,....

Suponha que, para £ = 0, a fungao F'(x,§) de (1.16) seja representada na forma

L Bk, xxxx) +O(x%),  (1.19)

F(x,0) = Ax + B(xx)—|— C(xxx)+ D(xxxx) 130

onde A = f,(0,&) e B, C, D e E sdo fungoes multilineares simétricas de x,y, z,u, v € R2.

Em coordenadas, temos

2

P Fy(n,0)
Ci(x,y, z) = — Xy,
e On;Onkdm o
2
84F (n )
-Di ’ j T
(x, y, 2, u WZ aménké’mam i
d°F;(n,0)
EZ-(X, Y, z,u, v XiVirZ;u, Vg,
WZ s Om IOy, | =

parat=1,2.
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Entao,

B(z2q+2q,2q+2q) = 2°B(q,q) +222B(q,q) + 2°B(q, q),

onde ¢ = q(0), p = p(0), e os coeficientes de Taylor gx;, k + [ = 2, dos termos quadraticos

em ¢g(z,z,0) podem ser escritos, agora, pelas formulas

920 = (p, B(q,q)),
gu = (p, B(q,q)),
g2 = (p, B(q,7)) -

g3 = <p7 C(qa q, Q>> ) g21 = <p7 C((L q, q_)> )
g2 = <pa C’(q, Qa Cj)> ) Joz = <p7 O(@ @ Q» )
gao = <p7D(Q7Q7Q7Q)> ) g3 = <p7D<Q7Q7Q7 q_)> 9
922 = <p7-D(Q7q7 (ja (j)> ) giz = <p7D<Q7q) 677 q_)> ’

go4 = <paD(C_77 qa 67 C7))7
950 = (0, E(¢,4,4,4,0)), 9 = (0, E(¢,9,4,4,7)) ,
g32 = <p’ E(Q7Q7Q7Qa§)>a g23 = <p7 E(Q7Q7Q7Qaq>>7
g1a = <pa E(q>Q7Q757q7)>a gos = <pa E(Q?Qa(jvq’(j)>

Lema 1.1.3. A equacao

5= )\z+%22+g1122+%22+0(|z|3), (1.20)

onde X = X&) =v(€) +iw (&), v(0) =0, w(0) =wo > 0, € g;; = g;;(&), pode ser transfor-

mada, pela mudanca de coordenada complexa



h20 h02 _92

2 _
=w+—w"+h + =
Z w 2U) 1Hww 2w,

para |§| suficientemente pequeno, na equagdo sem termos quadrdticos
W= Aw + O(|w]).
Demonstracao. A mudanca de variavel inversa é dada pela expressao

h h
w=z— %22 — hy12Z — %22 + O(|Z|3)7

a qual derivando temos
w=z— h202’2 — hll(é’f + 22) — hmfz + ...

Substituindo Z pela equagao (1.20) e organizando os coeficientes, temos

920 go2

W= Az —+ <— — )\hg[}) 22 + (911 - )\hll - j\hll) 2z + (7 — j\hog) 22 + ...

2

Assim,

1 -
W= \w + <% - )\hgo + 5)\;7/20) w2 + (911 - )\hll — )\hn + )\hll) ww

- 1
n (% — Ny + §Ah02) @+ O (lw])

22

1 — 1 _
= \w + 5 (gg() — /\h20> w? + (911 — )\hll) ww + 5 (gog — (2)\ — )\) h()g) w? + 0O (|w|3) .
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Como A (0) = iwg, wy > 0, podemos escolher

920 g1 o2
hog = hiy = =, hgy = —
20 = T = T e = oy
e obter assim
W = w+ O (Jw)

como queriamos. ]
Lema 1.1.4. A equacao

z—)\z+ggo 3+g;1 22+g;2 _2+%23+(’)(]2|4), (1.21)

onde A\ = X&) = v(&) +iw (&), v(0) =0, w(0) = wy > 0, e g;;j = ¢i5(§), pode ser

transformada, pela mudancga de coordenada complexa

o h30 3 h21 2 _ h12 h03 3
Z—w—|—6w+2ww—|—2 +6

para |€| suficientemente pequeno, na equagdo com apenas um termo cibico

W =+ cw*w + O (Jw|*),

onde ¢; = ¢1 (§).

Demonstracao. A transformagao inversa é

h h h h
w=py— N 2l2y 222 0323+O(|Z|4) ,

6 2 2 6

derivando temos

h . h o hos o
w:z——z2—%(2zzz+z22)—%(222+2zzz)—§222+...,
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substituindo Z pela equagao (1.21) e reorganizando seus termos, temos

, Ah A _ Ah < _
W= Az + (% — —230) 23+ (% — Mgy — 221> 227 + (% - 212 — )\hlz) 2z2

assim

1 1 - 1 -
W= Aw + 6 (930 — 2)\h30) ’LU3 + 5 (921 - ()\ + )\) hgl) w2711 + = (912 — 2)\h12) ww2

1 _
5 (903 + (A = 33) hos) @° + O (|w]*)

(\V]

Fazendo

gso g12 gos
hag = ==, his = ==, hgz = —
30 2N\ 12 20’ 03 3=\

eliminando todos os termos ctibicos com excecao do termo w?w, que sera tratado separa-
damente. As substituicoes sao validas, pois, os denominadores envolvidos sao diferentes

de zero para todo |{]| suficientemente pequeno.

2

Uma tentativa de eliminar o termo w“w seria escolher

g21

hyy = 22
S WY

Isso é possivel para £ # 0 pequeno, mas quando & = 0 o denominador se anula, pois
A(0) + A (0) = iwy — iwg = 0. Para obtermos entdo uma transformacao que dependa
suavemente de &, escolhemos ho; = 0, no que resulta

921

01:7.
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O termo w?w é chamado de termo ressonante. Note que o seu coeficiente é o mesmo

coeficiente do termo ciibico de 2?Z na equagao (1.21).

Lema 1.1.5. A equacao

F= X2+ %24 - %z?’z + %%% + %zéi” + %24 +O(|2]%), (1.22)

onde A = \(&) =v(§) +iw(&), v(0) =0, w(0) = wo > 0, e gi; = g;;(€), pode ser transfor-

mada, pela mudancga de coordenada complexa

h h h h h
z=w+ ﬁw‘* + %w%@ + %uﬂdﬂ + %Sww?’ + ﬁw‘*,

para €| suficientemente pequeno, na equagdo sem termos de quarta ordem

w = Aw + O(Jw|?).

Demonstracao. A transformacao inversa é

h h h h h,
W=y — W4 B35 722252 T8 3 0o O(|z*).

24 6 4 6 24

Sendo assim
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@2373_E(
6

:Az+(@—@>\) z4+<&—@>\—@5\) 232—1—(@—@/\—@5\) 2272

. h i h : h .
=% — 32225 + 23%) — % (22223 + 22%23) — % (323 + 322%%) — %232 + ..

24 6 6 2 6

g1z his his < _3 goa  hosx —4
222 - =2 = _ =X
+ ( 6 6 6 ) 227 + (24 6 zZ5+

1 1 < 1 -
= \w + — (940 — 3)\]140) U)4 + 6 (931 - (2/\ + )\) hgl) U)3U_1 + - (922 - ()\ + 2)\) hgg) U)QIDZ

24 4
1 - 1 _
+6 (913 — 3Aha3) ww® + o1 (goa — (4N = X) hos) @* + O (Jwl®) .
Fazendo
gao g31 g22
h —.  h3 = — . hog = _
40 3)\7 31 2)\+)\7 22 )\+2)\7
913 Jo4
hia = =. h =
13 3)\ ) 04 4)\ _ )\7

eliminamos assim, todos os termos de ordem quatro. Temos que essas substitui¢oes sao
validas, uma vez que, para |¢| suficientemente pequeno, os denominadores envolvidos sdo

diferentes de zero, afinal A\(0) = iwp, com wy > 0. O

Lema 1.1.6. A equacao

950 5 941 4_ 932 3.0 923 2.3 G4 __4  9Go5 _5 6
-— — = = — =— 1.2
12Oz+24zz—|—1222—|—122z +24zz +1202 + O(|z|°), (1.23)

=Xz +
onde A = \(&) = v(§) +iw(&), v(0) =0, w(0) = wy > 0, € gi; = ¢:;(€), pode ser transfor-
mada, pela mudancga de coordenada complexa

hso hay

_ 05 Al 4 902
z—w+120w+24ww+12

h h
2y oy Ma ma 05 s
12ww +25ww +120w,

h32 3@24— h23

para |€| suficientemente pequeno, na equag¢do com apenas um termo de quinta ordem
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W = Iw + cow’w? + O(|wl®),
onde cg = co(§).

Demonstracao. A transformacao inversa é dada por

h50 5 h41 4 — h32 3-2 h23 2_3 h14 4 h05 _5 6
250 5 ML ay 132 3.0 1123 on3 T D055 9(149).
207 " 9af T 12t E Tt T Tt O

w =z —

De onde temos que

. . h50 4 - h41 _ . = h32 _9 . —_= h23 _3. _9
— 5 _ — (4 3 4 _ 94 252 2 3 — =22(9 3 2352
w=Z— et 24(zzz+zz) 12(3zzz—|— 2°ZZ) 12(zzz—|—3zzz)

—ﬁ (22 + 423°%) — ﬁz‘%ﬂ O (|29
J50 hiso 5 ga1 hay Py < 4— 932 h3a h3a < 3-9
S PR LU Y AT diz_ dsay T8y
Z+(120 24 >Z+(24 6 )T\ \127 1 6 ")~

92 _hasy  Dasy\ o (g1 Tnay g (905 hesy) s 6
—|—<12 6)\ 4)\)zz+ A A 224+ 120 24)\ 2>+ 0 (2]°)

1 1 - 1 _
= \w + 20 (g50 — 4\hso) w° + o (941 — (3)\ + )\) h41) whw + T2 (932 -2 ()\ + )\) h32) w3w?

1 < 1 - 1 -
+o5 (923 — (A + 3X) hag) w?@® + o (14 — 4Nh1s) wid* + 0 (905 — (BX = \) hos) @°
+0O (Jw|®) .
Fazendo
gs0 gn 923
h = — h, = — h = —
RS R D WD S D WEE VS
By — 9_1_4 _ _905
14 4)\ ) 05 5)\ — /\7

3w?, que tra-

eliminamos assim, todos os termos de ordem cinco, com excecao do termo w
taremos separadamente. As substitui¢oes sao validas, pois, os denominadores envolvidos

sao diferentes de zero para todo |£| suficientemente pequeno.
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3

Uma tentativa de eliminar o termo w>w? seria escolher

By = — 2 __
220+ A)

Isso é possivel para & # 0 pequeno, mas quando & = 0 o denominador se anula, pois

A0) + A(0) = iwy — iwy = 0. Para obtermos entdo uma transformacdo que dependa

suavemente de &, escolhemos h3y = 0, no que resulta

932

Cy = 12

O

3

O termo w3w? é chamado de termo ressonante. Note que o seu coeficiente ¢ o mesmo

coeficiente do termo de quinta ordem 2%z na equagao (1.23).

Lema 1.1.7. A equacao

=Xz + Z 1 'gklzkzl + O(|2]%), (1.24)

2<k+1<5

onde A = \(&) =v(§) +iw(&), v(0) =0, w(0) = wo > 0, e gi; = 9:;(€), pode ser transfor-

mada, pela mudanc¢a de coordenada complexa

Do hos o hag his hos hao har .

— 20 h 02 -2 w3 2 3 wh w3

zw+2w+11ww+2 +6 +2 +6 +24 +6 W
h’22 2 9 h13 _3 h'04 4 h50 5 h41 4 — h’23 2 -3 h14 4 h'05 _5
W Wt W W S W W A oW

para |§| suficientemente pequeno, na equagdo com apenas wm termo cibico e um termo
de quinta ordem

W = \w + cow’w + cw?w? + O(jw|®), (1.25)

onde c; = c1(§) e ca = c2(§).
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Demonstracao. Obviamente a suposicao das transformagcoes definidas nos lemas anterio-

res, nos levam a este resultado. As transformacoes

h h,
z:w+$w2+hnww+%w?,
(1.26)
h h h h h
z:w~l—§w4+%w?’w%—%waQ—l—%ww?’%—z—oﬁw‘l,
com
920 g11 go2 g40
hoo =92 =B = IR =0
20 3 11 3 02 = 53— Mo =5y
g31 g22 g13 goa
[ S P Y N vy
LY WD S WD S S R DY AN

definidas nos Lemas 1.1.3 e 1.1.5, anulam os respectivos termos, mas também alteram os

2 3

outros termos. Os coeficientes go1/2 € g32/12 dos termos z°z e z Z% respectivamente na
equagao (1.24) foram modificados pelas transformagoes de (1.26). Os termos de ordem 6

ou maiores, afetam somente O(|w[%) e podem ser truncados. O

E necessario agora calcular os coeficientes ¢; e ¢o em termos da equagao (1.24). O

3,572

valor de ¢; e ¢y serdo dados pelos novo coeficientes g3, /2 e g3,/12 dos termos w?w e ww

apos as transformagoes de (1.26). Sendo assim seguem os lemas.

Lema 1.1.8. O coeficiente c¢1(§) da equagao (1.25), para & =0, é dado por

) 1
01(0) = 2_wo (920911 - 2|g11\2 - §|g02]2) + % (1_27)

Demonstrag¢ao. Derivando a primeira expressao de (1.26), obtemos

2 = w + hgo’u}w + hn(wi) + ’LDU}) + hogﬂ]’lj).

Substituindo 1 e seu complexo conjugado w, usando (1.25), obtemos



2 = Aw + Mhgw? + (A + AN hpwd + Mhgw® +¢; + ...

Por outro lado, na equagao (1.24),

1

) 1 3 B 1 1 1 N 1 _
b= A2+ 20202 + 91127 + =g02Z” + =302 + =9012°Z + ~g1227° + = g3z + ...,

2 2 6 2 2

6
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se substituirmos z e z, dados pela primeira expressao de (1.26), escrevemos apenas os

termos que nos interessam, tendo assim

1 1
2= \w+ §(Ah20 + g20)w? + (M1 + g11)ww + 5()\}102 + goz)Ww?

h _ h
+ <g20h11 + 911 (ﬁ + hn) + Joz02 + %> w2+ ... .

2 2 2

Comparando os coeficientes w?w nas duas equacoes obtidas, e usando

h20 - %7 hll - %7 h02

_ go2
2A =\

temos

<920 gi1 Go2902 921

¢ = g5t + gu §+T>+2(2A—7\)+ 2

A

2A + A 2 2
oo = 920911 (2A +A) g |goa|” ey
2\2 A 220 —-X) 2

Essa formula nos da a dependéncia de ¢; em relagao a £, lembrando que A e g;; sao funcoes

suaves do parametro. No valor da bifurcacao £ = 0, a ultima equacao se reduz a

_ g20911(2iwe — iwo)  |gu1? n

0
1(0) 2wk Wy 2(2iwg — iwp)

+

|goz|? 921
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Finalmente temos

7 1
c1(0) = 2—% (920911 - 2’911‘2 — 5‘902’2) + %a

como queriamos.
0

Lema 1.1.9. A parte real do coeficiente co(§) da equagao (1.25), para & =0 € dada por

1 1 1
Re c2(0) = ) {Re J32 + w_olm [920931 — 11 (4931 + 3G22) — 3902 (910 + G13) — 930912]

1 _ _ _ 1 1_
+— [Re (920 (911 (3912 — J30) + o2 (912 — —930> + —902903)
wg 3 3

5 1
+911 (goz <§§30 + 3912) + 5902@03 - 4911930)) + 3Im (g20911) Imgm}

1
+t3 [Im (911302 (930 — 3920911 — 4471)) + Im (g20911) (3Re (g20911) — 2\902’2)]} :
0

Demonstracao. A demonstragao deste lema é analoga a do Lema 1.1.8, no entanto, usa-

remos os termos de até ordem 5 e depois tomaremos a sua parte real.

Lema 1.1.10. Considere a equacao

dw

— = (O + iw(©)w + er(@ulwf* + Ofwl*),

onde v(0) = 0 e w(0) = wp > 0. Suponha v'(0) # 0 e Re ¢1(0) # 0. Entao a equagao

acima pode ser transformada, por uma mudanga de coordenadas, na equagao
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d
=5 = (c+ i+ sulu? + O(fuf), (1.28)

onde u € a nova coordenada complexa, 6 e x sdo, respectivamente, 0s novos tempo e pa-

rametro e s = sinal Re ¢1(0) = £1.

Demonstragao. Como w(£) > 0 para todo [£| suficientemente pequeno, introduzindo o

novo tempo 7 = w(&)t, a dire¢ao do tempo sera preservada. Dai

dw AN+ iw(®) ) e oful

dr w(€) w(é)
dw . 2 4
© = (x + D)w + di()w|w]* + O(|w]*),
onde
B B L{) _ c1(€(x))
EXO=0 DT e
Como

podemos considerar y como o novo parametro, mais ainda, pelo Teorema da Fungao
Inversa, £ pode ser escrito como funcdo suave de y para |x| suficientemente pequeno.
Faremos agora uma reparametrizagao do tempo ao longo das érbitas com a nova mu-

danga de tempo 6 = (7, x), tal que

df = (1 + ex(x)|w[*)dr,

sendo e;(x) = Im d;(x). Numa pequena vizinhanga da origem, essa mudanca é proxima

da identidade. Para esse novo valor de tempo, temos
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dw )
W (ot iyt B + Ou),

onde 1 (x) = Re dy(x) — xe1(x) ¢ um ntumero real para cada valor de y suficientemente

pequeno, e

(1.29)

Com efeito,

dw _ dw = (x +)w + L (x)w]w]? +
b~ 1+e()wpdr X X o

Mas, isso é equivalente a escrevermos

W (@t e PG+ i+ LG+ ]

[1(x) + er(x) (x + D)w|w]* + ...]

X+ Hw+
+ [Re dy — xe1 + xer +ie|w|w]® + ...
+

= (

= (x+1)w
= (x + 9w + [Re dy + ilmd;Jw|w|* + ..]
= (x +))w + di (x)w|w|* + ...

Como Re ¢1(0) # 0, segue que [1(0) # 0, e assim podemos introduzir a nova variavel

complexa u de modo que

u

V1L

Substituindo na equagao de dw/df, temos

2
+

= (i) e+l () ‘ -
VI 00] 6 L00l VIR0 [V
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E assim,

du _ Ay o B0
= bk it )

- ulul? + O(Jul") = (x -+ i)u + sulul* + O(|uf*),

onde s = sinal /;(0) = sinal Re ¢1(0).

Lema 1.1.11. Considere a equagao

% = (7(8) + iw(&))w + cr(§wlw]* + ex(wlw]* + O(Jw[°),
onde v(0) = 0 e w(0) = wy > 0. Suponha 7'(0) # 0, Re ¢1(0) = 0 e Re c2(0) # 0. En-

tao a equacao acima pode ser transformada, por uma mudanc¢a de coordenadas, na equacao

du
5= (x + i)u + Culul® + sulu|* + O(|ul®), (1.30)
onde u € a nova coordenada complexa, 6 e x sao, respectivamente, 0s novos tempo e pa-

rametro,

e s = sinal Re ¢p(0) = +£1.

Demonstragao. Como w(£) > 0 para todo [£| suficientemente pequeno, introduzindo o

novo tempo 7 = w(&)t, a dire¢ao do tempo seré preservada. Sendo assim,

dw _ () +iw(§) X Cl(g)w\wP + @w!w!“ + O(Jw|°)

dr w() w(€) w()

dw )
®——=NK+dut dy (x)w|w]? + dy(x)w|w|* + O(Jw]®),
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onde

a9 all)  elEi)
O =3 T o) BT wen)

Podemos considerar xy como um novo parametro, pois

e, portanto, o Teorema da Funcgao Inversa nos garante a existéncia local e suave de £ como
funcao de y.
Faremos agora uma reparametrizagao do tempo ao longo das érbitas com a nova mu-

danga de tempo 6 = 6(1, x), tal que

df = (1+ ex(0)wl* + ex (x) [w|*)dr,

sendo e1(x) = Im dy(x) e ea(x) = Im dy(x). Numa pequena vizinhanga da origem, essa

mudanca ¢ proxima da identidade. Para esse novo valor de tempo, temos

dw )
-5 = (x+iw+ n(x)wlw|* + ly(x)wlw|* + O(|w|®),

onde 7(x) = —xei(x), l2(x) = Re da(x) + x(e1(x)* — ea(x)), ¢ real e

_ Rec(0)
- w(0)

— 0, 1,(0) = Ri}%go). (1.31)

11(0)

De fato,

- dw = (x + i)w + n(x)w|w|* + L () wlw|* +
8~ T+ es)IwP + ex(lwdr X 2(x

o que ¢é equivalente a escrevermos
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= (1+ er(x)|wl” + ea(x)wlw|")[(x + 1)w + nOx)ww]?* + L(x)wlw|* + - - -]

= (x +D)w + [n(x) + er(x) (x + 9)]wlw]? + [I2(x) + e1 () + e2(x) (x + )]w|w|* +

= (x +1)w + [—xe1 + xe1 + ierJw|w|* + [Re dy + xe? — xea — x€2 + xes + ieg]w|w|* +

= (x + 9w + iIm dyw|w|?* + [Re dy + ilm da)w|w|* +
( )

= (x + 1)w + di(wlw|* + da (x)wlw]* +

ja que neste caso Red; = 0 e sendo assim ilmd; é o proprio d;. Assim, podemos introduzir

a nova variavel complexa u de modo que

B u
V1l2(x)]
que ¢é possivel, pois Re c2(0) # 0 e, portanto, l5(0) # 0. A equagdo toma entdo a forma

2 4

Y <l/|l2(X)

L du_
Vi2(x)] 40 \/|l2 \/|lz

E assim

du . di(x) 5, la(x) 4 6 : 2 4 6
— = (x 1) ut+——=ulu ulu|*+O(|u]”) = (x+i)u+Culul”+ su|u|"+O(|u|”),
i = Ot a4 a4 O(ul?) = (i Coluf*+suluf*+O(fuf)

onde s = sinal [5(0) = sinal Re ¢2(0).
[l

Definigao 1.1.1. As funcoes l1(x) e la(x) sao chamadas, respectivamente, de primeiro

e segundo coeficientes de Lyapunov.

As equagoes de (1.29) e (1.31) nos dizem que o primeiro e o segundo coeficiente de

Lyapunov, para xy = 0, podem ser calculados pelas férmulas

1(0) = FRQ (1920911 + wog21) (1.32)
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1 1
15(0) = D {w_oRe 932

1 1
+Elm [920931 — 911 (4931 + 3G22) — 5602 (940 + G13) — 930912]

o 3
1 B B _ 1 1_
+—5 [Re | 920 | 911 (3912 — J30) + Go2 | G12 — 5930 | + 5 Jo2903
wp 3 3

(1.33)

_ 5_ 1
+911 (902 <§g30 + 3912) + 5902903 - 4911930))

+3Im (g20911) Im go1]
1 o _

t—1 [Im (911902 (530 — 3F20911 — 4971))
0

+Im (g20911) (3Re (g20911) — 2|902/?)] },

respectivamente. Isto significa que é necessario somente as derivadas parciais de segunda,

terceira, quarta e quinta ordens no ponto de bifurcagao para calcularmos [;(0) e l5(0).

Observagao 1.1.2. Os walores de 11(0) e l2(0) dependerao da normalizag¢ao dos auto-
vetores q e p, enquanto que seu sinal € invariante pela escolha de q e p, obviamente

considerando a normalizagao (p,q) = 1.

Observacao 1.1.3. O sinal dos coeficientes de Lyapunov nos mostra que, sendo
A2(§) = 7(§) £ iw(§),

onde y(0) =0 e w(0) = wy > 0, e sendo l; > 0 (I; < 0), entao temos um foco repulsor

(atrator) fraco.
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Note que se a equagao (1.28) com sinal s = —1 for escrita na sua forma real, ela
coincidira com o sistema (1.10). Assim podemos agora resumir os resultados obtidos nos

seguintes teoremas.

Teorema 1.1.1. (Teorema da bifurcacao de Hopf genérica) Qualquer sistema di-

namico da forma

X = f(x,§), (1.34)

onde f ¢ uma fungdo suave, x € R? e £ € R, tendo para todo |€| suficientemente pequeno,

o equilibrio e = 0 com os autovalores

A2(€) = () £ iw(§),

onde v(0) =0 e w(0) = wy > 0, satisfazendo:

1. 11(0) # 0 (condigao de nao degenerescéncia);
2. 4(0) # 0 (condigao de transversalidade),

€ localmente topologicamente equivalente, em torno da origem, a uma das sequintes for-

mas normais

Y1 ¢ —1 Y1
= + (47 +43)
Y2 1 ¢ Yo Y2

Y1

Demonstracao. Utilizando os Lemas 1.1.3, 1.1.4, 1.1.7, 1.1.8 e 1.1.10, trasformamos o

sistema (1.34) na equagdo (1.28), entao pelo Lema 1.1.1, concluimos o resultado.
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Portanto, o Teorema 1.1.1 nos garante que um sistema em duas dimensoes que possui
autovalores imaginarios puros e satisfaz as condi¢oes 1 e 2 desse mesmo teorema, possui

uma bifurcagao de Hopf.

Teorema 1.1.2. (Teorema da bifurcagao de Hopf degenerada) Considere o sis-

tema planar

X = f(X,f),

onde f é uma funcdo suave, x € R? e & € R?, tendo o equilibrio eg = 0 com os autovalores

M2(8) = 7(8) £ iw(§),

para todo |&| suficientemente pequeno, onde w(0) = wy > 0. Para & =0, sejam as condi-

coes para a bifurcacao de Hopf degenerada

7(0) =0, L(0) =0,

onde 11(§) é o primeiro coeficiente de Lyapunov. Assuma que as sequintes condigoes ge-

néricas sejam satisfeitas:

1. 15(0) # 0, onde 15(0) € o sequndo coeficiente de Lyapunov dado por (1.33);
2. a fungao & — (y(€),11(€))T € reqular em & = 0.

Entao, pela introducao de uma varidvel complexa e aplicando uma transformacao de co-
ordenadas que dependa suavemente da escolha do pardmetro e do tempo, o sistema pode

ser reduzido a sequinte forma complexa

Z = (X+i)z+Cz|z|2+sz|z|4+(9(|z|6), (1.35)
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onde s = sinal [5(0) = £1.

Demonstragao. A demonstragao do teorema pode ser encontrada em [7].

O

O Teorema 1.1.2 nos garante que um sistema em duas dimensoes que possui autova-
lores imaginérios puros e satisfaz as condigoes 1 e 2 desse mesmo teorema, possui uma

bifurcacao de Hopf degenerada. Veja Figura 1.5.

® ((¢
/@/@/@

®
N

9/®
®
\\

©
Z
©
©
<,
@),
\
o|e

Figura 1.5: Diagramas de bifurcacoes da Bifurcacao de Hopf degenerada. Na figura da

esquerda [y < 0 e na figura da direita [y > 0.

1.2 O Método da Projecao
O método em questao tem como base a transformacgao do sistema,
x = f(x,§), xeR" e € R,

escrevendo-o numa base formada por seus autovetores generalizados e, posteriormente,

na projecao deste sistema usando apenas os autovetores correspondentes aos autovalo-
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res criticos (inico par de autovalores com partes reais nulas) para restringi-lo ao caso
bidimensional ja estudado.

Antes de escrevermos o Método da Projecao, faremos um breve resumo de alguns
resultados de Algebra Linear que serdo necessarios nesta secao.

Sejam, A uma matriz quadrada e A um autovalor de A com multiplicidade algébrica
m, com vy, Vs, ...,v;, 1 <[ < m, autovetores linearmente independentes correspondentes
a A. Para cada autovetor v;, existe uma escolha maximal de vetores ng ), wéj ), . w,(f ),

onde k = k(j) € N, tal que

Aw1 = )\wl,
AHJQ = )\wz + wq,
Awk = )\wk + Wg_1.

Nao ha nenhum problema em escolhermos w; = ng ) como o proprio v;.

(4)

Definicao 1.2.1. Os vetores w;”’, com i > 2, sao chamados autovetores generalizados

de A correspondentes ao autovalor ).

Os autovetores generalizados ng ), wéj ), .. w,g , relativos a um autovalor \ sao sempre

linearmente independentes e o subespago

X:{XGC”'X—awy)—I—aw(J)—l— 4 a w,i ,a; € C}

é A-invariante.

Pelas formas canoénicas de Jordan, podemos decompor o espaco vetorial C" em su-
bespagos A-invariantes correspondentes aos autovalores de A e gerados pelos respectivos
autovetores e autovetores generalizados. A esses subespagos denominamos autoespagos

generalizados de A. Quando a matriz A é real, esses subespacgos A-invariantes do R™ sao
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gerados pelos autovetores e autovetores generalizados de A, correspondente aos autovalo-
res reais e as partes real e imaginaria dos autovalores complexos. Para uma demonstragao
dessa ultima afirmagao veja Pontryagin [9].

Seja eg um ponto de equilibrio nao-hiperbdlico de

x = F(x,0), x € R", (1.36)

onde F(x,0), dada por (1.19) é uma funcao suave, A = f(0,&,) correspondente & parte
linear do sistema e possui um par de autovalores imaginarios puros A = iwy e A = —iwy,
wp > 0 e nao admite outro autovalor com parte real nula.

Seja ¢ € C™ correspondente a A. Entao
A(&0)q(&o) = iwoq(&o), A(£)q(&) = —iwoq(o)-
Introduzindo agora o autovetor adjunto p € C" com a propriedade
AT(&)p(é0) = —iwop(&), A" (&0)P(&0) = iwop(&o)
satisfazendo a normalizacao

(r(&),q(&)) = Z@(fe)%(ﬁo) =1,

onde AT (&) é a matriz transposta de A(&) e (p(&), q(&)) € o produto escalar usual em
C™. Considere o autoespaco real T¢, correspondente a A e X\. T° tem dimensdo dois e é
gerado por {Re ¢, Im ¢}. O autoespago real generalizado T*", correspondente a todos os
outros autovalores de A, tem dimensao n — 2.

Sempre podemos decompor x € R™ em

X =29+ 24+ Ysu
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onde 2 € C, zq+z2g€Tey,, €T, uma vez que T°" & T° = R".
Lema 1.2.1. Seja y € R". y € T*" se, e somente se, (p,y) = 0.

Demonstracao. A demostracao seré feita em duas partes:

Parte I (y € T°" = (p,y) = 0).

Sejam fi1, pa, ..., iy 08 autovalores reais de A e ny, 715 M2, T2 ..Mk, Tk, 0 autovalores
complexos de A, diferentes de X e \.

Sejam T),, o autoespago generalizado correspondente ao autovalor p;

e T, 5, 0 autoes-
paco real generalizado correspondente aos autovalores 7;, 7;.

Temos,entao, que

Tsu - TN«I @ THZ @ @ Tﬂl @ Tnlyﬁl @ Tn27ﬁ2 @ EB Tnkvﬁk'

Como T),, sao espacos generalizados, é verdade que para cada ¢ existe um N,, € N, tal
que, se y € T,,, entao (A — p;I,,)N*y = 0. Portanto,

0

(p, (A= pil)Niy) = ((AT — i L) ¥ip, y)
(A= a)rip,y) = (A= p)N (p,y)

e, como \ # u;, temos que

(p,y)=0.

Do mesmo modo, como 7). 5., sdo espacos generalizados, para cada j existe um N, € N,
tal que, se y € T,

0oy entao (A — ;L) (A —7;1,)"y = 0. Portanto



0 = (p,(A—ml)"(A=iL)"y)
= (AT =), (A = ;1) )
(AT =i L)™s (AT = 7;1,) Y p, y )
= (A=m)™ A =n)"ip,y)
A=) (A =0;)™ (p,y).
e como A # n; e A # 7); temos que
(p,y)=0.

Portanto, para qualquer y € T°%, como podemos escrever

! k
Y= it Y
i=1 j=1

44

comy, € T,,parai =12 .le Yy, € T4 para j = 1,2,... k, podemos concluir

entao que

py) = PYu+ - tYutYn+ tYy)
= (V) t ety oY) et oY)
= 0.

Parte II ((p,y) =0,y e R" =y € T*%).

Seja y qualquer, tal que y € T°* & T° C R". Portanto podemos escrever
Y=YsutYe
comy,, € T"" ey, T Como T° é gerado por ¢, ¢, mas y, € R",
Y. = aq+aq,
com « € C, concluimos que

Y=Y taqgtag.

(1.37)



Queremos mostrar aqui que y,. = 0, o que sera feito mostrando que aw = 0

Da hipoétese, temos que

<p7 y> - <p7 YS’U, + yc> = <p7 YS’U,> + <pa yc> :
Da Parte I, temos que (p,y,,) = 0. Portanto,

(p:ye) =0
= (p,ag+aq) =0

=  apq +alpq =0
= a=20,

pois (p,q) =1 e (p,q) = 0. De fato,

p.q) = <p, %Arj>
(1 - ;) (p.q) =

Como A nao é real, temos A # \ e, portanto (p, g) = 0. O

Utilizando o lema anterior, podemos agora explicitar z e y com relagao a x. Sendo

X=20+20+y €R" com zq+ zqg € T ey € T*", vale que

(p,x) = (p,zq+ 24 +y) = (p,2q) + (p,2Q) + (p,y) -

Como (p,y) =0, pois y € T*"* (Lema 1.2.1),
(p,x) = (p,2q) + (p, 20) = 2 (p,q) + 2 (P, q) ,

e lembrando que (p,q) = 1 e (p,q) = 0, como visto na demostragdo do lema anterior
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(Parte II), concluimos que

= {px), (1.38)

y=Xx- <p,X>q—<}3,X>cj.

Teorema 1.2.1. (Teorema da Variedade central) Localmente, existe um conjunto
invariante W¢(0) de (1.36) que é tangente a T em ey = 0. Tal conjunto é o grdfico de uma
aplicacao suave, cujas derivadas parciais de todas as ordens sao unicamente determinadas.
Se " denota um fluzo associado a (1.36), entdo existe uma vizinhanga U de eq = 0, tal
que se ¥ 'x € U para todo t > 0 (t < 0), entdo ¥'x — W<0) para todo t — +oo
(t — —o0).

Para ter uma melhor compreensao olhar Kuznetsov [7].

Definicao 1.2.2. O conjunto W€ é denominado variedade central.

Considere uma variedade central W¢ que tenha a mesma classe de diferenciabilidade
(finita) que f (se f € C* para algum k finito, W¢ também ¢ de classe C*) em alguma
vizinhanca U de ey. Contudo, quando & — oo, a vizinhanca U podera diminuir e, para
alguns casos, resultar na nao existéncia de uma variedade W€ de classe C'*° para algum
sistema C'*°.

Assim, o sistema

x = f(x), x e R",

pode ser escrito como

Z2=Bz+g(z,y),
y =Cy+h(z,y),

(1.39)

onde z € T¢ y € T°*, B é uma matriz 2 X 2 formada pelos autovalores com partes

reais nulas, e C' é uma matriz (n — 2) x (n — 2) formada pelos autovalores com partes
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reais nao nulas. As fungoes g e h tém a expansoes de Taylor comeg¢ando com os termos
quadréaticos. A variedade central W€ do sistema (1.39) pode ser localmente representada

como um grafico de uma funcao suave

We={(z,z2,y):y=V(z,2)}.

Aqui, V : T¢ — T*“, e devido & propriedade de tangéncia de W€, V(z,z) = O(|z]*).
Qualquer vetor z € T pode ser representado como z = wq +wq, onde w = (p,z) € C.
A variedade central bidimensional pode ser parametrizada por w, w por meio de uma

imersao da forma x = H(w,w), onde H : C* — R" tem sua expansao de Taylor da forma

1 )
H(w,w) =wq+wg+ Y Tk'hjkwﬂw’f + O(|w]®), (1.40)

2<j+k<5 7
com h;;, € C" e hj, = hy;. Substituindo (1.40) em (1.36), obtemos a seguinte equagao
diferencial
H,w' + Hzw' = F(H(w,w)), (1.41)

onde F' é dada pela expansao (1.19). Assim, temos que o campo restrito a variedade

central, de acordo com (1.25), pode ser escrito como

. 1 1
w' = iwow + §gglw|w|2 + E932UJ|UJ|4 + O(Jw|®), (1.42)

com g, € C. Ou seja, estamos projetando o campo de vetores sobre a variedade central.

Assim, sobre a variedade central, a equacao diferencial se comporta como no plano.

Observagao 1.2.1. Note que a equagao (1.42) é exatamente igual & equagao (1.25). Ve-

20 = w|w]?, ww? = wlw|* e tomando

Jjamos, w

C1 = Z021 € C2 = =032

chegamos a equacao (1.42).
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Temos que

1 1 1 1 1
Hw =q + h20w + hnU_) + §h30w2 -+ th’UﬂI} -+ §h12w2 + 6h40w3 + 5]13111)211_} + 5]12211)@2

1 1
+6h13w3 + ZhSQwaQ + ...,

1 1 1 1 1
H; =q+ hi1w + hgaw + hi2ww + §h21w2 + §h03w2 + 5h131U1I12 + §h22w2w + ghglwg

1 1
+6h04’u_)3 + éhggw?’u_) + ...

Aplicando Hy,, Hg, w' ¢ @' em (1.41), obtemos

1
Hyw' + Hp' = qiwow — GiwoW + hagiwow? — hgaiwow? + §h30iw0w3

1 1 1 1 1
+ (561921 + §h21iWQ) w?w + (561921 — 5h12i¢d0) ww? — §h03iw0ﬁ]3

1 ) 1 1 . B 1 1 _
+6h4olwow4 + (5921@0 + ghsﬂwo) w3 + (§gz1h11 + 5921%1) w?w?

1 1 1
+ (§h02921 — ghmi&)@) UMI)3 — 6h04i&)0’w4

1 1 1 1
— —go1h —h391 —ho1Q 3w+ ...
+ (12q932—|— 2921 21 + o 321 + 1 21921) w w* +

Por outro lado,
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F(H(w, @) = Alg)w + A@)0 + w2 (5B(a,0) + 5 Alho) + 023 B(@,0) + 5 Ao+
win(B(a,0) + Alhnn)) + w*(5C(0,4,0) + 5B, ) + Alh) + w*0(5C(0,0,0)+

1 1 1 1 1
B(hi1,q) + 53(@ hao) + §A(h21)) + ww2(§C(q, 7,q) + B(h11,q) + 53((1: ho2) + §A(h12))+

FC0G.3.9) + 2Blhe 7) + A<h03>> wh(=

1 1
6 ) D(q7q q, q) + C(h207q Q) + B(h307 )

24

5 Alh)) + uto (g

1 1 1
GD(CL q,4, Q) + §C(h117 q, q) + §C(q_7 h207 Q) =+ _B<h217 Q>+

1
—B(h

2

1 1 1 1
iB(hu, hao) + EB(CE hso) + EA(h:n)) + w?w?*(=D(q,q,q,9) + ZC<h027 ¢,q) + C(q, h1, )+

1 1 1 1 1 1
§B(h12, q) + §B(h115 hiy) + ZO@’ g, hao) + ZB(hO% hao) + 53(@ ha1) + ZA(hm))-i—

1

1 1 1
24D(q 7.4, q) + C(hoz,% q) + =B(hos, @) + 5 B(hoz, ho) + A(ho4)) +ww*(=D(q,q,q,q)+

—4
@ 6 8 6

1 1 1 1
20(h11 q.q) + C’(q, hoz, @) + 23(]112, q) + 6B(q’ hos) + 2B(h027h11) + 6A(h13))

NS R 1 1. 1 1
w*w*(—=E(q,q,9,9,9) + ED(hoz, 4.9,q) + §D(q, hi1,q,q) + Z(D(q, 7, hao, q) + ZC(hlz, q,9)+

12

1 1 1 1 1 1
§C(h11, hi1,q) + Zo(hoz, hao, q) + 50(277 hot, q) + 50((77 hi1, hao) + Ec(qa g, hso) + ZB(hm q)+

1 1
123(%2,}130)4— —B(q, h31)+ A(h32))

1
—B(hiz, hao) + B(hn, ha1) + 6

Aplicando (H,w' 4+ Hgpw') e F(H(w,w)) em (1.41), obtemos
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qiwy = Alq),

qiwg = —A(7),

hayo = (2iwel, — A)"'Bl(q,q),

hiu = —AY(B(g,9)), (1.43)
he = (=2iwol, — A)"'B(q,7),

hso = (3iwol, — A)7H(C(q,q,9) + 3B(h20.q)),

hos = (=3iwel, — A)"H(C(q, 4, 9) + 3B(ho2, 7)),

onde I,, é a matriz identidade n x n.

Para o termo hy; obtemos um sistema singular

(iwoln — A)hor = C(q, 4, 9) — 9219 + 2B(h11,q) + B(q, hao), (1.44)

que possuira solucao se, e somente se,

(r,C(q,9,q) — 9219 + 2B(h11, q) + B(q, hao)) = 0.

Deste modo,

921 = (0, C(q,4,q) +2B(h11,q) + B(q, hao)) ,

onde hj; e hgg sdo dados em (1.43).

Sendo assim, de acordo com (1.31), o primeiro coeficiente de Lyapunov é dado por

Rec(0) 1
= = R
Wo € g21,

[
! wWo 2

ou seja,
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ll - LRG [<p7 C(éa q, q)> + 2 <p7 B(h117 Q)> + <p7 B(Cj7 h20)>] (145)

2(,«}0

Para encontrarmos o valor de hy; basta resolver o seguinte sistema

iwol, —A ¢q har | C(q,q,q) — 9219 + 2B(h11, q) + B(q, h2o) (1.46)
P 0 s 0 ’

tal que (p, hay) = 0.

Lema 1.2.2. O sistema (1.46) € nao singular, e se (v,r) € solugao, tal que (p,v) =0, v

é solugao de (1.44).

Demonstracao. Sabemos que T°¢ e T*" sao, respectivamente, autoespaco generalizado de
A correspondente aos autovalores com parte real nula e autovalores com parte real nao
nula, ambos invariantes por A. Sendo assim, escrevamos R" = T¢ ® T%", pelo Lema 1.2.1
temos que v € T*" se, e somente se, (p, ) = 0.

Defina
v=C(q,¢,q9) — g21q + 2B(h11,q) + B(q, hao)-

Seja (v, 1) a solugao da equagao obtida a partir de (1.46). Equivalentemente,

(twol, — A)v +1rq =0,

e (1.47)
p,v) = 0.

Da segunda equagao de (1.47) segue que v € T°", e consequentemente, (iwgl, —A)v € T*".

Portanto, (p, (iwol, — A)v) = 0.
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Agora, do produto interno de p com o primeiro termo de (1.47), temos

(p, (iwol, — A)v +1rq) =0
= (p, (iwoln — A)v) + 7 (p,q) =0
= 7r{p.q) =0
=r=0

pois como sabemos (p,q) =1 e (p, (iwgl, — A)v) = 0.

Substituindo r = 0, na primeira equagao de (1.47), temos que

(iwol, — Ay =0 = v =aq, (1.48)

onde a € C. No entanto,

0= (p,v) =(p,aq) = a(p,q) = a,

o que implica, de (1.48), que v = 0. Assim, (v,7) = (0,0), mostrando que de fato, o
sistema (1.46) é nao singular.

Considere agora (v, ) solu¢ao de (1.46). Entao temos que

(iwoln — Ay +rq = v,

v~ (1.49)
p,v) =0.

Da segunda equacgao de (1.49), segue que v € T*", e que

(iwol, — A)v € T*"
= (p, (iwpl, — A)v) = 0.
Fazendo o produto interno de p com a primeira equacao de (1.49) temos que

(p, (iwo L, — A)v +1q) = (p,v)
= (p, (iwol, — A)v) +7(p,q) = (p,v) .
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Como (p,v) =0, (p,q) =1 e (p, (iwgl, — A)v) = 0, segue que r = 0. Substituindo r = 0

na primeira equagao de (1.49) obtemos

(twol, — A)v = v.

Logo, v é solucao de (1.44).

Observagao 1.2.2. O termo hsy € obtido de forma andloga.

Os termos seguintes, serao necessarios para calcularmos o segundo coeficiente de Lya-

punov.
(

h’40 = (4inIn - A)_I(D(Qa q,4q, q) + 6C<h207 q, Q) + 4B<h30a Q) + 3B(h207 hZO)a

h31 = (2%‘)0-[71 - A)_l(D(q_a q,4, q) + 3C<h117 q, Q) + 30(@7 h207 q) + 3B(h217 Q)
—3ga1hao + 3B(hy1, hao) + B(q, hao)),

h22 = _A_1<D<67 q_7 q, Q) + C(h027 q, Q) + 40(‘77 h117 Q) + 2B(h127 Q) + 2B<h117 hll)
+C(q, G, hao) + B(hoz, hao) + 2B(q, ho1) — 2h11(g21 + g21)),

his = (—2iwel, — A)"(D(q,q,q,q) + 3C(h11,q,q) + 3C(q, hoz, ) + 3B(hi2,q)
+B(q, hos) + 3B(hoz, h11) — 3ho221)),

hoo = (—diwel, —A)"N(D(q,q,q,q) + 6C(hoz, 7, q) + 4B(hos, 7) + 3B(hoz, ho2)-

(1.50)

Para [y = 0, devemos ter go1 + g21 = 0, donde o dltimo termo de hyy se torna nulo.
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O termo singular associado a hsy, é dado por

(iwoly — A)hsa = E(q, G, 4,4, 9) + D(ho2, 4,4, 9) + 6D(q, ha1, ¢, q) + 3C(ha2, 4, q)
+6C(h11, h11,q) + 3D(q, @, hao, q) + 3C (hog, hoo, q) + 6C(q, ha1, q)
+3B(hag, q) + 6C(q, hi1, hoo) + 3B(hia, hag) — 6g21hor + 6B(hi1, ha1)
+6C(q, q, hao) + B(hoa, hso) + 2B(q, ha1) — 3ha1go1 — 9324

Fazendo

H3y = E(7,7, 4,9, 9) + D(hoz, 4,4, q) + 6D(q, a1, ¢, q) + 3C(h12, ¢, q)
+6C(h11, h11,q) + 3D(q, @, hao, q) + 3C (hog, hoo, @) + 6C(q, ha1, q)
+3B(hag, q) + 6C(q, hi1, hao) + 3B(hia, hag) — 6g21hor + 6B(hi1, ha1)
+6C(q, 4, hao) + B(hoz, hao) + 2B(q, ha1) — 3ha1Go1,

podemos reescrever

(twoln — A)hsy = Hso — g324,

que possui solucao se, e somente se,

<p, Hsy — 932Q> =0
g32 = <P7 H32> )

sendo que os termos —6ga1ho1 € —3ha1g21 ndo entram na tltima equagado pois, (p, hoy) = 0.
Sendo assim, de acordo com a equagao (1.31), o segundo coeficiente de Lyapunov é

definido por

o Re CQ(O) 1

= Re g30,
wo ]_2(,(}0 932

>

ou seja,
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1
12wy

l2 Re [<p7 E(q7 q,4, q_7 Q) + D(Qa q,4, BQO) + 3D(Q7 Q7 q_7 h20> + 6D<q7 q, q_7 hll)

+C<(j7 67 h30) + 3C(Qa q, B?l) + 60(% Cja h?l) + 30((]7 BZO) h20>
+6C(q, h11, h11) + 6C(q, hoo, ha1) + 2B(q, ha1) + 3B(q, ha2)

+B(hao, hso) 4+ 3B(hat, hao) + 6B(ha1, har))).
(1.51)

Considere agora a equacao diferencial

x = f(x,§), (1.52)

onde x € R"” e £ € R™, sao respectivamente vetores representados pelas varidveis e pa-
rametros. Assuma que f seja de classe C* em R" x R™. Suponha que (1.52) tenha um
ponto de equilibrio x = ¢y quando & = &, e , denotando a variavel x — eg também por X,

escrevernos

F(x) = f(x,&).

Temos que F'(x) é uma fungao de x suave, com respeito a & com sua expansao de Taylor
dada por (1.19) e A(§) = fx(0,&) corresponde & parte linear do sistema com um par de

autovalores complexos

onde

AE) = (&) +iw(8),
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satisfazendo a condi¢ao de Hopf para £ =0

Sendo assim resumidamente escrevemos:

e Um ponto de Hopf ey é um ponto de equilibrio de (1.52) onde a matriz Jacobiana
A = fx(ep,&) tem um par de autovalores puramente imaginarios \; o = Ziwy,

wp > 0, e nao tem outros autovalores criticos.

e Num ponto de Hopf, a variedade central bidimensional est4a bem definida, e é in-
variante pelo fluxo gerado por (1.52) e pode ser estendida suavemente a valores do

parametro numa vizinhanca deste ponto.

e Um ponto de Hopf é chamado de transversal se as curvas de autovalores complexos

intersectarem o eixo imaginéario com derivadas nao nulas.

e Numa vizinhanga de um ponto de Hopf transversal (ponto H1) com l; # 0 o com-
portamento do sistema dinamico (1.52), reduzido a familia pardmetro-dependente
da variedade central, é orbitalmente topologicamente equivalente a forma normal
complexa

/

w = (v 4 iw)w + Lww|?,
com w € C.

e Quando /; < 0(/; > 0) uma familia de 6rbitas periddicas estéaveis (instaveis) podem
ser encontradas nesta familia de variedades, reduzindo a um ponto de equilibrio em

HI.

e Um ponto de Hopf de codimensao 2 é um ponto de Hopf onde [; se anula. Este é
chamado transversal se v = 0 e [; = 0 tem intersecc¢ao transversal, onde v = (&) é

a parte real do autovalor critico.
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e Em uma vizinhan¢a de um ponto de Hopf transversal de codimensdo 2 (ponto
H2) com Iy # 0 a dindmica do sistema (1.52), reduz-se a uma familia parametro-

dependente de variedades centrais e é orbitalmente topologicamente equivalente a
W' = (7 + iw)w + mulwl + b,

onde v e n podem ser entendidos como parametros. Veja [7]. O diagrama de

bifurcagao para ly # 0 pode ser encontrado em [7], p. 313, e em [15].

Os proximos teoremas nos mostram como verificar a condicao de transversalidade para

a bifurcacao de Hopf genérica e a bifurcacao de Hopf degenerada.

Teorema 1.2.2. (A condigao de Transversalidade) Considere o sistema (1.52), cuja

matriz Jacobiana A(§) possui um par de autovalores puramente imagindrios para & = 0,

M2 =7(&) £iw(€), v(0) =0, w(0) =wy > 0. Entao,

7'(0) = Re (p, A'(0)q) ,

onde p, q € C" satisfazem

AT(0)p = —iwop,
(p,q) = 1.

Demonstracao. Derivando ambos os membros da equacao

com relagao a &, obtemos

A'(§)a(§) + AE)q'(§) = N (§)a(&) + A& (&)-



Aplicando, agora, o produto escalar por p em ambos os membros, temos

(p, A'lq+ Aq') = (p, Nq + )
(p, A'q) + (p, Ad") = (p, Nq) + (p, \d)
(p, A'q) + (ATp, ¢y =N {p,q) + X{p.q) .

Para £ = 0, ATp = —iwyp, portanto

(p, A'(0)q) +iwo (p, ¢') = (7(0) +iw'(0)) {p, q) + iwo (P, q)
= (p, A'(0)q) = (v/(0) +iw'(0)) {p, q)
= (p, A'(0)q) = ~'(0) +iw'(0)

pois, (p,q) = 1.

o8



Capitulo 2

O estudo da bifurcacao de Hopf em um

sistema tridimensional

Neste capitulo estudaremos o comportamento de um sistema dindmico tridimensional
onde faremos uma analise das condi¢oes que serao necessarias para a existéncia de uma
bifurcacao de Hopf e ciclos limites. E importante ressaltar que neste capitulo foi feita
uma versao correta de [1]. Na ultima segdo apresentaremos um caso particular do caso

geral, onde foi feito uma anélise e correcao dos resultados de tal artigo.

2.1 Analise do sistema

Considere o sistema dado por

T =vx — >,
y=pu(z—y)), (2.1)

z=ay — bz + xy,

onde (z,y, z) € R3 sdo as variaveis de estado, e v, p, a e b sdo todos parametros reais em
D ={(v,p,a,b),v <0,u0>0,a>0eb>0}.
Note que se b — a > 0 o sistema (2.1) possuird um tnico ponto de equilibrio em

e; = (0,0,0), de modo que o caso de interesse serd para b — a < 0. Neste caso o sistema

59
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(2.1) possuira trés equilibrios, sendo eles

€1 = (07 07 0)7

ey = (b —a, \/I/(b —a), \/I/(b —a)),

es = (b—a,—\/v(b—a),—/v(b—a)).

A matriz Jacobiana do sistema (2.1) é dada por

v —2y 0
J(xy,2) = 0 —pu p
y a+x —b

Observacao 2.1.1. Note que:

(i) Para o ponto e; = (0,0,0) a matriz jacobiana acima nao tem autovalores complezxos,
de modo que, para este ponto, o sistema (2.1) nao possuird uma bifurcagao de Hopf.
(i1) O sistema (2.1) numa vizinhanga de ey é topologicamente equivalente ao sistema
(2.1) numa vizinhanga de e3, sendo assim focaremos os estudos em torno do equilibrio

e* = ey e os resultados para €* = ez serao andlogos.

Calculando a matriz Jacobiana de (2.1) no ponto e* obtemos

v —2/v(b—a) O
J(e") = 0 — wo|- (2.2)
v(b—a) b —b

O polinémio caracteristico de J(e*) é dado por

—PA) =N+ (b4 p = v)N = v(b+ A +2(b - a)uv.
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Sejam A1, Ao, A3 os autovalores de J(e*) tais que \; = Ay € C e A3 € R.

Lema 2.1.1. O ponto e* é um equilibrio:

(i) repulsor, sea > a.,
(i1) atrator, se a < a.,
(#i) nao hiperbdlico, sea = a,.

onde a. € dado por
P+ Abp+ i —v(b+ p)

21
Demonstracao. Vistoque v < 0, 4 >0,a>0eb>0ecomo \3 =—pu—b+v <0 temos:

(2.3)

c

(i) sea > a., entao Re A;2 > 0 e teremos um equilibrio repulsor,
(ii) sea < a., entdo Re A1 2 < 0 e teremos um equilibrio atrator,

(iii) se @ = a,, entdo Re A1 2 = 0 e teremos um equilibrio nao hiperbolico.
O

Assim para (v, u, a, b) € Do = {(v, u, a, b), a =a., v <0, u > 0e b >0} a matriz
J(e*) possui dois autovalores puramente imaginarios. Logo, para os parametros em Dy

pode ocorrer uma bifurcacao de Hopf.

2.2 O primeiro coeficiente de Lyapunov

Para parametros em Dy, temos que a parte linear do sistema (2.1) aplicado no equilibrio

e* possui os seguintes autovalores

)\1 = i(ﬂo, )\2 = —iWQ, )\3 = —b—,u—i—u,

onde wy = /—v(b+ u) > 0.

Denote por ¢ o autovetor de J(e*) correspondente a \; = iwg. Assim

q= (—( V2h a 1) , (2.4)

H"‘Z.W())(—V‘i‘in)’ M‘I’Z.(,OO’
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e por p o autovetor de J ' (e*) correspondente a Ay = —iwy. Assim, normalizando p para

que (p,q) = 1, obtemos

_ , 1), 2.5
! by TTH (\/E(VJFWO) p ) (23)
- iw[? (il/.+w0)2
P+ o P+ 1w

onde

. \/(bw)(—f; —ntvy (2.6)

Lema 2.2.1. Sejam x = (21,2, 73), Y = (Y1,Y2,Y3), 2 = (21, 22, 23), u = (U1, U2, uz)ev =

(v1,v9,v3) € R3. As fungoes multilineares B, C, D e E para o sistema (2.1), sio dadas por

—2x2y
B(XaY> = 0 )
T1Y2 + ToY1
0
C(x,y,z) = D(x,y,z,u) = E(x,y,z,u,v) = | 0
0

Demonstracao. Utilizaremos as formulas do Capitulo 1 para encontrarmos a fungoes co-

ordenadas de B. Assim,

9%F;(n,0)

3
Bi(xa Y) =
g_:l On;Ony,

X]yk;)
=0
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Para encontrarmos B; consideramos F(z,y) = —y* e calculamos
OF; oF
1(z,y) 0 1(z,y) _ o,
ox oy

Assim temos que,

By (x,y) = 021y1 + 021y2 + O0xoy1 — 222ys.

FE sao nulas, afinal, nao ha termos de ordem maior que 2, concluindo o resultado.
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Analogamente podemos obter as fungoes By, Bs. As outras fung¢oes multilineares C, D e

]

A fim de facilitar a leitura, usaremos os calculos apresentados no Apéndice I para

que as contas sao muito extensas.

Temos de (1.45) que

L= L Re (. C(q.4.0)) +2 (9. B(hn, @)} + (0, B(@, hao))].

2(,00

20°v((b+ p)? +12(b + pv — v?)

mostrar os resultados relativos ao primeiro e segundo coeficientes de Lyapunov, uma vez

Teorema 2.2.1. O primeiro coeficiente de Lyapunov do sistema (2.1) em Dqy e para va-

lores de q e p, dados em (2.4) e (2.5), €

b+ 1= 1) (=12 + 0+ ) (b + 1) — 600+ ) + ) (b + )2 — 3o+ v + 1)
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Sendo assim, temos que:

(i) sely >0, o equilibrio e* serd um repulsor fraco. Além disso, para a < a. surgird uma
orbita periodica repulsora envolvendo o equilibrio atrator;
(i1) sely <0, o equilibrio e* serd um atrator fraco. Além disso, para a > a. surgird uma
orbita periodica atratora envolvendo o equilibrio repulsor;

(iii) sely = 0, nada se pode afirmar.

Vemos através da Figura 2.1, um esboco da regiao onde [; pode se anular, isto é, quando

(b+p)* +12(b+ p)v — v* = 0.

Na Figura 2.1 a regiao mostrada tem as seguintes variagoes dos parametros 0 < b < 4,
0 <p<4e—-1 < v < 0. Sobre essa regiao serd necessario calcularmos o segundo
coeficiente de Lyapunov.

0 H 4

Figura 2.1: Gréafico de [; = 0 do sistema (2.1).

De acordo com a equagao (1.51) temos que
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1

-
27 12w

Re [(p, E(¢,¢, 4,3, @) + D(q, ¢, ¢, hao) +3D(q, 4, G, hao) + 6D(q, ¢, G, h11)
+C(7, 4, hao) +3C(q, ¢, har) + 6C(g, G, har) + 3C (g, hao, hao)
+6C(q, hi1, h11) 4+ 6C(q, hao, h11) + 2B(q, hs1) + 3B(q, ha)
+B(hao, hso) + 3B(ha1, hao) + 6B (i1, har) ).

Teorema 2.2.2. O segundo coeficiente de Lyapunov do sistema (2.1) em Dy e para va-

lores de q e p, dados em (2.4) e (2.5), é

[, — (8 (9(b4p) 14 =277 (b+11) 13 —608(b+11) 122 +54271 (b+p) 113 —522318(b4-p) 100
2 7 OO+ =) )2 () 2—11 () r+v2) (b+1)5 —10(b4 1) T +29(b+ 1) 302 —29(b+ 1) 23 +10(b+p) v —5)3)

+2396645(b+p)?1° —5068501 (b+1) 81542025066 (b+11) v 7 +4809361 (b+11) 618 —4193735(b+p) 1
(9(b+p)v (2 —(b+p)v)2 ((b+p)2—11(b+p)v+12) ((b4p)> —10(b+p) *v+29(b+1)3 2 —29 (b+u) 23 +10(b+p) vt —1)3)

+601386(b+u)*v104+172127(b+p)3 11 —49228(b+1u)2 v 24+4015(b+p)v 3 —117014))
OO+p)v(p?—(b+p)v)? (b+p)2 =11 (b+p)v+v2 ) ((b+4)° —10(b+p) v+29(b+p) 312 —29(b+1) 23 +10(b+p)vi —1°)3) *

Sendo assim, temos que para [; = 0, [ > 0, o equilibrio e* serd um repulsor fraco.
Veja o diagrama de bifurcagao na Figura 1.5.

Observe a Figura 2.2 onde aparece a regiao de I, = 0 com as seguintes variagoes dos
parametros 0 < b < 4,0 < u <4e —1 < v <0 e note pela Figura 2.3 que as regioes
onde [ e I3 se anulam nao se interceptam. Concluindo entao que a bifurcacao de Hopf do

sistema (2.1) é nao-degenerada.
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Figura 2.2: Gréafico de [ = 0 do sistema (2.1).

-1
b 4

Figura 2.3: Grafico de l; = 0 e Iy = 0 do sistema (2.1).



2.3 A condicao de Transversalidade

Teorema 2.3.1. Considere o sistema (2.1) com parametros em D, temos entdo que

jn%

0
b+ u)? —3(b+ p)v + v? 70,

/
¥ (ac) = —
(
satisfazendo a condi¢cdo de transversalidade.

Demonstracao. Temos que

|
da | = Jla),
é dada por
0 V2
\/_(b+u)(b+u —v)v
1
J'(a.) = 0 0

\/ (b+p)(b+p—v)
V2

Agora fazendo o calculo para v/(a.) = Re (p, J'(a.)q), obtemos

1%
b+ p)?—3(0b+ p)v+v?’

’7/(@0) = _(

67

(2.7)

como p > 0,b > 0e v <0 temos que 7' (a.) > 0, o que implica em +/(a.) # 0, satisfazendo

assim a condigao de transversalidade.
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Com as condig¢oes de Nao-Degenerescéncia e Transversalidade satisfeitas, conclui-se

que para o sistema (2.1) existird uma bifurcacao de Hopf para a = a. com [y # 0.

2.4 Simulagao numérica do sistema (2.1)

Considere o sistema (2.1) com os seguintes valores para os parametros

Substituindo esses novos valores, temos de (2.3) que,
a. = 1+ 3b. (2.8)

Temos também que, wg = v/2b. Calculando o primeiro coeficiente de Lyapunov obtemos

20%(—1 + 4(—6 + b)b)
(24 0)(1+2b)(1 + 6b+ 4b%)(1 4+ 4b(3+ b))

L, =

Para estes valores temos que [y vai se anular somente em b = 6++/37/2. Isso esté ilustrado

na Figura 2.4.

Suponha entdo b = (6 + v/37)/2. Assim, para esses valores de parametros temos o

equilibrio e* dado por

i} 6+ /37 —6 —+/37 —6— /37
T e\ Ty e Ty e

A matriz Jacobiana J(e*) sera
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150 ~
100 ~
50 w
2 4 ’
Figura 2.4: Gréafico de [y do sistema (2.1) para os valores v = —1 e u = b.

—1 —2\/%(—6—ﬁ)+a 0

J(er) = 0 S6-VED) (64 VET)

\/1(—6—ﬁ)+a %(6+ﬁ) %(—6—\/?7)-

Do Lema 2.1.1 temos que para a = a. = 10 + ((3v/37)/2) o equilibrio sera nao hiper-

boélico. Assim, os autovalores de J(e*) sao dados por

)\1 = in, )\2 = —in, )\3 =—7— 37,

onde wyg = V6 + 37 > 0.
Como vimos na se¢ao anterior, a condi¢ao de transversalidade foi satisfeita para qual-

quer valor dos parametros tal que v < 0, > 0, a > 0 e b > 0, em particular para esses
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novos valores usados nesta secao. Com os calculos feitos no Apéndice I, vemos que para
tais valores [ = 0, [ = 0.0002527 > 0. O que implica que teremos uma bifurcagao de

Hopf.

Teorema 2.4.1. Considere a familia de equagoes diferenciais ordindrias (2.1). Entao
para v =—1, p= (6++37)/2, b= (6+37)/2 e a = 10 + ((3v/37)/2), o ponto de Hopf

e* € um repulsor fraco. Veja Figura 1.5.



Capitulo 3

Sistemas Dinamicos Acoplados

Considere o sistema com duas EDO’s
BeR, z,yeR (3.1)

em que, para todo 3, f = (f1, f2) é uma funcdo suave. Assuma que o sistema (3.1) tem

um equilibrio x = 0 para 8 = 0. Em torno de 0 o sistema (3.1) pode ser escrito como

%= A(8) + Fix. B), (3.2)

onde x = (z,y)", A(B) ¢ a matriz Jacobiana em x = 0 e F é uma funcio suave cu-
jas componentes F 5 tem expansao de Taylor comecando com as condi¢oes no minimo
quadraticas.

Agora considere dois sistemas idénticos ao sistema (3.1), ndo simétricos e linearmente

acoplados através de uma das varidaveis dado da seguinte forma,

(

T = fl(x’yvﬁ) + Cl<x - Z)a
y:f2($7y75)7 Cl,CQER (33)
z= filz,w,B) + ca(z — ),

| w = foz,w, ).

71
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Neste capitulo obteremos novas expressoes para os coeficientes de Lyapunov utilizados
no estudo da Bifurcagdo de Hopf em torno de equilibrios simétricos do sistema (3.3)
apenas em termos de vetores 2D relacionados com sistema (3.1) e com os parametros de

acoplamento ¢; e ¢o. Desta forma o estudo da bifurca¢do de Hopf em (3.3) é simplificado.

3.1 O estudo qualitativo do modelo em R?

Iniciaremos com um sistema bem conhecido da economia que pode ser encontrado também

em [3], [4] e [16],

d
—a::k—a:cgf—l—ﬂy,
dr
(3.4)
Z—g = axy® — 0y,

o qual modela a dindmica do ntimero de usuérios de uma marca de acordo com a publi-
cidade.

Suponha que o numero de pessoas no mercado seja dividido em
e (1) : O nimero de potencias clientes de uma marca no tempo 7;
e y(7) : O numero atual de clientes.

Tal modelo assume que a informagao se espalha a partir de individuos que sabem da
existéncia de uma marca ou produto para as pessoas que nao tem conhecimento. Como
na teoria de epidemias, a publicidade age de forma semelhante & propagagao de germes.
Os potencias compradores, x(7), "contraem esses germes"por meio de uma propaganda
ao entrarem em contato com os usuérios da marca, y(7).

Assim, o nimero de potenciais compradores que se tornam usuarios passa a ser
a(T)z(7)y(7), onde a(7) é a taxa de contato com a publicidade no tempo 7.

Seja [ uma taxa constante na qual os clientes atuais mudam para uma marca concor-

rente. Uma vez que o individuo pode mudar novamente para a marca original, o mesmo
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permanece no grupo dos clientes potenciais. Segue que Sy(7) é o nimero de usuérios que
param de usar a marca e se tornam esses clientes potenciais.

Denote por k o fluxo de novos potenciais compradores que entram no mercado. Como o
niamero de potenciais compradores cresce com k e com Sy(7), e decresce com a(7)x(7)y(T)
obtemos entao

dz

— =k —axy + By.
dr

Assuma que a taxa de compradores atuais que podem deixar o mercado de vez (por
exemplo morte, migragao) seja €. Assim, ntmero de tais compradores aumenta com

a(T)x(T)y(T) e decresce com Py(T) e ey(T). Deste modo,
dy
5. = azy — By —ey.
-
Assuma também que a taxa de contato com a publicidade é proporcional ao numero de
compradores habituais, isto é, a(7) = ay(7) e seja § =  + €.

Deste modo, explicamos como foi obtido o sistema (3.4).

O diagrama de transicao do modelo de publicidade é esbocado na Figura 3.1.

z Y
ay
T
k €
T _— >
5
Figura 3.1: Diagrama de transicao do modelo de publicidade.

Usando as transformacoes

ak € ak? B

u=—x—1, v=—-y—1, a=— b=2-= t=o0r,
oe
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o sistema (3.4) pode ser escrito na forma

u(t) = —a(u + bv + 2uv + v* + wv?),

0(t) = u+ v+ 2uv + v? + uv?,

onde o ponto significa a diferenciagao de u e v com respeito ao novo tempo ¢t. Quando
0 > (8 temos b > 1, de modo que o tnico caso de interesse é quando a > 0, b > 1. Neste

caso, o unico ponto de equilibrio do sistema (3.5) é (u,v) = (0,0).

Lema 3.1.1. A linearizagao do sistema (3.5) na origem apresenta 2 autovalores dados por

A = 1(1 —a)+ %\/(1 —a)? —4a(b - 1),

2
(3.6)
o= 2(1—a) — =T =) —dalh = 1).
2 2

Demonstragao. Seja J(u,v) a matriz Jacobiana do sistema (3.5) calculada em (u, v), assim

2

—a — 2av — av —ab — 2au — 2av — 2auv

J(u,v) =
1420+ 02 14 2u + 2v + 2uv

Aplicando na origem, temos

—a —ab
J(0,0) =

Deste modo,

T =TrJ(0,0)=1—a,

D = det J(0,0) = a(b—1).
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Logo, a equacgao caracteristica fica definida por

N —TA+ D=0,

de onde os autovalores sao dados por

ou seja,

1 1 g
Ao = 5(1 —a)+ 5\/(1 —a)? —4da(b—1).

Lema 3.1.2. A origem (0,0) é um equilibrio:

(i) repulsor, sea < 1,
(i1) atrator, se a > 1,

(7i) equilibrio ndao hiperbdlico, sea = 1.

Demonstragao. Visto que a > 0e b > 1, temos a(b— 1) > 0. Assim, —4a(b—1) <0, e

(i) sea < 1, entdo Re A; 5 > 0 e teremos um equilibrio repulsor,
(i) sea > 1, entdo Re A1 2 < 0 e teremos um equilibrio atrator,

(iii) se @ = 1, entdao Re A; 5 = 0 e teremos um equilibrio ndo hiperbolico.
O]
Assim, para (a,b) € Hy ={(a,b),a = 1,b > 1} os autovalores da matriz jacobiana,

associados a (3.5), em (0,0) sdo puramente imaginarios. Logo, para parametros em H

poder ocorrer uma bifurcacao de Hopf.

Na Figura (3.2) pode ser observada a reta de Hopf definida para a = 1 no plano de

parametros.
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[
Ll
[

1 1

Figura 3.2: Reta de Hopf para a = 1.

3.1.1 O Primeiro Coeficiente de Lyapunov e a Condicao de Nao-

Degenerescéncia

O sistema (3.5) pode ser reescrito como

‘fl—? —a —ab U —2auv — av® — auv?
= + , (3.7)
dv 1 1 v 2uv + v? + uv?

dt

na qual a matriz correspondente & parte linear do sistema (3.7) serd denotada por

e a funcao correspondente a parte nao linear seréa

Flu) —2auv — av? — auv? (3.8)
u) = . .
2uv + v? + uv?

Assim, sendo u = (u,v), 0 nosso sistema seré dado por

u=Au+ F(u).
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Nota-se que A é exatamente a matriz Jacobiana do sistema (3.5) aplicada em (0,0), e
F(u) os termos de ordem 2 e superiores.
Assim, tomando os parametros como em Hy, temos que o sistema (3.5) possui os au-

tovalores dados por

A= iWb—1= iwyp,
' ‘ (3.9)
)\2 = —i\/b —1= —’in,
onde wy = vb — 1.
Denote por g o autovetor de A correspondente a A\; = iwy. Assim,
q=(—1+1iwp,1). (3.10)

Na realidade, qualquer miltiplo nao nulo de ¢ sera autovetor correspondente a A\; = iwy.
Assim, o comprimento escolhido pode alterar o valor do coeficiente de Lyapunov, mas nao
o seu sinal.
Seja agora p o autovetor de AT correspondente a Ay = —iwy. Assim, normalizando p
para que < p,q >= 1, obtemos
i

= — (1,1 — wwy). 3.11
p 2(400( ) ZWO) ( )

Lema 3.1.3. Sejam x = (1, 13),y = (y1,%2) €z = (21, 22) € R%. As fungoes multilineares

B e C, para o sistema (3.5), sao dadas por

—2a(x1Y2 + Toy1 + T2Yyo)
2(x1y2 + T2y1 + T2y2)

—2a(zay1 29 + ToYo21 + T1Y222)

2(xou122 + TaYo21 + T1Y222)
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Demonstracao. Utilizaremos as formulas usadas no Capitulo 1 para encontrarmos as fun-

goes B e C. Assim,

2
0*F;(n,0)
Bi(x, y) = : X; ¥
, J’,kZ:1 ;1 ’
2
0*Fi(n,0)
Ci(x,y, 2z)= ’ XY, 71,
( Y7 ) ;l:l a/rb ankanl ]yk l
para i =1,2.
Para encontrarmos Bj(x,y) consideramos, Fy(z,y) = —2axy—ay* —axy? e calculamos
OF; OF
M = —2ay — ay?, M = —2ax — 2ay — 2axy,
ox oy

a 6F1<-’17,y) 0 0 aFl(may) 2
— = — = —2a
Ox Ox ’ Ox oy ’

z,y=0 z,y=0

F! F

ﬁ a 1($,y) __2(1, 2 8 1($7y) — _9q
oy ox Jy y

z,y=0 z,y=0

Assim temos que,

Bi(x,y) = 0x1y1 — 2az1y2 — 2ax2y1 — 2aZYs.

Analogamente podemos obter as fungoes By, C7, Cs, concluindo o resultado. O
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Deste modo, temos que as fungoes B(q, q), B(q,q) e C(q,q,q) para os pardmetros em

H, ficam sendo

1 1 1
B(q,q) = —2(2iwo—1) ) B(q,q) =2 ) C(q,q,7) = 2(3—iwy) '

Sejam agora
hin=—A""B(¢,7) e ha = (2iwels — A)"'B(q, q).
Sendo assim, hq; e hgyg ficam sendo

1 2wy — 1 wo + 21
hip =2 , hag =2 (L) "
0

Buwo —2i

Fazendo os calculos de B(q, hi1) e B(q, hao), obtemos

1 4(21iwg — 1) (wo — 2¢ 1
B(Qa hll) =—4 ) 3(67 hQO) - ( ° )( ° )
~1 Swo ~1

Portanto, temos

<p7 B(CI7 hll)) =2
_ —2(3wg + 2i + 2iw?
<p7 B(Qa h20)> = ( : 3 0)
wWo

<p7 C((L q, q)) = —3 + iwp.

b

Como

<p7B(Q7 —A” 1B Q7 >_ paB(Cthl»

<pa Q7 2ZWO]Q A) lB q7 >_ paB(qah20)>7

a formula para o calculo do coeficiente de Lyapunov, vista em (1.45), é dada por

L= 2—WORG [(p, C(a,4,0)) + 2 (p, B(q, h11)) + (p, B(T, hao))] -
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Fazendo essas contas temos que

1
lh=——-.
! 2(,00
Substituindo wy = v/b — 1 obtemos entao
1
W = ———, 3.12
1= (3.12)

claramente [; # 0, mais precisamente [; < 0, concluindo entao que a bifurcacao de Hopf

é nao—degenerada.

3.1.2 A condigao de Transversalidade

Considere a matriz A do sistema (3.7). Conforme o Teorema 1.4, temos que a derivada

parcial
0
—A| =A(1
da (1);
a=1
é dada por
-1 b
A1) =
0 O

Agora fazendo o célculo para 7/(1) = Re (p, A'(1)q), obtemos

o que implica em +'(1) # 0.
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3.1.3 O teorema de Hopf para o sistema (3.5)

Dadas as condi¢oes de nao degenerescéncia e transversalidade acima, temos o seguinte

teorema:

Teorema 3.1.1. Considere a familia a 2—-pardmetros de equagoes diferenciais ordindrias
(3.5). Entao para a = 1 e todo b > 1, o ponto de Hopf (0,0) é um foco atrator fraco.
Além disso, para a < 1 suficientemente pequeno, existe uma orbita periodica atratora en-

volvendo o equilibrio repulsor na origem. Veja Figura 3.5.

Ab a=1

Figura 3.3: Diagrama de bifurcacao do sistema (3.5) na origem.

Exemplo 3.1.1. A Figura 3.4 mostra um ciclo limite estdvel, corresponde a a = 0,9 e

b =2, e suas oscilacoes. Sendo assim, existem quatro regimes de comportamentos:

1. Prosperidade (uf ev?1);
2. Saturacao (ul evt);
3. Baiza (wlevl);

4. Recuperagao (ut ev ).
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100 120

Figura 3.4: Oscilagdes e ciclo limite para o sistema (3.5).

3.2 O estudo qualitativo do modelo em R*

A fim de estudar o efeito da publicidade na interacao entre o ntimero de clientes potenciais
e clientes atuais de dois produtos similares, consideraremos um modelo, como em (3.5),
linearmente acoplado através do fluxo de compradores potenciais utilizando os parametros

C1 € Cy
(

T = —alz + by + 2xy + > + 2y?) + c1(x — 2),

j=x+y+ 22y +y: + 2y’
y y+2ry+y +ay (3.13)

z=—a(z + bw + 2zw + w? + 2w?) + c2(z — w),

\ W= 2+ w+ 2zw + w? + zw?>.

O sistema (3.13) é da forma (3.3). Estudaremos a bifurcagiao de Hopf do sistema (3.13)
em torno da origem, usando uma nova expressao para os coeficientes de Lyapunov.

O dominio dos parametros a serem considerados neste sistema é
D ={(a,b,c1,c2),a>0,b>1,¢10> 0}

Observe que quando ¢; = ¢, 0 sistema é simetricamente acoplado. Neste caso, o estudo

da bifurcagdo de Hopf em torno da origem foi feito em [14] usando as féormulas usuais.



3.2.1 O Coeficiente de Lyapunov para sistemas acoplados

33

Considere o sistema (3.13) e seja x = (z,y, z,w)' € R'. Como x5 = 0 € R* ¢ um ponto

de equilibrio de tal sistema, o mesmo pode ser escrito em torno de x3 como

x=Jx+ f(x, B),

onde

A+l —c1 1 10
J = 1o o , com Iy= ,
—Cg[g A+CQ]0 00

e A a matriz do sistema (3.7), é a matriz Jacobiana de (3.3) em x; e

F(x,p) = (F(z,y,8), F(z,w,8))".

Suponha que F' é representado como

F(x,8) = =B(x,x) + C(xxx)—|— D(xxxx)—l—ﬁoE(xxxxx)—i—O(\)d)

onde B, C, D e E sao funcoes multilineares simétricas de x,y,z,u,v € R2

(3.14)

Note que

as fungdes multilineares B, C'; D e E em (3.14), também dependem de §. Omitindo [,

segue de (3.14) que F pode ser escrita como

2 6 24 120

onde
B
C

( ) ( (l’hxzay1,y2)73($3,$4;y37y4))T7

(X7Y7 ) (C(xl,m27y1,y2,21722),C(ftg,x4,y3,y4,23,24))T,

D(X7y)z u) (D(*Tlax%yl?y?a 21, 227u17u2)7 D($3,Qf4,y3,y4, Zg,Z4,U3,U4))T,
(x

E

sao funcoes multilineares simétricas com x, y, z, u, v € R*.

F(x)le(x X)—l— C(XXX)+ 1D<XXXX)—|—LE(XXXXX>+O<| |6),

X,y,z,u, V) (E(xh T2, Y1, Y2, 21, 22, U1, U2, V1, UQ)7 E(I’g, T4,Y3, Y4, 23, 24, U3, Uyg, U3, U4>>

T

Y



84

O polindmio caracteristico de xo = (0,0, 0,0) associado & matriz J é dado por

7

[N = AT (A) + det(A)] [N = MT(A) + c1 + ) +det(A) +e1 + 2] =0 (3.15)

g

(1 (IT)

onde T(A) e det(A) sao, respectivamente, o traco e o determinante da matriz A dada
em (3.7). Suponha que os autovalores A\; e \y sdo raizes de (I) e A\3 e A4 sdo raizes de (II).

Uma vez que em D temos det(A) = a(b—1) > 0 e det(A) + ¢; + ¢2 > 0 segue que:

1. Se 1+ ¢+ ¢y <a,entao Re \; <0 parai=1,....,4 e Xy &€ um atrator;
2. Sel <a<1l4c+co, entdao ReAis <0, ReAsy > 0 e xp ¢ uma sela do tipo (2, 2);
3. Sea <1, entao Re \; > 0 parai=1,...,4 e Xy € um repulsor;

4. Se a = 1, entao A\, s@o puramente imaginarios e Re A3 4 > 0 e, portanto, xy é um

ponto de Hopf;

5. Se a = 1+ c; + g, entao A34 sao puramente imaginarios e Re A\; 2 < 0 e portanto

Xy ¢ um ponto de Hopf.

Note que temos dois casos em que o equilibrio xy3 é um ponto de Hopf nao hiperbdlico,

sao eles:
(i) Para T(A) =0, isto é, a =1 e det(A) > 0;

(ii) Para (B,c1,co) tal que T(A) + 1 +co = 0, ou seja, a = 1 + ¢ + 2, T(A) # 0,
c1+co #0edet(A)+ (¢1 +c2) > 0.

Considere (5, ¢y, c2) tal que a matriz J tem um autovalor puramente imaginario A\ = iw,
w > 0. Sejam @ o autovetor de J correspondente a A, e P o autovetor de J' correspon-
dente a A, normalizado com respeito a @, isto é, (P, Q) = 1. Aqui o produto interno em

C" sera denotado por (P, Q) =7, P;Q;.
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Caso(i): Essas condigoes estao satisfeitas em 5 = 0 para cada c1, co € R. Neste caso,
A1 = =Xy = iwp, com wy = y/det(A), sao autovalores para J e A. Assuma ¢; + ¢ # 0.

Temos entao os seguintes lemas.

Lema 3.2.1. Se g € C? é um autovetor de A correspondente a Ay, e p € C? € o autovetor

de AT com respeito a Ny e normalizado com respeito a q, entdo Q = (q,q)" € C* ¢ um

1
c1tca

autovetor de J correspondente a Ay, e P = (cap, c1p)T € C* € um autovetor de J'

correspondente a Ay normalizado com respeito a ().

Demonstragdo. Se ¢ é um autovetor de A correspondente a \; e p é o autovetor de A"

com respeito a Ay e normalizado com respeito a ¢ entao

Aq = )\IC]» ATP = A?pa <p7Q>: L.

Assim,
1

C1+CQ

(P,Q) = < (c2p, c1p), (g, q)>

1

= ((cap, 1), (g, 9))

1

= p—— (1 (p,q) + c2(p,q))

— L e )

C1 + Co
=1.
Temos também que
1O = A+cly —al a1y Aq+ ci1log — c1log
—coly A+ el q —coloq + Aq + calog
Aq A1q q

- - =\ = \Q.
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Analogamente
T 1
JTP = A + 01[0 _62[0 c1tc2 (CQP)
—01[0 AT + CQI() CliCQ (Clp)
clJerQ (ATczp + cicalop — crcalop)
e (maclp + ATep + eicalop)
1 Alpey 1 A2pCa 1 Cap
= = = )\2 - )\QP
ata\ Alpe at ez \ dope atez ep

O

Lema 3.2.2. Sejamu = (uy,us)' € C?2 eU = (u,u)’ € CL. Entio, J'U = (A~ u, A7 )"
e (zly — J) WU = ((xly — A) ", (I — A)~ )" para todo x € C tal que (xly — J) € in-

vertivel.

Demonstragao. Multiplicando (A™'u, A~'u) por J pelo lado esquerdo temos

A+l —c1 1 Ay
J(A Y, A M) = oo oo
—CQIO A + 02[0 A_lu
AA 4 1 [pA 7w — e Ip A~ u -
—CQI()A_LLL + AA_lu + CQIOA_LU u

= JWU = (A u, A ).

Do mesmo modo, multiplicando ((zly — A)™'u, (xI, — A)~'u) por (x — I;) pelo lado es-

querdo temos
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xly — A — ¢l c1 1 xly — Ay
(2—L)((xL—A) " u, (zl—A) " u) = [ 77 oo oo (el = 4)
coly xly — A— coly (IL’IQ — A)*lu
(33]2 — A)(.%'IQ — A)_lu — 01[0(.73[2 — A)_IU -+ 01[0(513[2 — A)_IU u U
colo(xly — A) 7w+ (xly — A)(xl, — A) 7w — eolp(zl, — A)7lu u

= (vly — J)'U = ((xly — A) M, (L, — A) ).
[

Usando o método da projecao e as expressoes do primeiro e segundo coeficiente de

Lyapunov vistos no Capitulo 1 obtemos o seguinte resultado.

Proposicao 3.2.1. Sejam q e p os autovetores do Lema 3.2.1. O primeiro coeficiente de

Lyapunov de (3.13) para B =0, ¢1 + ca # 0 € dado por

h= Q%ORG [(p. C(a.4:@) +2(p, Blg, A" B(q, 7)) + (p, B(G, (2iwol2 — A) "' B(q, q)))].

Assim, para a = 1 teremos A = iv/b — 1 = iwy com wy = Vb — 1 e os autovetores q e

p dados por

1
= (~14iwp, 1), p=—(1,1—iwp).
q ( + o, )7 b 2w0< ) ZWO)

Pela Proposi¢ao 3.2.1 temos que o primeiro coeficiente de Lyapunov de (3.13) é

Concluindo que, para este caso, acontece uma bifurcacao de Hopf. Cruzando o plano
a = 1 e quando os planos = 2z e y = w, surgird uma orbita periddica em torno do

equilibrio repulsor x.
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Observacao 3.2.1. Levando em conta os Lemas 3.2.1, 3.2.2, e utilizando as formulas
deduzidas no Capitulo 1, a Proposi¢ao 3.2.1 afirma que os primeiros coeficientes de Lya-
punov para os sistemas (3.1) e (3.3), que sao equivalentes aos sistemas (3.5) e (3.13),

respectivamente, no Caso(i), para 5 =0, sdo idénticos.

Caso(ii): Neste caso temos A3 = —\y = iw; com w; = y/det(A) + ¢; + c2. Sendo

assim, temos os seguintes lemas.

Lema 3.2.3. Seq = (—1+iw;, 1)T # 0 entio Q = (c1q, —c2q)" € C* € um autovetor de J

1
correspondente a \z. Se p = (1+iw;,w?+1)" # 0 entdo P = ———————(p, —p)' € C

(c1 +c2)(p, @)
¢ o autovetor de J' correspondente a N4, normalizado com respeito a Q.

4

Demonstracao. Escrevendo a matriz J na forma 4 x 4 e para a = 1 + ¢; + ¢o, obtemos

—1- Co —b(l +c1 + Cg) —C1 0
1 1 0 0
J = . (3.16)
—C9 0 —1- C1 —b(]_ +c1 + 02)
0 0 1 1

Se q = (=1 4w, )T ep = (1 +iw,w?+1)" entdo Q = (iciw; — c1,cl, —icow; +

Co,—Co) e P = ————(1 +iw,w? + 1,—1 — iwy,—w? — 1)". Lembrando que
(c1 + c2)(p, q)
w% :b(1—|—01+62) — 1.

Assim,
—1—oc —b(1+ 1 + ) —c1 0 iciwi — ¢
1 1 0 0 cl
JQ =
—Ca 0 -1 - C1 —b(l +c + CQ) —i02w1 + Co

0 0 1 1 —C3



—icqwy + ¢ — bey(1+ ¢ + )
iclwl —C1
iclwl .
= = Zwl Cl =
iCQU)l — Cy + bCQ(l +c + e
—iCQCdl — C1
—ic2w1

Analogamente,

e}

0

—1—62

e}
—_

J—l—P . —b(l +c1 + CQ)
(e1+ 2)(p,q)

—_

—C1 -1 —C1

0

o O = =

—b(l +c + Cg) 1

—1 — w1 — ¢y — 1Ccowy +w%+ 1+ ¢y + tcowy

1 —b — ibwy — bey — ibcywy — bey — ibcowy + wi + 1

(c1 +c2)(p, q) 1+ iwy + ¢ +iciw) —wi — 1 — ¢ —iciw;

b+ ibw; + bey + ibcjwy + beg + ibeaw; — wi — 1

wy(wy — 1) 1+ dw,
1 —ib(1 4 ¢1 + co)wy , 1 w?+1
S = —fju——————

(c1 + e2)(p,q) wi (i — wy) (1 +e)pa) | -1 —iw
ib(1+ ¢1 + co)wy —w?—1

Agora basta mostrar que (P, Q) = 1. Temos entao que
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<P, Q> = <(;—(p, —p), (C1q, —C2Q)>

e+ )P q)

= m <(pa _p)7 (01Qa _C2q)>

1 _ _
= m(ﬁpq + copq)

]

Lema 3.2.4. Sejam u = (uj,uz)’ € C? e U = (c2u,c3u)" € C*. Considere as matrizes

Ai(x) = A+ o (x)ly, 7 =1,2, onde

(—=1)379(2 — 3)(2? — 2T (A) + det(A))
cja? — x[c3_; + cj(cs_j + T(A))] + cjdet(A) 4+ cs_j(er + )

aj(z) = (3.17)
Entao, (zIy — J)7'U = (3(xly — Ay(x)) " u, E(xly — As(z)) " u)", para todo x € C tal

que xly — J € invertivel.

Proposicao 3.2.2. Para (5,c1,¢a) tal que T(A) +c¢1+co =0, T(A) #0,c1+ca #0 e
det(A) + ¢1 + co > 0, o primeiro coeficiente de Lyapunov de (3.13) para (3, c1,c2) tem a

forma

h(B,c1,c2) = = Re [<1>Zc§<p,zj>, (3.18)

2(c1 + ¢3) D, q

com

Zj = C(a,4,3) — 2B(g, (4;(0)) 7" B(q, 7)) + B(q, (2iw1 ]2 — A;(2iwn)) ™" B(q, 0)),

onde p e q sao os autovetores dados no Lema 3.2.5.
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Para o caso particular de ¢; = ¢o = ¢, temos A;(z) = Ay(z) = A e o primeiro

coeficiente de Lyapunov se escreve como

h(3.c) = SRe [@ . Z>] , (3.19)

com

Z =C(q,q.q9) — 2B(q, A" B(q, q)) + B(q, (2iw1]; — A) 7' B(q,q)).

Neste caso, seguem os resultados.

Lema 3.2.5. Sejam u = (uj,us)’ € C?> e U = (u,—u)' € C*. Considere a matriz
Ay = A+2cly. Entdo (xly—J) U = ((xly — Ag) " tu, — (21 — Ag) )", para todo x € C

tal que xIy — J € invertivel.

Proposicao 3.2.3. Sejam ¢y = ¢y =c e (8,¢) tal que T(A)+2c =0, T(A)#0,c#0 e
det(A) +2¢ > 0. Se l; =0, o sequndo coeficiente de Lyapunov de (3.13) para (3,c), tem

a expressao dada por

b(B,¢) = %Re lﬁ (», H?,Q)} , (3.20)

onde

Hsy = 6B(hy1, ha1) + B(hao, hao) + 3B(hay, hao) + 3B(q, ha)
+2B(q, ha1) + 6C(q, hay, hur) 4+ 3C(g, hao, hao) + 3C(g, ¢, han)
+6C(q, G, har) +6C(7, hao, 1) + C(@, G, hso) + D(g, 4, 4, hao)
+6D(q,¢, 4, h11) +3D(q, ¢, 4, hao) + E(¢, 4,4, 7, @)

D e q sao os autovetores do Lema 3.2.3, e os vetores bi-dimensionais h;j sao dados por



92

hi = —ATY(B(¢,q)),

hy = (2iwlr — A)"'B(q,q),

hyo = (3iwily — Ag) " (C(g. q,9) + 3B(g, hao)),

hai = (2iw Ly — A)"Y3B(q, ha1) + B(q, hao) + 3B (hag, h11) + 3C(q, q, hi1)

+3C(q,q, hao) + D(q, ¢, q,q) — 39g21h20),

hoy = —A_I(QB(}LH, hll) + QB((L BQl) + 28<q_7 h21) + B(BQ(]? h20)
+C<Q7 q, BQO) + C(Cj, 67 h20) + 4C(q7 67 h’ll) + D<QJ q, 67 Q))J

e do Capitulo 1 temos que hgy pode ser encontrado resolvendo o sistema (1.46).

Observacao 3.2.2. As demonstracoes dos Lemas 3.2.4, 3.2.5 e das Proposi¢oes 3.2.2 e

3.2.3 podem ser encontradas no Apéndice II.

Sendo assim, considerando entao a = 1 + ¢; + ¢ teremos A = iv/ab—1 = iw;. Os

autovetores ¢ e p escolhidos como no Lema 3.2.3 sao

q:(—l—l—iwl,l)T e p:(1+iw1,w2+1)T.

Substituindo os valores e fazendo os calculos para o caso particular de ¢; = ¢, = ¢ da

expressao (3.19) temos

I 1—2¢ n Re [(w1 — 1) (2iwy — 1)(w} — 2¢ + aiw)(2w? + a — ab — 2aiw; ) (4icwr + 3w? + 2¢)]
) wi(w? 4+ 1)[-16c2w? — (3w? + 2¢)?]

. (3.21)

Uma vez que apenas o sinal de l; é importante, ao em vez de (3.21) usaremos a seguinte
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expressao, que ¢ a mesma sem o denominador (sempre positivo) e um fator multiplicador

(positivo)

Iy = —3(3 4 20c + 12¢%) + 2(9 + 52¢ + 92¢% + 48¢)b — (9 + 44c + 52¢%)b2.

A Figura 3.5 esboca a curva onde [; se anula. J& as Figuras 3.6 e 3.7 mostram que as

curvas onde [; e [l se anulam nao se interceptam.

1.2 4

0.8 7

0.4 9

0.0 7

1.0 15 20 25 3.0 35 4.0

b

Figura 3.5: Curva de nivel zero de [; para os parametros ¢; = ¢y = c.

Note também que

, DA 1
’Y(a)—Re<p,% q>——§<0.
a=142c¢

satisfazendo a condigao de transversalidade, que é necessaria para ocorrer uma bifurcacao

de Hopf.

Como conclusao, descobrimos que para a = ¢; +¢ca + 1, c12 > 0e b > 1, [; pode
se anular. Assim, nesse caso, pode ocorrer uma bifurcacao de Hopf supercritica, isto é,
acontece o surgimento de uma orbita periddica e uma mudanca de estabilidade do foco a

partir da perturbacao do sistema com o parametro S quando /; < 0, ou uma bifurcagao



0.8 7

0.4

0.0
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ly

2.0

25

3.0

3.5

4.0

Figura 3.6: Curva de nivel zero de Il para os parametros ¢; = ¢y = c.

C 0.6 4

0.2 4

25

3.0

35

4.0

Figura 3.7: Curvas de nivel zero de [; e [y para os parametros ¢; = ¢y = c.

de Hopf subcritica que é caracterizada pelo desaparecimento de uma o6rbita periddica

repulsora que ocorre quando passamos pelo valor critico do parametro S quando [; > 0

ou, finalmente, uma bifurcacao de Hopf degenerada quando I; = 0, veja Figura 1.5.
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3.3 Conclusao e significado econémico

Do ponto de vista econémico, é importante determinar os parametros para os quais o
comportamento futuro das variaveis é estavel ou periddica.

Isso significa que devemos que determinar as regides do espago de parametros para os
quais existem atratores ou ciclos limites com propriedades atrativas. Como ja menciona-
mos, a origem ¢é estavel quando a > 1 + ¢; + ¢o. A seguir, analisaremos a natureza dos
ciclos limites nascidos como resultados da bifurcagao Hopf da origem.

Consideremos em primeiro lugar um ciclo limite que apareceu como resultado da bi-
furcagao de Hopf no caso a = 1. Se fixarmos b = 2, ¢c; = 1 e co = 3, surgird um ciclo limite
para cada parametro a, situados em uma vizinhanca de parametro da bifurcacao a = 1,
para a < 1. Ele envolve o equilibrio repulsor xg e esta situado no plano x = z, y = w.
Como neste caso a bifurcagao de Hopf é supercritica, o ciclo limite é atrator. A Figura 3.8
mostra algumas proje¢oes bi-dimensionais do ciclo limite que existe para a = 0,9, b = 2,

c1 =1 e co = 3 e as oscilagoes correspondentes a x,y, z, w sao enfatizadas.

Pode-se ver que as oscilagoes de x e z sao idénticas e que coincidem com as oscilagoes
da variavel u do sistema tnico (3.5) sobre o ciclo limite obtido quando a = 0,9, b = 2.
Da mesma forma, as oscilagoes de y e z sao idénticas aos da variavel v. Naturalmente, o
ciclo limite do modelo (3.5) depende apenas dos pardmetros a e b. Por conseguinte, nao
importa quais sdo os valores dos parametros c; e ¢y, as oscilagoes de x e z (y e w) num
ciclo limite existente no sistema (3.13) para os parametros {a,b,ci,c2} sdo as mesmas
que as oscilagoes de u (v) para o ciclo limite do modelo tnico (3.5), existente para os
parametros {a,b}. E por isso que no ciclo limite de 4-dimensdes ha apenas 4 regimes de
comportamento, veja Figura 3.8, como no caso do sistema (3.5) (Figura 3.4).

Concluindo, para um ciclo limite que nasce como resultado de uma bifurcacao de
Hopf em a = 1, os periodos de prosperidade, saturacao, recessao e recuperagao sucedem
simultaneamente para os dois produtos. Segue-se entao que apenas se as condi¢oes iniciais
para os sistemas acoplados em (3.13) forem as mesmas (ou seja, z(0) = z(0), y(0) =

w(0)), as variaveis do sistema (3.13) vao evoluir para os regimes de 4 comportamentos
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correspondentes a este ciclo.

Considere agora o ciclo limite que apareceu como resultado de uma bifurcagao de Hopf
supercritica no caso a = 14 ¢ + s, €1 # ¢9, quando os osciladores sao nao-simetricamente
acoplados. Neste caso, o equilibrio é atrator e o ciclo limite é assintoticamente estavel.
Este ciclo existe para a < 1+ c¢; 4 ¢o, na vizinhanga do valor da bifurcacao. Na Figura 3.9
estao representadas as oscilagoes correspondentes ao ciclo limite assintoticamente estével
existente para a = 1,9, b =4, ¢; = 0,2 e ¢ = 0,8, e algumas projecoes bi-dimensionais
deste ciclo. Mesmo se os dois osciladores que foram acoplados no sistema (3.13) forem
idénticos, as oscilagoes de x e z sd@o bem diferentes, como oscilagoes de y e w. O nimero
méaximo dos potenciais compradores e dos utilizadores do segundo produto sao maiores
do que aqueles para o primeiro produto. Embora existam diferencas na amplitude das
oscilagoes, sobre o ciclo hé apenas 8 regimes de comportamento, devido ao fato de que os
periodos de prosperidade, saturacao, desaceleragao e recuperacao sao bem-sucedidos para
os dois produtos com um tempo de atraso. Esses regimes de comportamento sao devidos

a alteragdes de monotonia das varidveis de estado como fungoes do tempo, ou seja:

—_

. periodo de recuperagao para a primeira marca e de prosperidade para a segunda;

2. continua o periodo de recuperacao da primeira marca e ha um periodo de saturagao

da segunda;

3. continua o periodo de recuperagao da primeira marca e hd um periodo de declinio

da segunda;
4. prosperidade e declinio;
5. prosperidade e recuperagao;
6. saturagao e recuperacao;
7. declinio e recuperacao;

8. declinio e prosperidade.
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Finalmente, considere o ciclo limite que apareceu como resultado de uma bifurcacao de
Hopf supercritica, no caso particular a = 1+c¢;+co, ¢; = ¢o = ¢. Neste caso, os osciladores
estao simetricamente acoplados e existe o ciclo limite estavel para a < 2c+ 1. Ele envolve
uma sela (2,2) no equilibrio. Em [14] foram representadas as oscilagdes correspondentes
a tal ciclo limite e também demonstraram que as oscilacoes de = e z tém a mesma forma,
mas héa um tempo de atraso entre elas. A mesma conclusao é valida para as oscilagoes
de y e w. Devido a este atraso temporal, no ciclo de 1a foram enfatizadas 8 regimes de

comportamento.
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-2

120

120

Oes para o ciclo limite no caso (i).

Figura 3.8: Oscilagoes e e proje¢oes em duas dimens
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1

Figura 3.9: Oscilagoes e proje¢oes em duas dimensoes para o ciclo limite no caso (ii),

c1 # ca.



Conclusoes

O estudo dos teoremas e defini¢coes apresentados no Capitulo 1 nos permitiu usar ferra-
mentas da dindmica nao linear para determinar a estabilidade dos equilibrios, a existéncia
de uma bifurcagao de Hopf e a presenca de ciclos limites.

No capitulo 2 analisamos um sistema tridimensional analiticamente e numericamente.
No qual, uma bifurcacao de Hopf foi detectada para um parametro apropriado.Também
vimos que mais de uma 6rbita periddica poderé surgir para alguns valores de parametros.

No capitulo 3 primeiramente estudamos um sistema em R?, no qual modela a dinamica,
de comportamento entre o niimero de potenciais compradores e o ntimero de clientes atuais
de um produto por meio da publicidade. A partir desses resultados estendemos para
um sistema em R*, no qual modela a mesma dinamica anterior, porém de duas marcas
concorrentes disponiveis no mercado. Podemos perceber que o acoplamento dos sistemas
bidimensionais facilitou os calculos para o sistema em R* uma vez que os mesmos que
foram usados para o sistema em R? foram reutilizados para o sistema em R*.

Observamos também neste capitulo a existéncia de uma bifurcacao de Hopf e o surgi-
mento ou desaparecimento de 6rbitas periddicas dependendo dos valores dos parametros.

Sendo assim concluimos que a modelagem nao linear e o acoplamento dos sistemas
além de facilitar os céalculos, foram tuteis na analise do comportamento econémico do

modelo utilizado.
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Apéndice |

Modelo Tridimensional

(*+ Componentes do Sistema (2.1) onde n = n e u = m %)

fl[x ,y_ , 2z ] :=n*x-y?2

f2[x_,y_,z_] :=m=x (z-y)

f3[x_,y_,z_] :=a*xy-bxz+x*y

(» Pontos de equilibrio %)

Solve[n*x—y2 =0 & m=* (z-y) =0 && a»ry-b*z+x*xy=0, {x, vy, z}]

{{xeo, y—->0, z->0}, {xe—a+b, y—->-y-an+bn, z->-+4-(a-b) n},
{xe—aa—b, y—->+-an+bn, z->+-an+bn H

(* escolhendo o ponto e* = (b—a, '\/n* (b-a) , vV n# (b-a) ) *)

PO :={b-a, VYn«x (b-a) , Vnx (b-a) }

(* Parte linear do campo de vetores x)

Df[{x_,y_, z_}] := {{Derivative[l, 0, 0] [f1] [x, ¥, 2],
Derivative[0, 1, 0] [f1] [x, y, 2], Derivative[O, O, 1][f1l][x, vy, 2]},
{Derivative[l, 0, 0] [£f2] [x, y, z], Derivative[0, 1, 0] [£2] [x, v, 2],
Derivative[0, 0, 1] [£f2][x, vy, 2]}, {Derivative[l, O, O] [£3][x, vy, 2],

Derivative[0, 1, 0] [£3] [x, y, z], Derivative[O, O, 1] [£3][x, vy, 2]}}

(*# Calculando a matriz jacobiana J(e* ) = A *)
A := Df[PO]
A

{{n, -2+/(-a+b)n, 0}, {0, -m, m}, {\/(-a+Db)n, b, -b}}
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(* Polindémio Caracteristico x)

Det[A - A % IdentityMatrix[3]]

2amn-2bmn+bnA+mnA-bA2-mA2+n2a2-23

pPc =23+ (b+m-n) *22-nx (b+m) *A1+2% (b-a) xm*n

FullSimplify[Solve[(b+m-n) * (-n) * (b+m) ==2% (b-a) *xm*n, {a}]]

b2+4bm+m?2- (b+m)n

{{a- 1

2m

(* Valor da Bifurcagdo =)

b2+4bm+m?- (b+m) n

a:=s
2m

Solve[pc == 0, {A}]

[{As vbrmnl), (AsVbrm v}, (Ao -b-m+n}}

(* Autovalores x)

Eigenvalues[A] /. Ybn+mn - Ixwo

{—m\/?, \/mﬁ, —b—m+n}

m

b -b-
Eigensystem[A] /. V(b+m)n -» Ixwo /. \/( +m) o ( m+n) - h

{{—\/b+m \/?, \/b+m \/?, —b—m+n},

2m

2m n (b _ b2+4bmim?- (btm n)
m

{{ .1},

(m-vE+m va ) (VBrm va +n) m-vbrm Vo

2m

2m n (b _ b?+4bmim?- (b+m n)
m

{ 1},

(m+vBrm Vo) (-vBrm va +n) mevbrm

\/2_ m\/_ n (b2+2bm;rnm27b n-mn)
{- oo 1}

(b+m) (b-n) b-n

1bl := I xwo

Printed by Wolfram Mathematica Student Edition



1b2 := -I *wo

1b3 :=-b-m+n

(* Autovetor g e seu conjugado gb =*)

._{ N/Z_hm m 1}
4= (m+]'1wo) (—n+1'1wo)’m+1'1wo’

gb = FullSimplify[ComplexExpand[Conjugate[q], h>0 && m> 0 && n< 0]]
V2 hm m l}
(1’1m+wo) (—J'Ln+¢uo) ' m—ij’
h (b+m) n (-b-m+n)
m

(b+m) n (-b-m+n)
m

wo = V-(b+m) n

(-b-m) n

FullSimplify[A.g- 1 wo q]

{0, 0, 0}

Clear([h]

Unset[wo]

(b+m) n (-b-m+n)

Eigensystem[Transpose[A]] /. YV (b+m)n - Ixwo /. \/

m

{{—\/b+m \/?, Vb +m \/?, —b—m+n},

\/n (b _ b?2+4bm+m?- (b+m n)

2m

L WY n

2m

T ey n

_ n (P?+2bm+m?-bn-mn)
" m-n

{- oo om 1H

\/1’1 (b _ b?+4bm+m?- (b+m n)

Printed by Wolfram Mathematica Student Edition
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(* Autovertor p e seu conjugado pb *)

h?2m

b+ —— ,
i W i n+wg) 2 h -b+iw
p:= 1// s ——— 2 - =, 1}
m+ i wo m+ i wo V2 (n+iw) m
h2m
i i i wo b+ (i n+wy) 2 h b+ 1 wo
pb = FullS:mel:Lfy[ 1 1+ + * {— , ’ 1} ’
m+ 1 wo m+ 1 wo ﬁ(n—iwo) m

wo €EReals 6§ m>0 & n<0 & h>0 &&b>0]

h (-im+wy) (in+w) b+ 1 wg 1
{ : S =)
. 2 . 2m 2m
A/ 2 (h2m—(n—1w) (b+m+21wo)) <o b+ ——— ; br——
0 ml1+ n‘wd 4 ELEY 1+ l.wu n ( : wy)
m+1 Wo m+1 wo m+1 Wo m+1 Wo

m

(b+m)n (-b-m+n)
m

wo = V-(b+m)n

(-b-m) n

h=\/ (b+m) n (-b-m+n)

FullSimplify[Transpose[A] .pb - i wo pb]

{0, 0, 0}

Clear[h]

Unset[wo]

(b+m) (b+m-n) n

m

FullSimplify[A*qg-1lblxq] /. V(b+m)n - I=xwo /.\/

V2 hm hm(2ih- V2 "’0) V2 hmwo

m+ 1 wo (n—iwo) (—J':.m+wo) ' (m+1'1wo) (J'Ln+wo)

{1

’

imwo m(m—iwo)

h
, -, }I{ _].leIb_j'wOI -b-iwo}}
m+ 1 wo m+ 1 wo 4/2

(* Teste Normalizagdo =)
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FullSimplify[pb.q]

(* Fungdes multilineares simétricas B, C, D e E )

(* Fungdo B *)
bb[{x1_, x2_, x3_}, {yl_,y2_,y3_}] :={-2x2y2, 0, x1*xy2+x2xyl}

(* Fungdo C =)

cc[{xl_, x2_, X3_}I {Yl_r y2_r y3_]'r {ul_l u2_l u3_}] .= {01 0/ 0}

(* Fungdo D «*)

dd[{x1_, x2_, x3_}, {yl_,y2_, y3_}, {ul_,u2_, u3d_}, {vli_, v2_, v3_}] := {0, 0, 0}

(* Fungdo E x)

ee[{x1_, x2_, x3_}, {yl_, y2_, y3_},
{ul_, uw2_,u3_}, {vl_,v2_,v3_}, {wl_, w2_,w3_}] :={0, 0, 0}

(* Parte linear do campo de vetores x)

(b+m) (b+m-n)n

A= Simplify[DE[PO]] /. \/ > h

m

{{n, -v/2 0, 0}, {0, -m, m}, {L, b, -b}}

V2

(* Inversa da matriz A «x)

AT = FullSimplify[Inverse[A]]

1, bn
(o S e e e
2 h m 2 h m

hm h
(* Matriz D2 = 2iwoI *)
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D2 = 2 1 wo IdentityMatrix[3]

{{ijOr 0/ O}I {OI ijOI O}I {Or Or 2110)0}}

(*# Matriz DA = 2iwoI-A =*)

DA =D2-A

{{-n+2iws, v2 B, 0}, {0, m+2iwp, -m}, {-L, b, b+2iw))

A\ 2
(# Inversa da matriz DA =*)

DAI = FullSimplify[Inverse[DA], wo €Reals && m>0 && n< 0 & h >0 &&b > 0]

21 (b+m+2]lw0) Wo

-

-h?m+ 2 (b+m+2iwo)wo (Jln+2w0) ’

V2 h (b+2iw) V2 hm

_hzm—Zj (n—ijo) (b+m+21’1wo)wol _hzm—Zj (n—ijo) (b+m+21’1wo)w0

14

{ hm (n—ZJ'LwO) (b+21’1w0)

r- ’

ﬁ(hzm—Zj (n—ijo) (b+m+2]'1a)o)wo) h?m-21 (n—2jlwo) (b+m+2]1wo>wo

-imn-2muwp h(m+2]lwo)

b :

ih?m+2 (n-2iwy) (b+m+2iw) wy ﬁ(h2m—2j (n-21wp) (b+m+21’1w0) wo)

h2+bn-21bwg (n—2]'1w0> (m+2]iw0) }}

_ , -
h?m-21 (n—21‘1m0) (b+m+2jwo>w0 h?m-21 (n—2iwo) (b+m+2jwo)w0

(* Calculo do vetor complexo h20 =*)

h20 = FullSimplify[DAI.bb[q, q], wo € Reals && m>0 && n<0 & h>0 &&b > 0]

{(am® (in2m- (n-iwo) (b+m+2iw)w))/

((m+iwg)® (in+wo) (-h2m+2 (bame2iwg) wy (in+2w0))],

(VZ nm? (3in+5a)) /((meiw)? (in+w) (-h7me2 (beme2iag)wo (in+2w))),
(\/Z_hmz (m+2 i w) (31’1n+5wo))/

((m+jwo)2 (]'1r1+w0) (—h2m+2 (b+m+21’1w0) Wo (1’1n+2w0>>)}

(* Vetor complexo h20b x)
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h20b = Simplify[ComplexExpand[Conjugate[h20]],

wo €EReals && m>0 & n<0 & h>0 &&b>0]

{(4m2 <Jih2m+ (b+m) nwyg+1 (b+m-2n) w%+2w8))/
((m—iwo)2 (—J’ln+wo) (h2m+2j (b+m)nwyg-4 (b+m-n) w%+81’1w8)),

—((ﬁhnﬁ (—31'11’1+5w0))/

((m—iwo)z (—J’ln+wo) (h2m+2j1 (b+m) nwg-4 (b+m-n) w%+81’1w8))),

(V2 B (m-2iwo) (-3in+5w))/

((m—jmo)z (—J’ln+wo) (h2m+2j1 (b+m) nwg-4 (b+m-n) w%+81’1w8>))}

(* Calculo do vetor complexo hll x)

hll = Simplify[-AI.bb[qg, gb], wo € Reals && m>0 && n< 0 && h>0 &&b > 0]

4m2n V2 m? <3n2+w%) V2 m? <3n2+w%)

<m2+w%) (n2+w%) " h (m2+w%) (n2+w%) " h <m2+w%) (n2+w%>

(* Calculo do numero complexo G21 x)

G21 = FullSimplify[pb. (cc[q, q, gb] +2bb[q, h1l] +bb[gb, h20]),

wo €EReals & m>0 && n<0 & h>0 &&b>0]

(4m® (12ih?mn?+wy (7Th?mn+15 (b+m) n®+i (3h?m+5n? (-7 (b+m) +6n)) wy -

5(b+m-14n)nwj-1 (7 (b+m) +10n) wi+14wd))) /
((m-iw) (m+iw) (-in+we) (-h?m+2 (b+m+2iw) wo (in+2uwp))

(hzm—(ber) n? + wg (2]1 (b+m-n) n+<b+m—4n+2]lw0)wo)))

(*# Calculo do numero complexo G2lb =*)
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G21b = FullSimplify[ComplexExpand[Conjugate[G21]],
wo €EReals && m>0 & n<0 & h>0 &&b>0]

(4im® (-12ih?mn?+wo (7Th?mn+15 (b+m) n®+wp (-1 (3h?m+5n? (-7 (b+m) +6n)) +
wo (-5 (b+m-14n) n+wy (71 (b+m) +10in+14uw))))))/
((n—jwo) (m2+w%) <h2m+2 (n+2]'1wo) wo (J'l (b +m) +2wo))

(hzm—(b+m) n? + wp (—2]1 (b+m-n) n+(b+m—4n—2]1wo) wo)))

(* Calculo da parte real do numero complexo G21 =*)

ReG21 =
FullSimplify[ComplexExpand[Re[G21]], wo €Reals & m>0 && n< 0 & h >0 &&b > 0]

(8m3<6h4m2n3 (h2m—(b+m) n2)+
w} (—2h6m3n+6h2m(b+m) (9 (b+m) -8n) n°-15 (b+m)3n7 +
h*m?2n3 (-41 (b+m) +34n) -n (—5h4m2 (b+m) -20h*m?n-128h?m (b+m)2n?+
48h?m (b+m) n3+ (8503 +2550b?m+16h?m+255bm?+85m3) n’ + 20 (b+m)?
n®+60 (b+m) n®) w3+ (2h*m?+2h?mn (13 (b+m)2+12 (b+m) n+48n?) +
n3 (7101 (b+m)3-116 (b+m)2n-340 (b+m) n?-80n3)) wj -
(-241h%m (b+m) + (310°+93b?m+80h?m+93bm?+31m?) n+124 (b+m)?n? +
404 (b+m) n®+464 n*) w§ -4 (7 (b+m)2+31 (b+m) n+124n?) w§-112 wéo)))/
((m2+w%) (n2+w%) ((hzm— (b +m) n2)2+2 (hzm(b+m) -4h?mn + (b+m)2n2+2n4)w%+
((b+m)2+8n2)w8+4w8)

(h4m2+4w% (—2h2m(b+m) +2h?mn+ (b+m)?n?+4wj ((b+m)2+n2+4w5>>>)

(*# Calculo de 11 %)
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1
11 = — FullSimplify[ReG21l, wo € Reals && m>0 && n< 0 && h> 0 &&b > 0]
2

(4m3<6h4m2n3 (th—(b+m) n2)+
w} (—2h6m3n+6h2m(b+m) (9 (b+m) -8n) n®>-15 (b+m)3n’ +
h®m?n3 (-41 (b+m) +34n) -n (—5h4m2 (b+m) -20h*m?n-128h?m (b+m)2n? +
48h?m (b+m) n®+ (8503 +255b?m+16h?m+255bm?+85m3) n’ + 20 (b+m)?
n®+60 (b+m) n®) w3+ (2h*m?+2h?mn (13 (b+m)2+12 (b+m) n+48n?) +
n® (101 (b+m)3-116 (b+m)2n-340 (b+m) n?-80n3)) wj -
(—24h2m(b+m)+(31b3+93b2m+80h2m+93bm2+31m3)n+124 (b +m)?n?+
404 (b+m) n®+464n*) w§-4 (7 (b+m)2+31 (b+m) n+124n?) w§-112 wgo)))/
((m2+w%) (n2+w%) ((hzm— (b +m) n2)2+2 (h2m(b+m) -4h’mn+ (b+m)2n2+2n4)w§+
((b+m)2+8n2)w3+4w8)

(h4m2+4w% (—2h2m(b+m) +2h?mn+ (b+m)?n?+4wj ((b+m)2+n2+4w%>>>)

(* Matriz D3 = 3iwoI *)
D3 = 31 wo IdentityMatrix[3]

{{3]']-(‘)01 0, O}I {OI 3j-w01 O}I {OI 0, 3j-w0}}

(# Matriz TA = 3iwoI-A =*)

TA=D3-A

{{-n+3iwy, V2 h, 0}, {0, m+31iwy, -m}, {\hﬁ -b, b+31iwp}}
2

(» Matriz inversa da matriz TA «x)
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TAI = FullSimplify[Inverse[TA], wo € Reals && m>0 && n< 0 && h>0 &&b > 0]

31 (b+m+3jwo>wo

{- :

-h?2m+ 3 (b+m+3]iwo) Wy (Jin+3wo)

V2 h (b+31iw) V2 hm

h2m—3i<n—3iwo) (b+m+3]’1w0>w0’ _hzm—3i(n—3iw0) (b+m+3jwo)w0

’

hm (n-3iw) (b+31w)

{

4

VZ (h?m-3i (n-3iw) (brm+3iwg)w) hZm-3i(n-3iwp) (brm+3iw)w

b

ih?m+3 (H*3J'lwo) (b+m+3j1w0)w0 V2 (hzm—?ﬂi (n—31'1w0) (b+m+3]iw0) wo)

-imn-3muwg h(m+31’1w0)

h?2+bn-31bwy (nf3]'lw0> (m+31’1w0)

h?m-31i (n-31iw) (b+m+3]‘1wo)w0’ h?m-3i (n-3iw) (b+m+31w) wo

(* Calculo do vetor complexo h30 )

h30 = FullSimplify|[TAI. (3bb[q, h20] +cclq, q, al),

wo €EReals 6§ m>0 & n<0 & h>0 &&b>0]

{(6\/2_hm4
(h2m (-5n+7iw) - (n-dwy) wo (114 (b+m) n+ (17 (b+m) 31 n+49 i wp) wo)))/
((m+iwe)® (in+wo)® (-h2me2 (bem+2iwg) o (in+2wp))
(-h?m+3 (b+me3iwo) w (in+3w))),
(12m* (-4h?mn?+w, (15ih?mn-1i (b+m) n®+we (13h?m+n? (-5 (b+m) +2n) +
wo (1 (7 (b+m) -10n) n+ (3 (b+m)—14n+6jwo)wo>))))/
((m+iwo)3 (J’ln+w0)2 (—h2m+2 (b+m+21’1wo) wo (J’Ln+2w0)>
(—h2m+3 (b+m+3]'1w0> wo (jn+3wo))), (12m3 (m+3]iw0>
(-4n?mn?+we (15ih?mn-1i (b+m) n®+we (13h?m+n? (-5 (b+m) +2n) +
wo (i (7 (b+m) -10n) n+ (3 (b+m) -14n+61 wp) wo)))))/
((m+iwe)® (in+wo)® (-h2me2 (b+m+2iw) o (in+2wp))

(7h2m+3 (b+m+3]'lwo> Wo (jn+3m0)))}

(*# Calculo do vetor complexo h30b *)
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h30b = FullSimplify[ComplexExpand[Conjugate[h30]],

wo €EReals && m>0 & n<0 & h>0 &&b>0]

{(6\Ehm4
(-h?m (5n+7iw) + (n+iws) wy (114 (b+m) n+ (-17 (b+m) +31n+49i w) w0>>)/
((m—iwo)3 (—J’ln+w0)2 (—h2m+2 (b+m—2jwo) wo (—J’ln+2w0))
(—h2m+3 (b+m—3]’1w0> wo (—J’ln+3wo))),
(12m?* (-4h?mn?+w, (-15ih?mn+i (b+m) n®+wy (13h?m+n? (-5 (b+m) +2n) +
wo (-1 (7 (b+m) -10n) n+ (3 (b+m) -14n-6 i w) wo)))))/
((m-iwo)® (-in+we)? (-n?m+2 (b+m-2iwp) wo (-in+2a))
(-h?m+3 (b+m-3iwg) wo (~in+3w))), (12m (m-3iw)
(-4h?mn?+wo (-15ih?mn+i (b+m) n3+wy (13h?m+n? (-5 (b+m) +2n) +
wo (-i (7 (b+m) -10n) n+ (3 (b+m) -14n-61 w) wo)))))/
((m—iwo)3 (—J’ln+w0)2 (—h2m+2 (b+m—2jwo) wo (—J’ln+2w0))

(—h2m+3 (b+m—3]’1w0> wo (—J’ln+3wo)))}
(* Matriz D1 = idwoI =*)
D1 = i wo IdentityMatrix[3]

{{]IleI OI O}r {OI jler O}r {OI 0/ iwo}}

(*# Matriz L = iwoI-A =*)

L=Dl-A

h
{{—n+jwo, \/Z_h, O}, {0, m+ 1wy, —-m}, {—E, -b, b+]'1wo}}
q

ﬁhm m 1}
<m+j1w0) (—n+j1wo) ' m+iw0’

{_

pPb
{ h(—jm+wo) (jn+wo) b+ 1wy 1 }
14 . 4 2
\/? (h2m7 <n*jl(1)0>2 (b+m+2 ]‘].(,()0)) 1 i wo b+(i:iuf“z 1 iwo b+rw:+ma\2
m + m+1 wo * m+1 wo * m+1 wo * m+1 wo
i wo IdentityMatrix[3] -A
h
{{-n+iwy, V2 h, 0}, {0, m+iwy, -m}, {-——, -b, b+iw}}

V2
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(*+ Matriz L21 = ((iondentityl;atrixD]—A g)) )
P

'\/?hm

m+1'1wo) (—n+]'1.wo)

’

121 = {{-n+iwo, A2 n, o0, -

{0,m+1'1wo,—m, 0 ,{— h ,—b,b+iworl},
m+ 1 wo A2
h (-im+wo) (in+wo) b+ 1 wo 1
{ ’ h?m ! h?m ! 0}}

+ +
14+ 1wy + (inswo)? 14+ 1wy + (in+w)?

m+i wg m+i wy m+i wy m+i wy

'\/?(h"’m—(n—:ﬁ.mo)2 (b+m+2iwo)) m[ b b

[{-n+iwe, VZh, 0, - V2 hm 1,

(m+jwo) (—n+jwo)

m h

{o, m+iwg, -m, ———}, {-——, -b, b+iwg, 1},
m+ 1 wg \/7
{ h(—jm+wo) (J'Ln+wo) b+ 1wy 1 O}}
\/7 (hzm—(n—jwo)z (b+m+2]iwo>) ' 1, i +b*[j:2.,:u ’ 14 —iwo +b+m:z‘,:\< ,
m+1 wo m+1 wo m+1 wo m+1 wo

(* Inversa da matriz L21 =)

L21I = Simplify[Inverse[L21]];

(*# Calculo de R21 )

{bll, b22, b33} = Simplify[cc[q, q, gb] +bb[gb, h20] +2bb[q, h1l] -G21 q,

wo €EReals &&m>0 & n<0 & h>0 &&b>0];

(* Calculo de H21 x)
H21 = {bll, b22, b33, 0};
(¥ Calculo de h2l x)

{r21, r22, r23, S} =
FullSimplify[L21I.H21, wo € Reals && m>0 & n< 0 && h>0 &b > 0];

(*» Calculo do vetor complexo h2l1 =)

h21 = FullSimplify[{r21, r22, r23}, wo €Reals && m>0 & n< 0 & h >0 &&b > 0]

{(2\/2 E
(3ih?mn? (5h?m (b+m) -5h?mn+3 (b+m)?n?) +w, (n (12h*m? (b+m) -57 h*m? n +
38h?m (b+m)?2n2-45h?m (b+m) n3+12 (b+m)3n4> +
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wo (—I'L(h4m2 (b+m) -37h*m?n+52h?m (b+m)2n?-196h?m (b+m) n3+3
(16b°+48b2m+21h?m+48bm? +16m?) n* - 60 (b+m)2n°) +
wo (3h*m?-2h?m (b+m-130n) (b+m-n)n+4 (b+m)n3 (-14 (b+m)?+
60 (b+m) n-27n?) +w, (-i (13h?m (b+m)2+28h?m (b+m) n-
2 (4b*+12b?m+161h’m+12bm? +4m?) n? + 280 (b+m)? n3 -
432 (b+m) n*+72n%) +wy (51h?m (b+m) -4 (50b3+150b%m- 9 h?
m+15bm2+5m3)n—40 (b+m)2n?+504 (b+m) n®-288n*+
wo (Ji (8b3+24b2m+57h2m+24bm2+8m3—100 (b+m)2n-
72 (b +m) n2+336n3>+4w0 (710 (b+m)2+45 (b+m) n+
1212 + 6 w, (—3]1(b+m)+5in+2w0>>>>>>>>>)/
(h (m—iwo) (m+iwo)2 (—J'Ln+cuo) (J'ln+u)o) (th—2J'1 (n—21’1w0)
(b+m+2]’1a)0)
wp)
(in(2h?m (b+m) -h?mn- (b+m)2n?) +
Wo
(3n?m (b+m) -6h?mn-3 (b+m)?2n?+3 (b+m) n’+
wo (3]'1(2h2m+n((b+m)2—3(b+m)n+n2))+
wo((b+m)2—9(b+m)n+9n2+311(b+m—3n+jwo)wo>>>>),
(2m* (3h?mn? (5h?m+ (3 (b+m) -8n) n?) +
Wo

(-2in (6h'm?+h?m (19 (b+m) -52n) n?+3 (b+m) (2 (b+m) -5n) n?) +
wo (-h*m?-4h?m (13 (b+m) -46n) n?+4n* (-12 (b+m)?+52 (b+m) n-15n?) +
wo (2in (h?m (b+m) -76h?mn+28 (b+m)?n?-251 (b+m) n+ 184 n*) +wp
(—13h2m (b+m) +8 (b+m)2n?-480 (b+m) n3+812n*+
21 (-16h?m+n (10 (b+m)?+45 (b+m) n-368n?)) wy+4 (2 (b+m)? -
28 (b+m) n-37n?) w§+21i (23 (b+m) -72n) wi-60wf))))))

((m—imo) (m+:|iw0)2 <f1'1n+a)0) (J’ln+w0>2 (—h2m+2 (b+m+2iwo)
Wo

(J'Ln+2w0))
(in(2h?m (b+m) -h?mn- (b+m)2n?) +
Wo
(3h2m(b+m)—6h2mn—3(b+m)2n2+3(b+m) n3 +
wo (31’1(2h2m+n((b+m)2~3(b+m)n+n2))+
wo((b+m)2—9(b+m)n+9n2+31'1(b+m—3n+jwo)wo>>))),
(2m® (3h?mn? (5h?m (m-n) +n? (3m (b+m) +8bn)) +
wo (-2in (3h*m? (2m-7n) +3 (b+m) n? (2m (b+m) +5bn) +
h?mn? (19m (b+m) +2 (17b-9m) n-12n?)) +
wo (-h*m? (m-25n) +h?mn? (-52m (b+m) +2 (-13b+79m) n+41n?) +
2 n* (—24m(b+m)2+8 (b+m) (-10b+3m) n+15 (3b+m) n2) +
wo (-21 (h*m?-h?mn (m®+b (m-29n) -105mn+38n?) +n® (-28m (b+m)?+
(b+m) (-155b+96m) n+2 (117b+25m) n? - 30 n3) ) +wp
(-13h?m? (b+m) -26h?m (b+m) n+2m (85h%+4 (b+m)?) n? +
32 (8b-7m) (b+m) n3-14 (63b+5m) n+296n5+
wo (-21 (h®m (3b+19m) -2m (-9h?+5 (b+m)?) n+

(29b-16m) (b+m) n?+4 (-89b+3m) n3+262n4) +
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wo (m (2502 +8 (b+m)?) +16 (2b-5m) (b+m) n+2 (83b+9m)
n2-400n3+2 1wy (—7b2+9bm+16m2+38bn—34mn+
50nZ+wy (-17ib+13im+12in+6w)))))))))) /
((m—jwo) (m+]ia)0)2 (—J'ln+wo) (Jin+w0)2 (—h2m+2 (b+m+2]iwo)

Wo

(J'Ln+2w0>>
(Jin<2h2m(b+m)—h2mn—(b+m)2n2)+

Wo

(3h2m(b+m)—6h2mn—3(b+m)2n2+3(b+m) n3 +

wo (3]'1(2h2m+n((b+m)2—3(b+m)n+n2))+
wo((b+m)2—9(b+m)n+9n2+3i(b+m—3n+jwo)wo>>)>)}

(* Calculo do vetor complexo h2lb =*)

h21b = FullSimplify[ComplexExpand[Conjugate[h21]],

wo €EReals &&m>0 & n<0 & h>0 &&b>0]

{(2\/2_m3
(-3ih?mn? (5h?m (b+m) -5h?mn+3 (b+m)?n?) +wo (n (12h*m? (b+m) -57 h*m? n+
38h?m (b+m)?n?-45h?m (b+m) n®+12 (b+m)3n?) +
wo (J'l (h4m2 (b+m) -37h*m?n+52h?m (b+m)2n?-196h?m (b+m) n3+3
(16b°+48b?m+21h?m+48bm? +16m?) n* - 60 (b+m)2n°) +
wo (3h'm?-2h?m (b+m-130n) (b+m-n) n+4 (b+m) n3 (-14 (b+m)?+
60 (b+m) n-27n?) +w (i (13h?m (b+m)?+28h’m (b+m) n-
2 (40%+12b?m+161h?m+12bm? + 4m?) n? + 280 (b+m)? n’ -
432 (b+m) n?+72n%) +wo (51h?m (b+m) -4 (50b3+150b>m- 9 h?
m+15bm?+5m®) n-40 (b+m)?n?+504 (b+m) n®-288n+
wo (-1 (8b3+24b2m+57h?m+24bm?+8m3-100 (b+m)2n-
72 (b+m) n?+336n%) +4wy (-10 (b+m)?+45 (b+m) n+
1202+ 6wy (31 (b+m) -5in+2w)))))))))]/
(h (m—jwo)z (m+jwo) (n2+w(2)) <h2m+2 <r1+2]iwo>wo (]'1 (b +m) +2w0))
(-1
n
(2h2m(b+m)—hzmn—(b+m)2n2)+
Wo (3h2m(b+m)—6h2mn—3(b+m)2n2+3(b+m) n3 +
Wo (—3]'1(2h2m+n<(b+m)2—3(b+m)n+n2>>+
wo((b+m)2—9(b+m)n+9n2—3i(b+m—3n)wo—3w%>>))),
(2m* (3h?mn? (5h?m+ (3 (b+m) -8n) n?) +
Wo
(2in (6h*m?+h?m (19 (b+m) -52n) n2+3 (b+m) (2 (b+m) -5n) n?) +
wo (-h*m?-4h’?m (13 (b+m) -46n) n?+4n? (12 (b+m)2+52 (b+m) n-15n?) +
wo (—2jn(h2m(b+m)—76h2mn+28 (b+m)2n2-251 (b+m) n3+184n4)+w0
(-13h?m (b+m) +8 (b+m)?n? - 480 (b+m) n®+812n’ -
2i (-16h?m+n (10 (b+m)2+45 (b+m) n-368n2)) wy+4 (2 (b+m)? -
28 (b+m) n-37n%) w§-21i (23 (b+m) - 72 n) wg—60wg))))))/
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((m—jwo)Z (m+]la)0) (—J'ln+w0)2 (Jin+a)0) (—h2m+2 (b+m—2]iwo)
Wo
(—in+2w0>>
(—J‘Ln(2h2m(b+m)—h2mn—(b+m)2n2)+
Wo
(3h?m (b+m) -6h?mn-3 (b+m)?n?+3 (b+m) n3+
wo (-31 (2h?m+n ((b+m)2-3 (b+m) n+n?)) +
wo((b+m)2—9(b+m)n+9n2—3i(b+m—3n)wo—3w%>>>)),
(2m3 <3hzmn2 (Shzm(m—n)+n2 (3m(b+m)+8bn))+
wo (2in (3h'm? (2m-7n)+3 (b+m) n? (2m (b+m) +5bn) +
h?mn? (19m (b+m) +2 (17b-9m) n-12n?}) +
wo (-h*m? (m-25n) +h?mn? (-52m (b+m) +2 (-13b+79m) n+41n?) +
2n* (-24m (b+m)?2+8 (b+m) (-10b+3m) n+15 (3b+m) n?) +
wo (2]'1(h4m2—h2mn(m2+b(m—29n)—105mn+38n2)+n3 (—28m(b+m)2+
(b+m) (-155b+96m) n+2 (117b+25m) n?-30n3)) +wp
(-13h2m? (b+m) -26h?m (b+m) n+2m (85h?+4 (b+m)?) n?+
32 (8b-7m) (b+m) n®-14 (63b+5m) n*+296n°+
wo (24 (h?m (3b+19m) -2m (-9h?+5 (b+m)?) n+
(29b-16m) (b+m) n?+4 (-89b+3m) n+262n*) +w
(m(25h?+8 (b+m)?) +16 (2b-5m) (b+m) n+2 (83b+9m) n? -
400n3+2w (i (7b?-9bm-16m?-38bn+34mn-50n?) +

(176-13m-12n-61iw) wo)))))))))/
((m—jwo)2 (m+]1w0) (—J'ln+wo)2 (Jin+w0> (—h2m+2 (b+m—2]iwo)
Wo
(—J’Ln+2w0>>
(—J’Ln (thm(ber) -h’mn - (b+m)2n2) +
Wo
(3h2m(b+m) -6h?mn-3 (b+m)2n?2+3 (b+m) n3+
Wo (—3]'1 (2h2m+n ((b+m)2—3 (b +m) n+n2>> +
wo ((b+m)2—9 (b+m)n+9n?2-31 (b+m-3n) wo—3w%>))))}

(* Matriz 4iwoI =*)

D4 = Simplify[4 i wo IdentityMatrix[3]]

{{4j-w01 0/ O}I {OI 4j-w01 O}I {Or Or 4j-w0}}

(* Matriz QA = 4iwoI-A *)

QA = Simplify[D4 - A]

H—n+4j1wo, \/Z_h, 0}, {0, m+4 1wy, —m}, {—L, -b, b+4]'1w0}}

V2

(* Inversa da matriz QA )
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QAI = FullSimplify[Inverse[QA], wo €Reals && m>0 && n< 0 && h>0 &&b > 0]

41 (b+m+4jwo>wo

{- :

-h?m+4 (b+m+4iw) we (1n+4w)

V2 h (b+41iw) V2 hm

, -
h?m-41 (n—4iwo) (b+m+41’1w0>w0 h?m-41 (n—4iw0) (b+m+4jwo)w0

’

hm (n-4iw) (b+41iw)

{

4

VZ (h?m-4i (n-4iw) (brm+ding)w) hZm-4i(n-4iap) (brm+aiug)a

h (m+4 1 w)

b :

-imn-4mwg

ih?m+4 (n—4iwo) (b+m+4jw0)w0 \/2_ (hzm—41'1 (n—4jwo) (b+m+4]iw0) wo)
h2+bn-41bw (n-41iw) (m+4iw) N
h?m-41i (n-41iw) (b+m+41‘1w0)w0' h?m-4i (n-4iw) (b+m+41iw) wo

(* Vetor complexo h40 =)

h40 = FullSimplify|ComplexExpand |

QAI. (3bb[h20, h20] + 4bb[q, h30] + 6 cc[q, q, h20] +dd[q, q, q, al) ],
wo €Reals §6m>0 & n<0 & h>0 &b > 0]

{(96m®
(-8h®m®n?+wy (ih'm?n (25h?m-11 (b+m) n?) +wy (h?m (19h*m? - 59 (b +m)? n? + h?
mn? (-32 (b+m) +63n) ) +wy (in (15h*m? (b+m) - 246 h*m® n +
396 h?m (b+m)?n?-346h?m (b+m) n®-8 (b+m)>n?) +wp
(—lO h*m? (b+m) -285h*m?n+964h?m (b+m)?n?-2346h?m (b+m) n3 -
(64b3+192b2m—483h2m+192bm2+64m3) n®+64 (b+m)2n°+
wo (21 (47h*m?+h?mn (-502 (b+m)?+2882 (b+m) n-1653n?) +
16 (b+m) n3 (6 (b+m)2-16 (b+m) n+5n2)) +
wo (-377h%m (b+m)2+6054h?m (b+m) n+4 (68b%+
204 b?m-2047 h2m+204bm2+68m3> n2 -1536 (b+m)2n3+
1280 (b+m) n* -128 n® + wp (—2 i (1145 h?m (b+m) +
(92b®+2760?m-4331h?m+276bm? + 92m3) n -
1088 (b+m)?n?+1920 (b+m) n®-512n") +
wyo (-3 (16b3+48b?m-1099h?m+48bm?+16m3) +
1472 (b+m)2n-5440 (b+m) n?+3072n3 +
32wy (-1 (12 (b+m)2-115 (b+m) n+136n?)

2 (15 (b+m)—46n+12]'1w0)wo)))))))))))/

((n-iwo)® (m+iw)® (A2m-2i (n-28wp) (b+m+2iwg)wo)? (n?
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(h?m-4i (n-4iw) (b+m+41iuw)
wo)),
—(6ﬁhm6 (105h%m? n3+wy (-i h2mn? (647 h2m+159 (b+m) n2) +
wo (—l231h4m2n+156 (b+m)2n®+h?mn3 (-1394 (b+m) +345n) +wg
(J'L (737 h*m? + 2h?m (2252 (b+m) -1529n) n2+4 (b+m) n* (-382 (b+m) +
183n)) +wo (2n (3087h?m (b+m) -5002h?mn-2776 (b+m)?
n2 + 3596 (b +m) n3~420n4>+w0 (;jl (3001 h?m (b+m) -
13806h?mn-9432 (b+m)2n?+26192 (b+m) n3—8272n4)+
wo (6707h?m+4n (1885 (b+m)?-11142 (b+m) n+ 7544 n?) +
4w (-i (572 (b+m)2-8917 (b+m) n+12852n?) +
2 (1354 (b+m)—5147n+15641'1w0)wo))>>>>>))/
((n—jwo)3 (m+iwg)® (h2m-21i (n-2iw) (b+m+21iwg) w)?
(h?

m-3

i

(n—3]'1w0)

(b+m+3]iw0)

w0> (h2

m-4

i

(n—4]'1w0)

(b+m+4]iw0)

wo)),

—(6ﬁhm5 (-im+4w) (105]'Lh4m2 n3 +
Wo

[h2mn2 (647h2m+159 (b+m) n?) +
wo (Jn (1231 h*m? + h?m (1394 (b+m) - 345n) n? - 156 (b+m)? n*) +

Wo (-737 hi'm?+4 (b+m) (382 (b+m) -183n) n+2h2mn?

3087

(-2252 (b+m) +1529n) +wy (41'111 ( h‘m (b+m) - 2501 h?mn -

1388 (b+m)2n?+1798 (b+m) n3-210n?| +wp (3001 h?m (b+m) -

13806 h?mn-9432 (b+m)2n2+26192 (b+m) n3-8272n% + wp
(i (6707h?m+4n (1885 (b+m)?-11142 (b+m) n+ 7544 n?)) +
4w (572 (b+m)?-8917 (b+m) n+12852n?+

21 (1354 (b+m) —5147n+156411w0>wo)))]]]]]]/
((n—iwo)3 (m+iw0)4 (hzm—Zi (n—Ziwo) (b+m+21’1w0> wo)z
(n -
(n—31’1w0>

(b+m+3]’1a)0)
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wo) (h?
m-4

i

(n—4 Jiwo)

(b+m+4]‘1wo)

w)))
(* Vetor complexo h40b x)

h40b = FullSimplify[ComplexExpand[Conjugate[h40]],

wo €EReals && m>0 & n<0 && h>0 &&b> 0]

{(96m°
(—8jh6m3n2+w0 (h4m2n (25h2m—11 (b +m) n2) + W (J'lhzm (19h4m2—59 (b+m)2n*+
h?mn? (-32 (b+m) +63n)) +wo (n (15h*m? (b+m) -246h*m? n+
396h’m (b+m)2n?-346h?m (b+m) n3 -8 (b+m)3n4) + W
(—J’l (10 h*m? (b+m) +285h*m?n-964h?m (b+m)?n?+2346 h?
m(b+m)n+ (640°+192b°m-483h?m+192bm? + 64m) n -
64 (b+m)2n°) +wo (94h*m?+2h?mn (-502 (b+m)?+2882 (b+m)
n-1653 n2> +32 (b+m) n3 (6 (b+m)?2-16 (b+m) n+5n2) +
Wo (—]'1 (377 h?’m (b+m)?-6054h?m (b+m) n-
4 (68b3+204b2m—2047 h2m+204bm2+68m3) n? +
1536 (b+m)?n®-1280 (b+m) n*+128n°) +wy (-2290 h? m
(b+m) -2 (9203 +276b?m-4331h?m+276bm? + 92 m°)
n+2176 (b+m)2n?-3840 (b+m) n®+ 1024 n* +
wo (-1 (3 (160b3+480b?m-1099h?m+48bm?+16m3) -
1472 (b+m)?n+ 5440 (b+m) n?-3072 n3> +
32wy (-12 (b+m)2+115 (b+m) n-136n? +
21 (15 (b+m) —46n) w0+24wg)))))))))))/
((im+wo)® (~in+wo)® (RPm+2id (b4m-23wg) (n+2iwg)wo)® (-n?
m+
3
(b+
m-
ijo) Wo (—in+
305))
(-n?m+4 (bem-4iwg)w (-in+dw))),

h
mb
(105
1
1’14
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2
n3 +

Wo [h2mn2 (-647h?m-159 (b+m) n?) +
wo (—Jin (1231 h*m? + h?m (1394 (b+m) - 345n) n? - 156 (b+m)? n*) +

wo [737h*m? +2h?m (2252 (b+m) -1529n) n?+4 (b+m) n?

3087
(-382 (b+m) +183n) +wy (41’11“1 —— h?m (b+m) -2501 h*mn-1388
2

(b+m)2n2+1798 (b+m) n-210n?| + wp (—3001 h?m (b+m) +

13806 h°mn+9432 (b+m)?2n?-26192 (b+m) n3+8272n? + wy
(i (6707h?m+4n (1885 (b+m)?-11142 (b+m) n+ 7544 n?)) +
4w (-572 (b+m)?+8917 (b+m) n-12852n%+
21 (1354 (b+m) - 5147 n) wo+3128w%))>))))))/
((J’Lm+wo)4 (—J’ln+wo)3 (h2m+2i (b+m—21’1w0> (n+21’1w0> w0)2
(-5
m+ 3
(b+m—3iwo)
Wo
(-in+3wp))
(—h2m+4 (b+m—41’1w0> wo (—J’ln+4wo))), —(6
N3
h
m5
(m -
4]1(1)0)

(1051'Lh4m2 n3 + wg (thn2 (-647h2m-159 (b+m) n?) +
Wo (Jn (1231 h*m? +h?m (1394 (b+m) - 345n) n? - 156 (b+m)?n*) +

Wo (737 h*m? +2h?m (2252 (b+m) -1529n) n2+4 (b+m) n*

3087

(-382 (b+m) +183n) +wy (41’111 h‘m (b+m) -2501 h®mn-1388

(b+m)2n2+1798 (b+m) n3-210n*| + wp (—3001 h?m (b+m) +

13806 h°mn+9432 (b+m)?2n?-26192 (b+m) n3+ 8272 n? + wy
(i (6707h?m+4n (1885 (b+m)?-11142 (b+m) n+7544n?)) +
4w (-572 (b+m)?+8917 (b+m) n-12852n?+
21 (1354 (b+m) - 5147 n) wo+3128w%)>>))))))/
((J’Lm+wo)4 (—J’ln+wo)3 (h2m+21'1 (b+m—21’1w0> (n+21’1w0> w0)2
(-5
m+ 3
(b+m—3iw0)

Wo (—in+3w0))
[ 2 oA (i A5 N [ a2V
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(*» Calculo do vetor complexo h3l =)

(* h31=FullSimplify[DAI. (3 bb[h20,h11]+bb[gb,h30]+3 bb[q,h21]-3 G21 h20),

woeReals && m>0 && n<0 && h>0 &&b>0] *)

h311 = FullSimplify[DAI. (3bb[h20, h11]),
wo €EReals & m>0 & n<0 & h>0 &&b>0]

{(24m® (-6ih?mn?+wy (-5h?mn+12 (b+m) n®+wy (-i (h?m+6 (3 (b+m) -4n) n?) +
2w (2n (b+m+9n) +wp (—3j(b+m)+4jn+6wo))))))/
((m-iwo) (m+iw)® (~in+wo) (in+wo)® (RPm-2 (b+ms+2ing)wo(in+2wp))?),
(6\Em5 (-21ih?mnd+w (-49h2mn2+6 (b+m) nt+
wo (31 (5h?mn-6 (b+m) n®+4n*) +wy (-9h?m+2n? (-5 (b+m) +18n) -2
in (3 (b+m)+10n) wog-4 (b+m-3n) w0—81w0>>>>)/
(h (m—jwo) (m+iwo)3 (—J'Ln+wo) (Jin+wo)2 (h2m—21 (n—21wo) (b+m+2]’1w0)wo)2),
—(6\/2_m4 (m+2iwp) (21ih2mn3+wy (49h2mn? -6 (b+m) n®+
wo (3]1(—5h2mn+6(b+m) n®-4nf) +wo (9h2m+2 (5 (b+m) -18n) n? +
2in (3 (b+m)+lOn)wo+4(b+m—3n)w%+8jw8)))))/

(h (m—]’lwo) (m+jwo)3 (—Jin+wo) (]in+wo)2 (hzm—Zj (n—ijo) (b+m+2]iwo) wo)2)}
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h312 = FullSimplify[DAI. (bb[gb, h30]), wo €Reals &6 m>0 &6 n< 0 & h>0 &b > 0]

{(12m5 <13]'1h4m2 n? + wy (hzmn (32h2m—29 (b +m) n2) +
wo (-1 (19h*m?+4 (b+m)2n*+h?mn? (-71 (b+m) +67n)) +
wo (n (-5h?m (b+m) -157h?mn-16 (b+m)2n?+16 (b+m) n3) +wo
(i (63h2m (b+m) -19h?mn+8 (b+m)2n?-64 (b+m) n®+16n*) +
wo (-141h?m+16n (- (b+m)?-2 (b+m) n+4n?) +
4wy (i (3 (b+m)?-16 (b+m) n-8n?) -

4 (3 (b+m)—4n+3jwo)w0>>>>>>>)/
((m—iwo) (m+iw0)3 (—J’ln+w0) (Jin+w0>2 (hzm—2 (b+m+2]lw0)cuo (Jin+2wo>)2
(-
m+3 (b+m+31iw)
wo (in+3w))],
(6\/27hm6 (21]'1h2mn3+a)0 (8Oh2mn2—15 (b +m) n? +
wo (-in (79h?m+n? (-61 (b+m) +39n)) +wy (-12h?m+ (61 (b+m) - 155n)
n?+wo (13in (b+m+11n) + (28 (b+m) -59n+86iwo)wo)))))]/
((m—jwo) (m+]’1w0>3 (—J'ln+a)0) (Jin+a)0)2 (hzm—Z (b+m+2]’1w0>wo (Jin+2a)o))2
(-n2m+
3 (b+m+31iwg) w (in+3w0>>),
(6ﬁhm5 (m+21’1a)0) (21]'1h2mn3+w0 <8Oh2mn2—15 (b +m) n* +
wo (-in (79h?m+n? (-61 (b+m) +39n)) +wy (-12h?m+ (61 (b+m) -155n)
n?+wo (13in (b+m+11n) + (28 (b+m) -59n+86iwo) wo)))))]/
((m—jwo) (m+]ia)0)3 (—J'ln+a)o) (Jin+a)0)2 (hzm—Z (b+m+2]iwo)wo (Jin+2wo))2

(—h2m+3 (b+m+31’1w0> Wo (jn+3mo)))}
h313 = Simplify[DAI. (3bb[q, h21]), wo €Reals &6 m>0 &6 n< 0 & h>0 &b > 0]

{(12m5 (3]'1h2mn2 (5h4m2+h2m(8b+8m—13n) n?+3 (b+m)2n4) +
(12h6m3n+h4m2 (50b+50m-191n) n®+h?m (b+m) (50b+50m-27n) n°+
12 (b+m)®n’) wo -1 (h®m®+2h*m? (19b+19m-145n) n?+48 (b+m)3n’+
h?mn? (91b?+182bm+91m?-202bn-202mn+27n?)) wf-
n (44b>n%+4b? (5h?mn?+n? (33m+41n)) +b (-10h*m? +h?m (40m-437n) n? +
4 nt (33m2+82mn—33n2)) +m(—2h4m(5m+89n) +
4n* (11m?+41mn-33n?) +h?n? (20m? - 437mn+242n?))) wj -
i (h*m? (14m-9n) +40b3n*+h?mn? (57m?+196mn-565n?) +
8n’ (5m®-105m? n+145mn?-21n3) +3b? (19h?mn?+40 (m-7n) n*) +
2Db (7h4m2+h2mn2 (57m+98n) +20n4 (3m2—42mn+29n2>>> w§ +
(33h*m? +h?mn (-22b%-44bm-22m?+163bn+163mn+332n?) -
4n3 (1903+19m3+b? (57m-385n) -385m? n+
931mn2-320n%+b (57m?-770mn+931n?))) wg +
i(16b°n?+h?m (-5m®-78mn+123n?) +b? (-5h?m+16 (3m-71n) n?) +
8 n? (2m3—142m2n+689mn2—467n3) -
2b (h?m (5m+39n) -4n? (6m?-284mn+689n?))) w§-
(200 n+12b?n (5m+9n) -h?m (19m+ 94 n) +
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4n (5m®+27m?n-895mn?+1296n3) +b (-19h?m+4n (15m? + 54mn-895n?)))
wj+i (8b°+11h?m+8b% (3m-31n) +8b (3m?-62mn-35n?) +
8 (m®-31m?n-35mn?+403n%)) w§-
4 (210?+42bm+21m?-179bn-179mn - 64 n?) wj -
81 (29b+29m-75n) m50+192w51))/
((m—iwo) (m+:|iw0)3 (—J’ln+w0) (J’ln+w0>3
(—h2m+21'1(b+m)na)0+4(b+m—n) w%+81'1w8)2
(—J'Ln(b2n2+2bm(—h2+n2)+m(mn2+h2 (—2m+n)))—
3(b2n2—b(h2m+n2 (—2m+n))—m(h2 (m-2n) +n? (—m+n))>w0+
31'1(2h2m+n(b2+2bm+m2—3bn—3mn+n2>>w%+
(b2+2bm+m2—9bn—9mn+9n2)(u8+3i(b+m—3n) w8—3w8)),
(6\/2_m5 (3ih?mn3 (10h*m? +h?2m (11b+11m-21n) n2+3 (b+m)2nf) +
(69h6m3n2+h4m2 (175b+175m-397n) n? +
7h?m (b+m) (14b+14m-15n) n®+12 (b+m)3n8)wo—
J'L(38}161113114-6h4m2 (57b+57m-170n) n®+12 (b+m)2 (8b+8m-5n) n” +
3h%mn® (127b%+254bm+127m? -294bn-2%4mn+61n?)) wj-
(3h6m3+2h4m2 (127b+127m-661n) n®+4 (b+m) n®
(77b2+77m2+2b(77m—60n)—120mn+27n2>+
h?mn* (674 b?+1348bm+674m” - 2899bn-2899mn + 1428 n?)) wj +
in (h*m? (9m-767n) +4960b3n?+h?mn? (515m? - 4612 mn + 4405 n?) +
4n* (124m*-385m’n+216mn?-18n%) +b? (515h?mn?+4 (372m-385n) n?) +
b (9h'm?+2h?m (515m-2306n) n?+8n* (186m?-385mn+108n?))) wj +
(3880b3n*-h*m? (37m+25n) +h?mn? (46m? - 3383mn + 6658 n?) +
4n* (97m®-620m? n+693mn?-144n%) +2b? (23h?mn?+2 (291 m-620n) n*) +
b (-37h'm? +h?m (92m-3383n) n?+4n* (291m?-1240mn+693n?))) wf -
i(90h*m?-h’mn (137b%+274bm+137m? +506bn+506mn-4721 n?) +
4n3 (16b3+16m3+b2 (48m-485n) -485m?n+1116mn?-462n3+
2b (24m? - 485mn+558n?))) w§+ (116b>n?+h?m (50m? - 627 mn - 752 n?) +
4n? (29m®+80m? n-873mn?+744n3) +b? (50h?m+4n? (87m+80n)) +
b (h?m (100m-627n) +4n? (87m?+160mn-873n?))) wf-
i(80b°n+20b? (12m-29n) n+15h?m (-16m+51n) +4n
(20m®-145m? n-144mn?+582n3) -8b (30 h?m+n (-30m?+145mn+72n?)))
w8—2(8b3+l47h2m+8m3+8b2 (3m-25n) -200m? n+522mn? +
192n°+b (24m? - 400mn + 522 n?) ) wf -
81 (10b?+20bm+10m?-90bn-90mn+87n?) wi®+
48 (3b+3m-10n) w51+96iw%2))/
(h (m—iwo) (m+iwo)3 (—J’Ln+wo) (J’ln+wo)3
(—h2m+211(b+m)nw0+4(b+m—n) w%+811w8)2
(—Jin(b2n2+2bm(—h2+n2)+m(mn2+h2 (—2m+n)))—
3(b2n2~b(h2m+n2 (—2m+n))—m<h2 (m-2n) +n? (~m+n)>>w0+
31'1(2h2m+n(b2+2bm+m2—3bn—3mn+n2>>w%+
(b2+2bm+m2—9bn—9mn+9n2)w8+31'1(b+m—3n) w8—3w8)),
—(6\/2_m4 (m+2iwp) (-31h?mn® (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)?n?) -
(69h®m®n? +him? (175b+175m-397 n) n +
7h?m (b+m) (14b+14m-15n) n®+12 (b+m)3n8)wo+
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i (38h6m3n+6h4m2 (57b+57m-170n) n3+12 (b+m)? (8b+8m-5n) n” +
3h2mn® (1270%+254bm+127m?-294bn-29mn+61n?)) wj+
(3h6m3+2h4m2 (127b+127m-661n) n?+4 (b+m) nb
(77b2+77m?+2b (77m-60n) - 120mn + 27 n?) +
h?mn’ (674 b+ 1348 bm+ 674 m?> -2899bn-2899mn+1428n?)) wj -
in (h*m? (9m-767n) +496b3n?+h?mn? (515m? - 4612 mn + 4405 n?) +

126

4n* (124m*-385m?n+216mn?-18n%) +b? (515h?mn?+4 (372m-385n) nt) +

b (9h*m?+2h?m (515m-2306n) n?+8n* (186m?-385mn+108n?))) wf+
(-388b°n*+h'm? (37m+25n) +h?mn? (-46m? + 3383 mn - 6658 n?) + 4 n’

(-97m®+620m?n-693mn?+144n3) -2b? (23h?mn?+2 (291m-620n) n) +
b (37h'm? +h?mn? (-92m+3383n) -4n* (291m?-1240mn+693n?))) wf +

i (90 h‘m?-h?mn (137b2+274bm+137m2+506bn+506mn—4721 n2) +
4 n3 (16b3+l6m3+b2 (48m-485n) -485m?n+1116mn?2-462n3+2b

(24m?-485mn+558n?))) w§- (1160b>n? +h?m (50m? - 627 mn - 752 n?) +

4n? (29m>+80m?n-873mn?+744n%) +b? (50h?m+4n? (87m+80n)) +
b (h?m (100m-627n) +4n? (87m?+160mn-873n?))) w)+
i (80b3n+20b2 (12m-29n) n+15h?m (-16m+51n) +4n (20m3—145m2n—
144mn?+582n°) -8b (30h?m+n (-30m? + 145mn+72n?))) wf +
2 (8b%+147h?m+8m’+8b? (3m-25n) -200m? n+522mn? +
192n3+b (24m® - 400mn+522n?)) wj +
81 (10b?+20bm+10m?-90bn-90mn+87n?) wj® -
48 (3b+3m-10n) w51—96ng2))/
(h (m—jwo) (m+jwo)3 (—Jln+wo) (]'1n+w0)3
(-h2m+23i (b+m) nwo+4 (b+m-n) wi+81iw3)’
(—J'Ln (b2n2+2bm(—h2+n2) +m(mn2+h2 (—2m+n))) -
3 <b2n2—b (h2m+n2 (—2m+n)) —m(hz (m-2n) +n? (—m+n))> wo +
31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2>> wg +

(b2+2bm+m2—9bn—9mn+9n2)w8+31'1 (b+m-3n) wé—ng))}

h314 = FullSimplify[DAI. (-3 G21h20), wo €Reals &6 m>0 &6 n<0 && h >0 &b > 0]
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{(24m® (3h2m (b+m) n+wo (-31h?m (3 (b+m) -4n) +
4wy (7h?m+ (b+m)?n+w (i (b+m) (b+m-4n)+4 (b+m-n+1iw) w))))
(12h?mn? +wo (-in (7h?m+15 (b+m) n?) +wo (3h?m+5n? (-7 (b+m) +6n) +
wo (54 (b+m-14n) n- (7 (b+m)+10n+l4iwo)wo)))))/
((m—iwo) (m+iw0)3 (—J’ln+w0) (Jin+w0> (—h2m+2 (b+m+21wo)wo (Jln+2w0>>3
(h?m- (b+m) n? +wp (2]1(b+m—n)n+<b+m—4n+2]iwo>wo))),
—(12ﬁhm6 (2h?m-3 (b+m) n?+1i (13 (b+m) -12n) nwy+12 (b+m-4n) wf+44 i wj)
(12h2mn2+w0 <—jn(7h2m+15 (b +m) n2)+w0 (3h2m+5n2( 7 (b+m) +6n) +
wo (51 (b+m-14n) n- (7 (b+m) +10n+141wp) w )))))/
((m—iwo) (m+iw0)3 (—J’ln+w0) (Jil’l+0)0> <—h2m+2 (b+m+21wo)w (J'Ln+2w0>>3
(hzm—(b+m) n? + w (2]’1(b+m—n)n+(b+m—4n+21w0 )
—(12\/2_hm5 (m (h? (2m-3n) -3 (b+m) n?) +wy (im (9h%+ (13 (b+m) -12n) n) +
4 wg (3m(b+m)—(b+l3m)n+3n2+j(b+12m—l3n+121'1w0>w0)))
(12h2mn2+w0 (—Jin(7h2m+15 (b +m) n2)+w0 (3h2m+5n2( (b+m) +6n) +
wo (54 (b+m-14n) n- (7 (b+m) +10n+141wp) w ))))/

-

)

((m—iwo) (m+iw0)3 (—J’ln+w0) (Jin+w0> <—h2m+2 (b+m+21wo)wo (1n+2w0>>3
(hzm—(b+m) n? + wg (2]1(b+m—n)n+(b+m—4n+2]iwo )

h31 = Simplify[h311 +h312 +h313 +h314, wo €Reals & m>0 && n<0 & h>0 &&b > 0]

1

{

(m—jw0> (m+iwo)3 (—J‘Ln+wo) (Jin+a)o)3
12m5((3]'1h2mn2 (5h4m2+h2m(8b+8m—13n) n2+3(b+m)2n4)+
(12h6m3n+h4m2 (50b+50m-191n) n+h?m (b+m) (50b+50m-27n) n°+
12 (b+m)3n”) wo -1 (h®m®+2h*m? (19b+19m-145n) n?+ 48 (b+m)>3n® +
h?mn® (91b?+182bm+91m? -202bn-202mn+27n?)) wj -
n(44b3n*+4b? (5h?mn?+n* (33m+41n)) +b (-10h'm? +
h?m (40m-437n) n?2+4n* (33m?+82mn-33n2)) +m (-2h*m (5m+89n) +
4 nt (11m2+4lmn—33n2)+h2n2 (20m2—437mn+242n2>>>w8—
i (h'm? (14m-9n)+40b3n?+h?mn? (57m?+196mn-565n?) +
8n? (5m>-105m®n+145mn?-21n%) +3b? (19h?mn? +40 (m-7n) n) +
2b (7h*m? +h?mn? (57m+98n) +20n* (3m?-42mn+29n?))) wj+
(33h*m? +h?mn (-22b?-44bm-22m?+163bn+163mn+332n?) -
4n3(19b3+19m®+b? (57m-385n) -385m? n +
93lmn2—320n3+b(57m2—770mn+931n2)))w8+
i(16b3n?+h’m (-5m?-78mn+123n?) +b? (-5h?m+16 (3m-71n) n?) +
8n? (2m®-142m?n+689mn? - 467n3) -
2b (h?m (5m+39n) -4n? (6m®-284mn+689n?))) wf-
(20b3n+12b?n (5m+9n) -h?m (19m+94n) +4n (5m°+27m? n-
895mn? +1296n) +b (-19h?m+4n (15m? + 54mn-895n?))) wj +
i(8b%+11h?m+8b? (3m-31n)+8b (3m?-62mn-35n?) +
8 (m®-31m?n-35mn?+403n%)) wf -
4<2lb2+42bm+21m2—l79bn—l79mn—64n2)w%—
81 (20b+29m-75n) w}®+ 192 wht) /
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((—h2m+21'1 (b+m) nwo+4 (b+m-n) wj+81iwi)’
(—J'Ln (b2n2+2bm (—h2+n2) +m (mn2+h2 (—2m+n))) -
3(b?n?-b (h?m+n? (-2m+n)) -m (h? (m-2n) +n? (-m+n))) wo +
31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2)> wg +
(b2+2bm+m2—9bn—9mn+9n2) wi+31 (b+m-3n) w8—3w8)) +
(2 (J’ln+w0>2 (3n?m (b+m) n+wo (-3ih?m (3 (b+m) -4n) +4w
(7h2m+ (b+m)?n+wy (—1'1 (b+m) (b+m-4n) +4 (b+m—n+1’1wo) a)0>>>>
(12h2mn2+w0 (—Jin (7h2m+15 (b +m) n2) + Wo <3h2m+5n2 (-7 (b+m) +6n) +
wo (54 (b+m-14n) n- (7 (b+m) +10n+14 i w) w0>>>>)/
((—h2m+2 (b+m+21’1w0> wo (Jin+2wo))3 (hzm— (b+m) n? +
Wo (2]'1 (b+m-n) n+ <b+m—4r1+21'1w0) wo))) + (2 (]'1r1+a)0)
(-6ih?mn?+wo (-5h?mn+12 (b+m) n3+wy (-4 (h?m+6 (3 (b+m) -4n) n?) +
2 Wo (Zn (b+m+9n) +wy (—31’1 (b+m)+4jn+6w0))))))/
(hzm—Z (b+m+2]'1w0> wo (jn+2wo))2+ ((ﬂn+w0)
(13jh4m2n2+wo (hzmn (32h2m—29 (b +m) n2) +
wo (-1 (19h*m?+4 (b+m)2n+h?mn? (-71 (b+m) +67n)) +
wo (n (-502m (b+m) -157h2mn-16 (b+m)2n2+16 (b+m) n3) +
wo (1 (63h?m (b+m) -19h?mn+8 (b+m)?n?-64 (b+m) n3+16n?) +
wo (-141h?m+16n (- (b+m)?-2 (b+m) n+4n?) +
4w (i (3 (b+m)?2-16 (b+m) n-8n?) -
4(3(+m) -4n+3iw)w))))))))/
((hzm—Z (b+m+2]’1w0) wo (jn+2wo))2 (~h2m+3 (b+m+31’1w0) wo <jn+3w0)))),
1

h(m—iw0> <m+1'1w0>3 (—J’ln+w0> (J’Ln+wo)3
6
V2
m5
((3h2mn3(10h4m2+h2m(11b+11m—21n) n?+3 (b+m)?n?) -
j<69h6m3n2+h4m2 (175b+175m-397n) n? +
7h’m (b+m) (14b+14m-15n) n®+12 (b+m)3n8)wo—
(38h6m3n+6h4m2 (57b+57m-170n) n®+12 (b+m)2 (8b+8m-5n) n” +
3h?mnd (1270?+254bm+127m? -294bn-2%4mn+61n?)) wj+
i (3h®m*+2h%m? (127b+127m-661n) n?+4 (b+m) n®
(77024 77m2+2b (77m-60n) -120mn+27n?) +
h?mn® (674 b2+ 1348 bm+674m? -2899bn-2899mn+1428n?)) wj +
n (h*m? (9m-767n) +4960b>n’ +h?mn? (515m” - 4612 mn + 4405 n?) + 4
nt (124m®-385m? n+216mn?-18n3) +b? (515h?mn? +4 (372m-385n) n?) +
b (9h'm?+2h?m (515m-2306n) n?+8n’ (186m?>-385mn+108n?))) wj -
i(388b°n*-h®m? (37m+25n) +h?’mn? (46m”-3383mn+ 6658 n?) +4n*
(97m®-620m? n+693mn?-144n3) +2b? (23h?mn?+2 (291 m-620n) n) +
b (-37h'm? +h’m (92m-3383n) n?+4n! (291m?-1240mn+693n?))) wj +
(-90h*m? +h?mn (137b?+274bm+137m? + 506 bn + 506 mn - 4721 n?) -
4n3 (1603+16m3+b? (48m-485n) -485m’ n+1116mn? -462n°+2b (24 m? -
485mn+558n?))) w§-1 (116b3n?+h?m (50m? - 627 mn - 752 n?) +
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4 n2 (29m3+80m2n—87'3'rynn2+74‘4n3)+b2 (50h2}n+4n2 (87m+80r1)>+'
b (h?m (100m-627n) +4n? (87m?+160mn-873n?))) wj +
(15h?m (16m-51n) -80b°n+20b?n (-12m+29n) +4n (-20m>+145m? n +
l44mn2—582n3>+8b<3Oh2m+n<—3Om2+145mn+72n2)>>w8+
21 (8b3+147h?m+8m®+8b? (3m-25n) -200m? n+522mn? +
192n%+b (24m? - 400mn+522n?)) wj -
8<10b2+2Obm+10m2—9Obn—90mn+87n2)w%o—
481 (3b+3m-10n) w51+96w52)/
((—h2m+21'1(b+m)nw0+4(b+m—n) w3 +8 i wj)?
(—n<b2n2+2bm(—h2+n2>+m(mn2+h2 (—2m+n)))+
3i(b2n2—b<h2m+n2 (—2m+n)>—m(h2 (m-2n) +n? (—m+n)))wo+
3<2h2m+n(b2+2bm+m2—3bn—3mn+n2))w%—
J'L(b2+2bm+m2—9bn—9mn+9n2)w8+3(b+m—3n) w3+3jw8))—
(thm(in+u)o)2(2h2m—3(b+m) n2+1 (13 (b+m) -12n) nw +
12 (b+m-4n) wj+44 1 wj)
(12h?mn? +wo (-in (7h?m+15 (b+m) n?) +wo (3h?m+5n? (-7 (b+m) +6n) +
wo (51 (b+m-14n) n- (7 (b+m) +10n+14 i wy) wo) )))/
((—h2m+2(b+m+2jwo>wo (ﬂn+2wo))3(h2m—(b+m) n? +
O<2J'1(b+m—n)n+<b+m—4n+2]'1wo)wo)))+
l/(hzm—21<n—21w0) (b+m+2jw0>w0>2<in+wo>
(—211'1h2mn3+w0 (—49h2mn2+6(b+m) n +
wo (31 (5h?mn-6 (b+m) n®+4n*) +wy (-9h?m+2n? (-5 (b+m) +18n) -
2in (3 (b+m)+10n) wo-4 (b+m-3n) wg-8iwjd))))+
(h2m<jn+w0> <2ljh2mn3+w0 (80h2mn2—15 (b+m) n? + wp
(-in (79h?m+n? (=61 (b+m) +39n)) +wy (-12h?m+ (61 (b+m) -155n)
n?+wo (13in (b+m+11n) + (28 (b+m)—59n+861’1w0>w0))))))/
((h2m—2(b+m+21'1w0)w0 (jn+2wo))2(fh2m+3(b+m+3j1wo)wo (J’ln+3wo)))),
1

h(m—]iwo) (m+]'1cuo>3 (—jn+wo) (J'Ln+wo)3
6
V2
m4
(—((m+2j1wo) (-3ih?mn3 (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)2nt) -
(69h®m®n? +h*m? (175b+175m-397 n) n’ +
7h?m (b+m) (14b+14m-15n) n®+12 (b+m)3n?) wy +
i (38h6m3n+6h4m2 (57b+57m-170n) n®+12 (b+m)2 (8 b+8m-5n) n” +
3h2mn® (1270%+254bm+127m?-294bn-29%mn+61n?)) wj+
(3h6m3+2h4m2(127b+127m—661n) n?+4 (b+m) n®
(77b?+77m? +2b (77m-60n) -120mn +27 n?) +
h?mn® (674 b? + 1348 bm+674m>-2899bn-2899mn+1428n?)) wi-in
(h*m? (9m-767n) +496b3n* +h?mn? (515m? - 4612 mn + 4405 n?) + 4 n* (124
m®-385m®n+216mn?-18n%) +b? (515h?mn?+4 (372m-385n) n*) +
b (9h'm?+2h?m (515m-2306n) n?+8n* (186m?-385mn+108n?))) wf+
(-3880b3n%+h'm? (37m+25n) +h?mn? (-46m? +3383mn- 6658 n2) +
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4 n* (—97m3+62Om2n—693mn2+144\n3) -
2b? (23h2mn?+2 (291m-620n) nt) +
b (37h*m? +h?mn? (-92m+3383n) -4n* (291 m?-1240mn+693n?))) wj +
i (90h'm?-h?mn (137b%+274bm+137m? + 506 bn+506mn - 4721 n?) +
4n3 (1603 +16m3+b? (48m-485n) - 485m’ n+
1116mn?-462n°+2b (24m? - 485mn + 558 n?) ) ) w§ -
(116 >n?+h?m (50m? - 627mn-752n?) +4n? (29m>+80m? n -
873mn? + 744 n°) +b? (50 h?m+4n? (87m+80n)) +
b (h?m (100m-627n) +4n? (87m?+160mn-873n?))) wj+
i (801:)3114-20b2 (12m-29n) n+15h?m (-16m+51n) +4n (20m3—145m2n—
l44mn2+582n3) -8b (3Oh2m+r1 (—30m2+145mn+72n2))) wf +
2 (8]03+147h2m+8m3+8]o2 (3m-25n) -200m?n+522mn?+192n3+
b (24m?-400mn+522n?)) w§+81 (10b?+20bm+10m? -

90bn-90mn+87n?) wi®-48 (3b+3m-10n) w%1—96jw%2>>/
2

((—h2m+211(b+m)nw0+4(b+m—n) w%+811m8)
(—J’Ln(b2n2+2bm<—h2+n2)+m(mn2+h2 (—2m+n)))—
3(b2n2—b<h2m+n2 (—2m+n))—m(h2 (m-2n) +n? (—m+n)>>w0+
31'1(2h2m+n(b2+2bm+m2—3bn—3mn+n2))w%+
(b2+2bm+m2—9bn—9mn+9n2)w8+3j1(b+m—3n) w3—3w8))—
(thm(jn+wo)2(m(h2 (2m-3n) -3 (b+m) n2>+
wo (im (9h?+ (13 (b+m) -12n) n) +
4wo (3m (b+m) - (b+13m) n+3n?+i (b+12m-13n+121iwo) wo)))
(12h?mn?+wo (-in (7h?m+15 (b+m) n?) +wy (3h?m+5n? (-7 (b+m) +6n) +
wo (51 (b+m-14n) n- (7 (b+m) +10n+14 i wo) wp) )))/
((—h2m+2(b+m+2]iwo>wo (in+2w))? (h?m- (b+m) n?+
Wo <21'1(b+m—n)n+<b+m—4n+2]’1w0>wo)))—
1/<h2m—211(n—211a)0) (b+m+2jwo)w0)2(m+21wo) (J’ln+w0)
(211'Lh2mn3+wo (491’12mn2—6(b+m) n? +
wo (31 (-5h?mn+6 (b+m) n®-4n*) +wo (9h?m+2 (5 (b+m) -18n) n?+
2in (3 (b+m)+10n) wy+4 (b+m-3n) wi+8iwd))))+
(hzm(m+21'1wo) (J'ln+a)0) (211'1h2mn3+w0 (80h2mn2—15 (b +m) n? + wy
(-in (79h?m+n? (-61 (b+m) +39n)) +wo (-12h?m+ (61 (b+m) - 155n)
n? + wg (13]’1n(b+m+11n)+(28 (b+m)—59n+86]’1w0)a)0))))))/
((hzm—Z(b+m+2jwo)w0 (jn+2wo))2(—h2m+3(b+m+3j1wo)wo <jn+3w0))))}

(* Célculo do vetor complexo h22 «x)

(» h22=FullSimplify|

-AI. ( bb[hll,h11]+2 bb[q,h21b]+2 bb[gb,h21]+bb[h20b,h20]-4 hll 11),
woeReals && m>0 && n<0 && h>0 &&b>0] *)
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h221 = FullSimplify[-AI. (bb[h1ll, h1l]), wo € Reals §6 m>0 &6 n< 0 & h>0 &b > 0]

l6m4n(3n2+w%) 2+/2 m? <3n2+w%) (7n2+w%) 22 md (3n2+w%) (7n2+w%)

- ’ ’
2 2 2 2 2 2
h? <m2+w%) (n2+w%) h3 <m2+w%) (n2+w%> h3 (m2+w%> <n2+w%)

h222 = Simplify[-AI. (2bb[q, h21b]), wo € Reals §& m>0 & n<0 && h>0 &&b > 0]

{-(8m* (-3ih?mn? (5h*m?+h’m (8b+8m-13n) n?+3 (b+m)?n?) + (12h®m’ n+h? m?
(50b+50m-161n) n®+25h?m (b+m) (2b+2m-3n) n°+12 (b+m)3n7) wo +
i (h®m®+2h%m? (19b+19m-103n) n?+12 (b+m)? (4b+4m-5n) n®+
h?mn* (91b?+182bm+91m? -404bn-404mn+123n?)) wj -
n (44b3n4+4b2 (5h2mn2+33mn4—60n5) +b (—10h4m2+h2m (40m-719n) n? +
12n (11m?-40mn+9n?)) +m (-2h‘m (5m+49n) +
4n* (11m?-60mn+27n?) +h?n? (20m? - 719mn+628n?))) wj +
i (h'm? (14m-37n) +40b>n?+3h?mn? (19m?+ 104 mn - 357 n?) +
4 nt (10m3+55m2n—108mn2+18n3) +Db? (57h2mn2+20n4 (6m+11n)) +
2b (7h*m?+3h?mn? (19m+52n) +4n* (15m®+55mn-54n?))) wf +
(35h*m? +h?mn (-220b%?-44bm-22m? +223bn+223mn+512n?) -4n3 (1903 +
19m3+b2 (57m-50n) -50m2n-99mn2+72n3+b (57m2—lOOmnf99n2)))
w§-1i (160b>n?+h?m (-5m?-140mn+231n?) +b? (-5h?m+4 (12m-95n) n?) +
4 n? (4m3—95m2n+90mn2+66n3) -
2b (5h2m(m+14n) -4n? (6m2—95mn+45n2)))w8—
(2Ob3n+20b2n (3m+4n) -5h?m (m+36n) +4n <5m3+20m2n—171mn2+60n3) +
b (-5h’m+4n (15m®+40mn-171n?))) wf -
i(8b°-3h?m+8m3+4Db? (6m-25n) -100m?n-144mn?+
456 n3+8Db <3m2—25mn—18n2)> w§ -
4 (10b?2+10m?+5b (4m-9n) -45mn-24n?) wj +
2414 (3b+3m-5n) w%0+48w%1))/
(h2 (m2+w%)2 (n2+w%)2 (h2m+21'1 (b+m)nwy-4 (b+m-n) w%+81’1w8)
(Jin (b2n2+2bm(—h2+n2) +m(mn2+h2 (—2m+n))) -
3 (b2n2—b <h2m+n2 (—2m+n)) -m (h2 (m-2n) +n? (—m+n))) wo -
31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2>> w§ +
(b2+2bm+m2—9bn—9mn+9n2) wi-31 (b+m-3n) wé—?;wg)),
—(4\/2_m4 (-3ih?mn? (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)?n’) +
(9h6m3n2+h4m2 (790 +79m-241n) n+
h?m (b+m) (62b+62m-105n) n®+12 (b+m)3n®) w, -
i (1Oh6m3n—26h4m2 (2b+2m-11n)n3-12 (b+m)2 (4b+4m-5n) n’ -
h?mn® (127b? + 254 bm+ 127 m? - 582bn-582mn + 183 n?) ) wj +
(h6m3+6h4m2n2 (100b+10m+11n) -4 (b+m) nb (11b2+22bm+11m2—60bn—
60mn+27n?) -h?mn? (280b?+56bm+28m’-1013bn-1013mn + 936 n?))
wi+1in (h‘lm2 (29m-189n) +40b3n?+5h?mn? (21m2+58mn—303n2) +
4n* (10m*+55m?n-108mn?+18n3) +5b% (21 h?mn?+4n? (6m+11n)) +
b (29h'm?+10h?mn? (21m+29n) +8n? (15m? +55mn-54n?))) wf+
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(-76b*n*+h*m? (13m+67n) +h?mn? (-50m? + 613 mn + 436 n?) +
4n* (-19m®+50m?n+99mn?-72n%) +b? (-50h?mn2+4n* (-57m+50n)) +
b (13h*m?+h?mn? (-100m+613n) +4n* (-57m? +100mn+99n?))) wj -
i(32h‘m?-h’mn (17b?+34bm+17m?+342bn+342mn-819n?) +4n3 (4b3+
4m3+Db? (12m-95n) -95m?n+90mn?+66n3+2b (6m2—95mn+45n2)))
w§ - (20b3n2+h2m(8m2—7lmn—472n2) +4n? (5m3+20m2n—171mn2+60n3) +
b? (8h?2m+20n? (3m+4n)) +
b (h?m (16m-71n) +4n? (15m?+40mn-171n?))) wf -
i(8b®n+4b? (6m-25n) n+h’m (-46m+81n)+4n
(2m3—25m2n—36mn2+114n3) -2b (23h2m+4n (—3m2+25mn+18n2))) w§ +
4 (15h?m+n (-100b?-20bm-10m? +45bn+45mn+24n?)) wg +
241 (3b+3m-5n) nw%0+48nw%1))/
(h3 (m2+w%)2 (n2+w%)2 (h2m+21'1 (b+m) nwy-4 (b+m-n) w%+8]'1w8)
(J'Ln (b2n2+2bm(—h2+n2> +m(mr12+h2 (—2m+n))) -
3 <b2n2—b (h2m+n2 (—2m+n)) -m <h2 (m-2n) +n? (—m+n)>> wo —
31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2>> w§ +
(b2+2bm+m2—9bn—9mn+9n2) wi-31 (b+m-3n) w3—3w8)),
—(4\/2_m4 (-3ih?mn3 (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)2n) +
(9n°m*n?+him? (79b+79m-241n) n*+
h?m (b+m) (62b+62m-105n) n®+12 (b+m)3n?) wo -
i (1Oh6m3n—26h4m2 (2b+2m-11n)n3-12 (b+m)2 (4b+4m-5n) n’ -
h?mn® (127b? +254bm+127m? -582bn-582mn + 183 n?) ) wj +
(h6m3+6h4m2n2 (100b+10m+11n) -4 (b+m) n® (11b2+22bm+11m2—60bn—
60mn+27n?) -h?mn’ (280b?+56bm+28m”-1013bn-1013mn + 936 n?))
w+1in (h4m2 (29m-189n) +40b3n®+5h?2mn? (21m2+58mn—303n2) +
4 n* (10m3+55m2n—108mn2+18n3) +5Db? (21h2mn2+4n4 (6m+11n)) +
b (29hm?+10h?mn? (21m+29n) +8n* (15m?+55mn-54n?))) wf+
(-7603n?+h*m? (13m+67n) +h?mn? (-50m?+ 613 mn +436n?) +
4 nt (—19m3+50m2n+99mn2—72n3) +b? (—5Oh2mn2+4n4 (—57m+50n)) +
b (13h4m2+h2mn2 (-100m+ 613 n) +4nt (—57m2+100mn+99n2))) w3 -
i(32h*m?-h?mn (17b%+34bm+17m?+342bn+342mn-819n?) +4n° (403 +
4m®+b? (12m-95n) -95m?n+90mn?+66n°+2b (6m?-95mn+45n?)))
w§- (20b3n?+h?m (8m? -71mn-472n?) +4n? (5m3+20m? n-171mn?+ 60 n3) +
b? (8h?m+20n? (3m+4n)) +
b (h?m (16m-71n) +4n? (15m?+40mn-171n?))) wj -
i(8b3>n+4b? (6m-25n) n+h?m (-46m+81n)+4n
(2m®-25m?n-36mn?+114n°) -2b (23h?m+4n (-3m?+25mn+18n?))) wf+
4 (15h?m+n (-10b?-20bm-10m? +45bn+45mn+24n?)) wj +
241 (3b+3m-5n) nw%0+48nw%1))/
(h3 <m2+w%)2 (n2+w%)2 (h?m+2i (b+m) nwy-4 (b+m-n) wj +8 i wj)
(J’Ln <b2n2+2bm(—h2+n2) +m(mn2+h2 (—2m+n))) -
3 <b2n2~b (h2m+n2 (—2m+n)) -m (hz (m-2n) +n? (—m+n)>> wo —
31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2>> wg +

(b2+2bm+m2—9bn—9mn+9n2)w8—31'1 (b+m-23n) wé—ng))}
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h223 = Simplify[-AI. (2bb[gb, h21]), wo € Reals §& m>0 & n<0 & h>0 &&b > 0]

{(Bm“ <—3J'1h2mn2 (5h4m2+h2m(8b+8m—13n) n?+3 (b+m)2n4> -
(12h6m3n+h4m2 (50b+50m-161n) n3+
25h?m (b+m) (2b+2m-3n) n°+12 (b+m)3n7) Wy +
i (h6m3+2h4m2 (19b+19m-103n) n?+12 (b+m)?2 (4b+4m-5n) n®+
h?mn? (91b?+182bm+91m?-404bn-404mn+123n?)) wj+
n (44b>n?+4b? (5h?mn?+33mn?-60n°) +b (-10h*m? +h?m (40m-719n) n? +
12 nt (11m2—40mn+9n2)) +m(—2h4m(5m+49n) +
4n* (11m?-60mn+27n?) +h?n? (20m? - 719mn+ 628 n?))) w3 +
i(h*m? (14m-37n)+40b3n*+3h?mn? (19m?+104mn-357 n?) +
4n* (10m®+55m® n-108mn?+18n3) +b? (57h?mn? +20n’ (6m+11n)) +
2b (7h*m? +3h?mn? (19m+52n) +4n* (15m? + 55mn-54n?))) wf+
(-35h*m? +h?mn (22b%+44bm+22m?-223bn-223mn-512n?) +4n3 (1903 +
19m3+b? (57m-50n) -50m?n-99mn?+72n3+b (57m?-100mn - 99 n?)))
w§-1 (160b>n?+h?m (-5m?-140mn+231n%) +b? (-5h?m+4 (12m-95n) n?) +
4 n2 (4m3—95m2n+90mn2+66n3) -
2Db (5h2m(m+14n) -4 n? (6m2—95mn+45n2)))a)8+
(2Ob3n+20b2n (3m+4n) -5h?m (m+36n) +4n <5m3+20m2n—171mn2+60n3) +
b (-5h’m+4n (15m®+40mn-171n?))) wf -
i (8b3—3h2m+8m3+4b2 (6m-25n) -100m?n-144mn? +
456 n3+8Db (3m2—25mn—18n2>> w§ +
4 (lOb2+1Om2+5b (4m-9n) -45mn-24n2) w3 +241i (3b+3m-5n) w®-48 wh'))
(h2 (m2+w%)2 (n2+w6)2 (h2m—21'1 (b+m) nwy-4 (b+m-n) w%—81‘1m8)
(—J’Ln (b2n2+2bm (—h2+n2) +m (mn2+h2 (—2m+n))) -
3 (bznz—b (h2m+n2 (—2m+n)) —m(h2 (m-2n) +n? (—m+n))) wo +
31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2)) wg +
(b2+2bm+m2—9bn—9mn+9n2) wi+31 (b+m-3n) wé—3m8)),
(4ﬁm4 (-3ih?mn? (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)?n?) -
(9h®m®n?+h*m? (79b+79m-241n) n*+
h?’m (b+m) (62b+62m-105n) n®+12 (b+m)3n8) wo —
i (10h6m3n—26h4m2 (2b+2m-11n)n®-12 (b+m)2 (4b+4m-5n) n’ -
h?mn® (127b?+254bm+ 127 m? - 582bn-582mn+ 183 n?) ) wj +
(-h®m®-6h'm?n? (10b+10m+11n) +4 (b+m) n® (11b?+22bm+11m?-60bn-
60mn+27n?) +h?mn* (28b%+56bm+28m?-1013bn-1013mn+936n?))
wi+in (h'm? (29m-189n) +40b>n*+5h?mn? (21 m?+ 58 mn - 303 n?) +
4n* (10m®+55m®n-108mn?+18n3) +5b? (21 h?mn?+4n* (6m+11n)) +
b <29h4m2+10h2mn2 (21m+29n) +8n* (l5m2+55mn—54n2>>) w§ +
(76b°n?-h'm? (13m+67n) +h?mn? (50m® - 613mn-436n?) +
4n* (19m3-50m®?n-99mn?+72n3) +b? (50h?mn?+4 (57m-50n) n) -
b (13h‘m?+h?mn? (-100m+613n) +4n* (-57m? +100mn+99n?))) wf -
i(32h'm?-h?mn (17b%+34bm+17m?+342bn+342mn-819n?) +4n (403 +
4m3+Db? (12m-95n) -95m?n+90mn?+66n3+2b (6m2—95mn+45n2))) w
(2Ob3n2+h2m<8m2—71mn—472n2> +4n? (5m3+20m2n—171mn2+60n3) +b?
(8h?m+20n? (3m+4n)) +b (h®m (16m-71n) +4n? (15m*+40mn-171n?))
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w) -1 (81’)3r1+4b2 (6m-25n)n+h?m (-46m+81n) +4n
(2m®-25m?n-36mn?+114n°) -2b (23h?m+4n (-3m?+25mn+18n?))) wf -
4 (15h?m+n (-10b?-20bm-10m? +45bn+45mn+24n?)) wj +
241 (3b+3m-5n) nw%0—48nw%1))/
(h3 (m2 +w3)? (n2+03)? (h2m-21 (b+m) nwo-4 (b+m-n) f -8 i w3)
(—J‘Ln (b2n2+2bm (—h2+n2) +m (mn2+h2 (—2m+n))) -
3 (bznz—b (hzm+n2 (—2m+n)) —m<h2 (m-2n) +n? (—m+n)>> wo +
31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2)) wg +
(b2+2bm+m2—9bn—9mn+9n2) wi+31 (b+m-3n) wé—Bwé)),
(4\Em4 (-3ih?mn? (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)?n?) -
(9h6m3r12+h4m2 (79b+79m-241n) n* +
h?’m (b+m) (62b+62m-105n) n®+12 (b+m)3n8) wo -
i (10h6m3n—26h4m2 (2b+2m-11n)n®-12 (b+m)?2 (4b+4m-5n) n’ -
h?mn® (127b?+254bm+127m? - 582bn-582mn+ 183 n?)) wj +
(-h®m®-6h'm?n? (10b+10m+11n) +4 (b+m) n® (11b%2+22bm+11m?-60bn- 60
mn+27n?) +h?mn? (280b%+56bm+28m?-1013bn-1013mn+936n?)) wj +
in (h*m? (29m-189n) +40b3n?+5h?mn? (21 m? + 58 mn - 303 n?) +
4n* (10m®+55m®n-108mn?+18n3) +5b? (21h?mn?+4n* (6m+11n)) +
b (29h'm?+10h?mn? (21m+29n) +8n* (15m? + 55mn-54n?))) wf +
(76}331‘14—h4m2 (13m+67n) +hZmn? <5Om2—613mn—436n2> +
4 n* (19m3—50m2n—99mn2+72n3) +Db? (50h2mn2+4 (57m-50n) n4) -
b (13h*m?+h?mn? (-100m+613n) +4n* (-57m? +100mn+99n?))) wj -
i(32h'm?-h’mn (17b?+34bm+17m?+342bn+342mn-819n?) +4n3 (4b3+
4m3+b?2 (12m-95n) -95m2n+90mn?+66n3+2Db (6m2—95mn+45n2)>> w§ +
(20b3n2+h2m<8m2—71mn—472n2> +4n? (5m3+20m2n—171mn2+60n3) +b?
(8h?m+20n? (3m+4n)) +b (h?m (16m-71n) +4n? (15m?+40mn-171n?)))
wl-1 (8b3r1+4b2 (6m-25n) n+h?m (-46m+81n) +4n
(2m*-25m*n-36mn?+114n°) -2b (23h?m+4n (-3m?+25mn+18n?))) wf -
4 (15h?m+n (-10b?-20bm-10m? +45bn+45mn+24n?)) wj +
241 (3b+3m-5n) nw%0—48nw%1))/
(h3 (m2+w%)2 (n2+w6)2 (h2m—211 (b+m) nwy-4 (b+m-n) w%—SimS)
(—J’Ln (b2n2+2bm (—h2+n2) +m (mn2+h2 (—2m+n))) -
3 (b2n2—b (1’12m+n2 (—2m+n)) —m(h2 (m-2n) +n? (—m+n))) wo +
31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2)) w§ +

(b2+2bm+m2—9bn—9mn+9n2)w8+31'1 (b+m-3n) wé—3m8))}

h224 =
FullSimplify[-AI. (bb[h20b, h20]), wo €Reals §6 m>0 &6 n<0 & h>0 &b > 0]
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{(16m® (-3h?mn+2n (b+m+3n) wg+10wg))/
((n—iwo) (n+iw) (h2m-21i (n-21iwy) (b+m+2iwp) w)
(w2 +w3)? (h2m+2 (n+2iwo) wo (i (b+m) +2w0))],
(2\/2_m5 (-21h?mn? + (-25h%m+ 8 n? (b+m+3n))wg+40nwg))/
(h(n-iwo) (n+iw) (R>m-2i (n-2iwp) (b+m+2iwo)wo)
(m2 +03)? (h2m+2 (n+21iw) wo (i (b+m)+2w0))),
(2\/2_m5 (-21h?mn? + (-25h?m+ 8 n? (b+m+3n))wg+40nwg))/
(h (n-iw) (n+iw) (2m-21 (n-21wp) (b+m+21iwo) wo)

(m2+w%>2 <h2m+2 (n+21’1w0> Wo (1'1 (b +m) +2w0>>)}

h225 = FullSimplify|-AI.(-4hl111), wo €Reals && m>0 & n<0 & h>0 &b>0
P b4
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{(32 (-b-m) m* (3n?+w})
(6n*m?n® (h?m- (b+m) n?) +w§ (-2h®m®n+6h?m (b+m) (9 (b+m) -8n) n’ -
15 (b+m)3n’ +h*m?n3 (-41 (b+m) +34n) -
r1<—5h4m2 (b+m) ~20h*m?n-128h?m (b+m)?n?+48h?m (b+m) n3 +
(850°+255b?m+16h?m+255bm? + 85m%) n* +20 (b+m)2n°+60 (b+m) n)
wi+ (2h*m?+2h?mn (13 (b+m)2+12 (b+m) n+48n?) +
n® (-101 (b+m)3-116 (b+m)?n-340 (b+m) n?-80n3)) wf-
(-24h?m (b+m) + (31 b3+ 93b?m+80h?m+93bm? + 31 m?) n+
124 (b+m)2n?+404 (b+m) n®+464n') wf -
4 (7 (b+m)2+31 (b+m) n+124n?) wf - 112 wgo)))/
(h2 (m2+w%)2 <n2+w%)2 ((hzm— (b +m) n2>2+2 (hzm (b+m) ~4hZ?mn + (b+m)2n2+2n4>
wh+ ((o+m)?+8n2) wf + 4 w)
(h*m?+ 40§ (-2h?m (b+m) +2h2mn+ (b+m)2n? + 4 wf ((b+m)2+n2+4wg)>>), (16
2
m4
n
(-2h?m+3 (b+m) n?+ (b+m) wj)
(6h4m2n3 (—h2m+(b+m) n2)+w%
(2h6m3n+h4m2 (41 (b+m) -34n)n>-6h?m (b+m) (9 (b+m) -8n) n>+15 (b+m)?3
r17+n(—5h4m2 (b+m) -20h*m?n-128h?m (b+m)2n?+48h?m (b+m) n3+
(85b3+255b2m+16h2m+255bm2+85m3)n4+20 (b+m)?n°+60 (b+m) n6>
w+ (-2h'm?+2h?mn (-13 (b+m)?2-12 (b+m) n-48n?) +
n® (101 (b+m)3+116 (b+m)?n+340 (b+m) n?+80n3)) wf+
(-24h?m (b+m) + (31 b3+ 93b?m+80h?m+93bm? + 31 m?) n+
124 (b+m)?n?+404 (b+m) n3+464n4)w8+
4 (7 (b+m)2+31 (b+m) n+124n%) wf +112 wéo)))/
(h3 (m2+wé)2 (n2+w%)2 ((hzm— (b +m) n2>2+2 (hzm (b+m) -4h?mn + (b+m)2n2+2n4>
w%+((b+m)2+8n2)wé+4w8)
(h4m2+4w% (—2h2m(b+m)+2h2mn+(b+m)2n2+4w%((b+m)2+n2+4w%)>>),
—(16\/2_m4 (n (h? (2m-3n) -3 (b+m) n?) - (h?+ (b+m) n) wj)
(6n*m?n® (-h?m+ (b+m) n?) +wj (2h®m*n+h*m? (41 (b+m) - 34n) n?-
6h?m (b+m) (9 (b+m) -8n) n°+15 (b+m)3n’ +
n<—5h4m2 (b+m) -20h*m?n-128h?m (b+m)2n?+48h?m (b+m) n3 +
(85b%+255b?m+16h?m+255bm? + 85m%) n* +20 (b+m)2n°+ 60 (b+m) n)
wi+ (-2h'm?+2h?mn (-13 (b+m)2-12 (b+m) n-48n?) +
n® (101 (b+m)3+116 (b+m)?n+340 (b+m) n?+80n3)) wf +
(-24h?m (b+m) + (310°+93b?m+80h?m+93bm?+31m3) n+
124 (b+m)2n?+404 (b+m) n®+464n?) wf +
4 (7 (b+m)2+31 (b+m) n+124n?) wg+112w50)))/
(h3 (m2+w%)2 (n2+w%>2 ((h2m— (b +m) n2>2+2 (hzm (b+m) -4h?mn + (b+m)2n2+2n4>
ﬁu%+<(b+m)2+8n2>a)é+4wg)

(h4m2+4w% (—2h2m(b+m) +2h’mn+ (b+m)?n?+ 4w ((b+m)2+n2+4w%))))}
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h22 = Simplify[h221 + h222 + h223 + h224 + h225,
wo €EReals && m>0 & n<0 & h>0 &&b>0]

1

2 2)2
(m? + wf)

2n(3n2+w%> )
8 m* ——+(—31h2mn2 (5h4m2+h2m(8b+8m—13n) n2+3(b+m)2n4)—
h? (n2+w%)2
(12h®m*n+h'm? (50b+50m-161n) n?+
25h?m (b+m) (2b+2m-3n) n®+12 (b+m)3n’) wy +
j<h6m3+2h4m2 (19b+19m-103n) n?+12 (b+m)? (4b+4m-5n) n®+
h?mn? (91b?+182bm+91m?-404bn-404mn+123n?)) wj+
n (44b3n?+4b? (5h?mn?+33mn?-60n°) +b (-10h*m? +h?m (40m-719n) n? +
12 n* (11m2—40mn+9n2))+m(—2h4m(5m+49n)+
4n* (11m?-60mn+27n?) +h?n? (20m? - 719mn+628n?))) wj +
i (h*m? (14m-37n) +40b3n’+3h?mn? (19m? + 104 mn - 357 n?) +
4n* (10m®+55m®n-108mn?+18n3) +b? (57h?mn? +20n* (6m+11n)) +
2b (7h'm?+3h?mn? (19m+52n) +4n? (15m? +55mn-54n?))) wf +
(-35h*m? +h?mn (22b%+44bm+22m?-223bn-223mn-512n?) +
4n3 (1903+19m3+b? (57m-50n) -50m? n -
99mn?+72n3+b (57m?-100mn-99n?))) wj -
i(16b°n?+h?m (-5m?-140mn+231n?) +b? (-5h’m+4 (12m-95n) n?) +
4 n? (4m3—95m2n+90mn2+66n3)—
2b(5h2m(m+14n)—4n2(6m2—95mn+45n2)))w8+
(200°n+20b?n (3m+4n) -5hm (m+36n) +
4n (5m*+20m?n-171mn?+60n3) +b (-5h?m+4n (15m®+40mn-171n?)})
wg—i(8b3—3h2m+8m3+4b2 (6m-25n) -100m?2n-144mn? +
456n3+8b(3m2—25mn—18n2>)w8+
4<1Ob2+10m2+5b(4m—9n)—45mn—24n2)w8+
241 (3b+3m-5n) w%0—48w%1)/
(h2 (n2+w%)2(hzm—Zj(b+m)nwo—4(b+m—n) w%—81’1w8>
(—J'Ln(b2n2+2bm<—h2+n2)+m(mn2+h2(—2m+n)))—
3<b2n2—b<h2m+n2 (—2m+n))—m(h2 (m-2n) +n? (—m+n)))wo+
31'1(2h2m+n(b2+2bm+m2—3bn—3mn+n2)>w%+
(b2+2bm+m2—9bn—9mn+9n2)w8+31'1(b+m—3n) w8—3w8))+
(3h2mn2 (5h4m2+h2m(8b+8m—13n) n2+3(b+m)2n4)+
i (12h®m*n+h*m? (50b+50m-161n) n+
25h?m (b+m) (2b+2m-3n) n°+12 (b+m)3n7)wo—
(h6m3+2h4m2 (19 +19m-103n) n?+12 (b+m)2 (4b+4m-5n) n®+
h?mn? (91b?+182bm+ 91 m? -404bn-404mn+123n?)) wf -
jn(44b3n4+4b2 (5h2mn2+33mn4—60n5)+b(—10h4m2+
h?m (40m-719n) n?+12n* (11m?-40mn+9n?)) +m (-2h*m (5m+49n) +
4n* (11m?-60mn+27n?) +h?n? (20m? - 719mn+628n?))) wj -
(h*m? (14m-37n) +40b°n*+3h?mn? (19m? + 104 mn - 357 n?) +
4n% (10m®+55m?n-108mn?+18n3) +b? (57h2mn?+20n? (6m+11n)) +
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2b (§h4m2+3h2mn2 (19m+ 52 n) +;1n4 <1‘5m2+55mn—54n2))) wl +
i(35h‘m?+h’mn (-22b%-44bm-22m%+223bn+223mn+512n?) -
4n3 (19b°+19m°+Db? (57m-50n) -50m? n -
99mn?+72n3+b (57m2—100mn—99n2))) w3 +
(16b3n?+h?m (-5m? - 140mn+231n?) +b? (-5h?m+4 (12m-95n) n?) +
4 nZ? (4m3—95m2n+90mn2+66n3) -
2b (5h?m (m+14n) -4n? (6m®-95mn+45n?))) w§-

i(200°n+20b%n (3m+4n) -5h%m (m+36n) +
4n (5m3+20m2n—171mn2+60n3> +Db (—5h2m+4n(15m2+40mn—171n2)>)

wd + (8b3—3hzm+8m3+4b2 (6m-25n) -100m? n-144mn? +

456n+8b (3m?-25mn-18n?)) w§ -
44 (100?+10m?+5b (4m-9n) -45mn - 24 n2) wf -
24 (3b+3m-5n) w%°+48jwél)/
(h2 (n2+03)? (h2m+21i (b+m) nwo-4 (b+m-n) wf+81iwj)
(n (b?n?+2bm (-h?+n?) +m (mn?+h? (-2m+n))) +

31 (bznz—b<h2m+n2 (—2m+n)>—m(h2 (m-2n) +n? (—m+n)))wo—
3 <2h2m+n (b2+2bm+m2—3bn—3mn+n2))w%—

i (b2+2bm+m2—9bn—9mn+9n2)w8—3 (b+m-23n) wé+31’1w8))+
(2m<—3h2mn+2n (b+m+3n) w%+10w3))/
((n—jwo) (n+]'1u)0) (hzm—Zj (n—ijo) (b+m+2jw0)wo)

(h2m+2(n+2j1wo)a)0 <Ji (b+m)+2wo)))+
(4 (-b-m) (3n?+wj) (6h*m?n3 (h?m- (b+m) n?) +w§ (-2h°m*n+6h?m
(b+m) (9 (b+m) -8n) n°-15 (b+m)3n’ +h*m?n3 (-41 (b+m) +34n) -
n(—5h4m2 (b+m) -20h*m?n-128h?m (b+m)2n?+48h?m (b+m) n3+
(85b3+255b?m+16h?m+255bm? +85m3) n? + 20 (b+m)?nd +
60 (b+m) n°) wf+ (2h*m?+2h?mn (13 (b+m)?+12 (b+m) n+48n?) +
n® (-101 (b+m)3-116 (b+m)?n-340 (b+m) n?-80n3)) wf -
(-2402m (b+m) + (31b3+93b?m+80h?m+93bm? +31m) n+
124 (b+m)2n?+404 (b+m) n3+464n4)w8—
4 (7 (b+m)2+31 (b+m) n+124n?) w8—112m%0)))/

(1’12 (n2+w%)2 ((h2m— (b +m) n2)2+2 (hzm (b+m) -4h?mn + (b+m)2n2+2n4) w§ +
((b+m)2+8n2) w3+4w8)
(h*m?+ 40} (-2h?m (b+m) +2h?mn+ (b+m)2n? + 4 w} (<b+m)2+n2+4w5)))) ,

2 2 2 2
(3n +wo) (7n +w0) .

T |-
(n2+w%)2

h3 <m2+w%)2
(2 (-3h?mn® (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)?n*) +

i (9hfm®n?+hm? (79b+79m-241n) n+
h?m (b+m) (62b+62m-105n) n®+12 (b+m)3nd) wo +
(—10h6m3n+26h4m2 (2b+2m-11n)n3+12 (b+m)2 (4b+4m-5n) n’ +
h?mn® (127b? +254bm+127m? -582bn-582mn + 183 n?) ) wj +
i <h6m3+6h4m2n2 (100b+10m+11n) -4 (b+m) nb
(11b?+22bm+11m?-60bn-60mn+27n?) -
h?’mn® (28b2+56bm+28m?-1013bn-1013mn+936n?)) wi+
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n (hm? (29‘m—l89 n) +40b3n%+5h2mn? (21m2+58mn—30'3'r12) +
4n* (10m®+55m’n-108mn?+18n3) +5b? (21 h?mn?+4n* (6m+11n)) +
b (29h*m?+10h?mn? (21 m+29n) +8n? (15m?+55mn-54n?))) wf -
i <76b3n4—h4m2 (13m+67n) +h2mn? (50m2—613mn—436n2) +
4n* (19m3-50m’n-99mn?+72n3) +b? (50 h?mn? +4 (57m-50n) n*) -
b <l3h4m2+h2mn2 (-100m+ 613 n) +4n? (—57m2+100mn+99n2))) w3 +
(-32h*m? +h?mn (17b?+34bm+17m? +342bn+342mn-819n?) -
4n3 (4b°+4m3+Db? (12m-95n) -95m? n+90mn? + 66 n®+
2b (6m2—95mn+45n2))) w§ -1 <20b3n2+h2m(8m2—71mn—472n2) +
4 n? (5m3+20m2n—171mn2+60n3) +Db? (8hzm+20n2 (3m+4n)) +
b (h?m (16m-71n) +4n? (15m?+40mn-171n?))) wj +
(h2m(46m—8ln) -8b3n-4b? (6m-25n)n+4n <~2m3+25m2n+
36mn2—ll4n3) +2Db (23h2m+4n (—3m2+25mn+l8n2))) wf +
41 (15h?m+n (-10b?-20bm-10m? +45bn+45mn+24n?)) wj+
24 (3b+3m-5n) nw%0+481'1nw(1)1))/
((n2+w%)2 (h2m-21i (b+m) nwo-4 (b+m-n) wf -8 i wj)
(—n <b2n2+2bm (—h2+n2> +m (mn2+h2 (—2m+n))) +
31 (b2n2—b (hzm+r12 (—2m+n)> —m(h2 (m-2n) +n? (—m+n))) Wy +
3 <2h2m+n (b2+2bm+m2—3bn—3mn+n2)) w§ -
i(b?+2bm+m?-9bn-9mn+9n?) wi+3 (b+m-3n) w3+31w8)) -
(2(-3ih?mn® (10h*m?+h?m (11b+11m-21n) n?+3 (b+m)2n?) +
(9h®m®n?+h%m? (79b+79m-241n) n*+
h?’m (b+m) (62b+62m-105n) n®+12 (b+m)3n8) wo -
i (101’16111311—26h4m2 (2b+2m-11n)n®-12 (b+m)?2 (4b+4m-5n) n’ -
h?mn® (127b?+254bm+127m? - 582bn-582mn+ 183 n?)) wj +
(]’16m3+6h4m2n2 (100b+10m+11n) -4 (b+m) nb
(11b?+22bm+11m?-60bn-60mn+27n?) -
h?mn? (28 b2 +56bm+28m? -1013bn-1013mn+ 936 n?)) w3 +
in (h'm? (29m-189n) +40b°n*+5h?mn? (21m? + 58 mn - 303 n?) +
4n* (10m®+55m®n-108mn?+18n3) +5b? (21h?mn?+4n* (6m+11n)) +
b (29h'm?+10h?mn? (21m+29n) +8n (15m? +55mn-54n?))) wf+
(-76b*n*+h*m? (13m+67n) +h?mn? (-50m? + 613 mn + 436 n?) +
4n% (-19m®+50m?n+99mn?-72n%) +b? (-50h?mn2+4n* (-57m+50n)) +
b (13h*m?+h?mn? (-100m+613n) +4n* (-57m®+100mn+99n?))) wi -
i(32h'm?-h’mn (17b?+34bm+17m?+342bn+342mn-819n?) +
4n® (4b3+4m®+b? (12m-95n) -95m? n+90mn? + 66 n° +
2b (6m?-95mn+45n?))) w§- (20b3n?+h?m (8m? - 71mn-472n?) +
4n2 (5m*+20m?n-171mn?+60n3) +b? (8h?m+20n? (3m+4n)) +
b (h?m (16m-71n) +4n? (15m?+40mn-171n?))) wj -
i <8b3n+4b2 (6m-25n) n+h?m (-46m+81n) +4n (2m3—25m2n—
36mn2+114n3) -2Db (23h2m+4n (—3m2+25mn+18n2))) w§ +
4 (15h?m+n (-10b?-20bm-10m?+45bn+45mn+24n?)) wg +
24 (3b+3m-5n) nwi®+48nwpt)) /
((n2+w%)2 <h2m+21'1 (b+m) nwy -4 (b+m-n) w%+81'1w8)

(J'Ln (b2n2+2bm(—h2+n2) +m(rr11'12+h2 (—2m+n))) -
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3<‘b2n2—b<h2n‘1+n2 (—2'm+n‘))—m(h2 (m-2n) V+'n2 (—m+n)))wo—
31'1(2h2m+n(b2+2bm+m2—3bn—3mn+n2>>w%+
(b2+2bm+m2—9bn—9mn+9n2)w8—31'1(b+m—3n) w3—3w8))+
(h?m (-21h?mn?+ (-25h?m+8n? (b+m+3n)) wj+40nwf)) /
((n—jwo) (n+]'1wo) (h2m—21'1 (n—ijo) (b+m+2]iw0)wo)
(h2m+2(n+2j1w0)w0 <J'1 (b+m)+2wo)))+
(8n (-2h?m+3 (b+m) n?+ (b+m) w3) (6h*m®n® (-h?m+ (b+m) n?) +
wj <2h6m3n+h4m2 (41 (b+m) -34n)n®-6h?m (b+m) (9 (b+m) -8n) n®+
15 (b+m)3n7+n(—51’14m2 (b+m) -20h*m?n-128h?m (b+m)2n?+48h?m
(b+m) n®+ (850%+255b?m+16h?m+255bm? + 85m) n* +20 (b +m)?
n®+60 (b+m) n®) w§+ (-2h*m?+2h’mn (-13 (b+m)?2-12 (b+m) n-
48n?) +n° (101 (b+m)3+116 (b+m)?n+340 (b+m) n?+80n3)) wj +
(-24h%m (b+m) + (310°+93b?m+80h?m+93bm?+31m3) n+
124 (b+m)?n?+404 (b+m) n®+464n?) wf +
4 (7 (b+m)2+31 (b+m)n+124n2)a)8+112w%0>>>/
2

((n2+w%)2 (<h2m— (b +m) n2)2+2 (hzm (b+m) ~4h?mn+ (b+m)2n2+2n4) w§ +

((b+m)2+8n2) w3+4w8)
(h*m?+4w§ (-2h?m (b+m) +2h?mn+ (b+m)?n?+ 4 wj ((b+m)2+n2+4w%)))) ,

1 (3n2+w%) (7r12+a)%)

24/2 mt

h3 (m2+w%)2 (n2+a)%)2
(2 (-30?mn® (10h*m?+h?m (11b+11m-21n) n?+3 (b+m)?n?) +
i (9h®m®n?+h%m? (79b+79m-241n) n’+
h?’m (b+m) (62b+62m-105n) n®+12 (b+m)3n8) wo +
(—th6m3n+26h4m2 (2b+2m-11n)n®+12 (b+m)2 (4b+4m-5n) n’ +
h?mn® (127b?+254bm+127m? - 582bn-582mn+ 183 n?) ) wj +
i (h®m®+6h*m?n? (10b+10m+11n) -4 (b+m) n®
(11b?+22bm+11m?-60bn-60mn+27n?) -
h?mn? (28 b2 +56bm+28m? -1013bn-1013mn+ 936 n?)) w3 +
n (h*m? (29m-189n) +40b>n*+5h?mn? (21 m®+ 58 mn - 303 n?) +
4n* (10m®+55m®n-108mn?+18n3) +5b? (21h?mn?+4n’ (6m+11n)) +
b (29h4m2+10h2mn2 (21m+29n) +8n* (15mz+55mn—54n2 )) w§ -
i (76b3n*-h'm? (13m+67n) +h?mn? (50m? - 613 mn - 436n?) +
4n* (19m3-50m?n-99mn?+72n3) +b? (50h?mn?+4 (57m-50n) n?) -
b (13h*m? +h?mn? (-100m+613n) +4n* (-57m®+100mn+99n?))) w3+
(-32h*m? +h?mn (17b?+34bm+17m? +342bn+342mn - 819 n?) -
4n® (4b3+4m®+b? (12m-95n) -95m? n+90mn? + 66 n° +
2b (6m?-95mn+45n?))) w§-1i (20b3n?+h?m (8m? - 71mn-472n?) +
4n2 (5m*+20m?n-171mn?+60n3) +b? (8h?m+20n? (3m+4n)) +
b (h?m (16m-71n) +4n? (15m?+40mn-171n?))) wj +
(hzm(46m—81n) -8b3n-4b2 (6m-25n)n+4n (—2m3+25m2n+
36mn2—114n3) +2Db (23h2m+4n (—3m2+25mn+18n2))) w§ +
41 (15h°m+n (-100b?-20bm-10m? +45bn+45mn+24n?)) wj +

24 <3b+3m-5n)nw50+481nw51))/
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((n2+w%>2(hzm—2j(b+m)nwo—4(b+m—n) w%—Sij)
(—n<b2n2+2bm(—h2+n2>+m(mn2+h2 (~2m+n)))+
3i (b?n?-b (h?m+n? (-2m+n)) -m (h? (m-2n) +n? (-m+n))) wo +
3<2h2m+n<b2+2bm+m2—3bn—3mn+n2>>w%—
J'L<b2+2bm+m2—9bn—9mn+9n2)w8+3(b+m—3n) a)8+31'1w8))—
(2 (-3ih?mn® (10h*m?+h?m (11b+11m-21n) n?+3 (b+m)2n?) +
(9h6m3n2+h4m2(79b+79m—241n) n? +
h?m (b+m) (62b+62m-105n) n®+12 (b+m)3n®) w, -
j<10h6m3n—26h4m2 (2b+2m-11n) n3-12 (b+m)2 (4b+4m-5n) n” -
h?mn® (127b? + 254 bm+127m? -582bn-582mn + 183 n?) ) wj +
(}16m3+6h4m2n2 (100b+10m+11n) -4 (b+m) nb
(11b?+22bm+11m?-60bn-60mn+27n?) -
h?mn* (28b? +56bm+28m? -1013bn-1013mn+936n?)) wj +
in (h*m? (29m-189n) +40b3n?+5h?mn? (21 m? + 58 mn-303n?) +
4n* (10m+55m®n-108mn?+18n3) +5b% (21 h?mn?+4n? (6m+11n)) +
b (29h*m?+10h*mn? (21m+29n) +8n* (15m? +55mn-54n?))) wf+
(-760n?+h'm? (13m+67n) +h?mn? (-50m? + 613 mn + 436 n?) +
4n* (-19m>+50m?n+99mn?-72n3) +b? (-50h?mn?+4n? (-57m+50n)) +
b<13h4m2+h2mn2 (-100m+ 613 n) +4n? (—57m2+100mn+99n2)))w8—
i(32h*m?-h?mn (17b%+34bm+17m?+342bn+342mn-819n?) +
4n3 (4b3+4m3+b2(l2m~95n)—95m2n+90mn2+66n3+
2b(6m2—95mn+45n2)))w8—(20b3n2+h2m<8m2—71mn—472n2)+
4 n? (5m3+20m2n—171mn2+60n3>+b2 (8hzm+20n2 (3m+4n))+
b(hzm(16m—71n)+4n2 (15m2+40mn—171n2)))w8—
J'L<8b3n+4b2(6m—25n)n+h2m(—46m+8ln)+4n(2m3—25m2n—
36mn?+114n3) -2b (23h?m+4n (-3m?+25mn+18n?))) w§+
4 (15h?m+n (-10b?-20bm-10m? +45bn+45mn+24n?)) wj +
241'1(3b+3m—5n)nw%0+48nw%1))/
((n2+w%)2<h2m+2j(b+m)nwo~4(b+m~n) w%+81’1w8)
(J'Ln(b2n2+2bm(—h2+n2)+m(mn2+h2(—2m+n)))—
3<b2n2—b<h2m+n2 (—2m+n))—m(h2 (m-2n) +n? (—m+n)>>w0—
3]'1(2h2m+n(b2+2bm+m2—3bn—3mn+n2>>w%+
(b2+2bm+m2—9bn—9mn+9n2)w8—3j(b+m—3n) wg—ng))Jr
(h2m<—21h2mn2+(—25h2m+8n2 (b+m+3n))w%+40nwé))/
((n—jwo) (n+]’1wo)
(h2m—211<n—211w0> (b+m+2jwo)w0)
(h?m+2 (n+2iw) w (i (b+m)+2wp))) -
(8 (n (h? (2m-3n) -3 (b+m) n?) - (h?+ (b+m) n) wj)
(6h4m2n3 (—h2m+(b+m) n2)+w% (2h6m3n+h4m2 (41 (b+m) -34n) n3 -
6h?m (b+m) (9 (b+m) -8n) n°+15 (b+m)3n’ +
n<—5h4m2 (b+m) -20h*m?n-128h?m (b+m)2n?+48h?m (b+m) n3+
(85b°+255b2m+16h?m+255bm? + 85m%) n* +20 (b+m)2n°+
60 (b+m) n®) wf+ (-2h*m?+2h’mn (-13 (b+m)?2-12 (b+m) n-48n?) +
n® (101 (b+m)3+116 (b+m)?n+340 (b+m) n?+80n3)) wf+
(-24h2m (b+m) + (3103+93b?m+80h?m+93bm?+31m3) n+
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124 (b+m)2n24:404 (b+m) n3+ 464 n4) wg +
4(7(b+mﬁ+31(b+m)n+124nﬂcﬁ+112wy))%/
((n2+w%)2 ((th— (b +m) n2)2+2 (hzm (b+m) —4h?mn+ (b+m)2n2+2n4) w§ +

b+m)2+8n?) w§+ 4w
0 0

(h4m2+4w% (—thm(b+m) +2h?mn+ (b+m)?n?+4wj ((b+m)2+n2+4w%)))) }

(* Componentes do numero complexo G32 x)

(» G32=Simply|
pb. (6 bb[h1l,h21]+bb[h20b,h30]+3 bb[h20,h21b]+3 bb[q,h22]+2 bb[gb,h31]),
woeReals && m>0 && n<0 && h>0 &&b>0] x)
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G321 = Simplify[pb. (6 bb[h1l, h21]), wo € Reals §&m>0 & n<0 & h>0 &&b > 0]

(24m5 <3h2mn4 (25h4m2+5h2m(6b+6m—11n) n?+9 (b+m)2n4) -
i (90h®m®n?+hm? (334b+334m-829n) n®+
57h?m (b+m) (4b+4m-5n) n’ +36 (b+m)3n9) Wy -
(14h6m3n2+3h4m2 (144b+144m-529n) n?*+36 (b+m)? (6b+6m-5n) né +
h?mn® (666b?+666m?+2b (666m-979n) -1958mn +489n?)) wj -
i (10h6m3n+h4m2n3 (-76b-76m+1339n) -
12 (b+m) n” (40b?+80bm+40m?-90bn-90mn+27n?) -
2h?mn® (370b%+ 740 bm+370m? - 2474 bn-2474mn +1559n?) ) wg +
(—h6m3—h4m2n2 (150 b+ 150m+83n) +2h?mn*
(48b?+96bm+48m?-2577bn-2577mn+3694n?) +24n° (18b3+18m’ +
2b? (27m-50n) -100m? n+81lmn?-9n+b (54m? -200mn+81n?))) wj+
in (h‘*m2 (42m-437n) +8b3n?+2h?mn? (178m2+505mn—3685n2) +
8n* (m®+270m?n-540mn?+162n%) +4b? (89h?mn?+6n* (m+90n)) +
2b (21h*m? +h?mn? (356m+505n) +12n? (m*+180mn-180n?))) wj +
(28803 n?-h'm? (12m+107n) +2h?mn? (85m? - 915mn - 753 n?) +
8n’ (36m>-5m?n-486mn?+360n3) +2b? (85h?mn?+4 (108m-5n) n') -
2b (61’14m2+5hzmn2 (-34m+183n) +8n* (—54m2+5mn+243n2))) wg -
i(29h*m?-2h?mn (14b%+28bm+14m?+482bn+482mn-1167n?) +8n3 (200 +
20m3+60b% (m-3n) -180m2n+9mn2+324n3+b (6Om2—360mn+9n2))) wd +
(l6b3n2+h2m(21m2—94mn—1244n2> +16n2 (m3+50m2n—162mn2+3n3) +
b? (21 h?m+16n? (3m+50n)) +
2b (h?m (21m-47n) +8n? (3m?+100mn-162n?))) w§-
i (361‘,\31r1+4b2 (27m-20n) n+h?m (-97m+102n) +4n
(9m®-20m?n-360mn?+432n3) -b (97h’m+4n (-27m’ +40mn+360n?))) wf -
(8b3+117h2m+8m3+12b2 (2m-15n) -180m?n+ 144 mn? +
960n3+24b <m2—15mn+6n2)) w0~
41 (10b?+20bm+10m?-81bn-8lmn+24n?) wi® +
72 (b+m-3n) wj? + 48 i wh?)) /
(h2 (m2+w%>2 <n2+w%)2 (hzm— (b+m) n?+21i (b+m-n) nwg +
(b+m-4n) w+21iwd)
(h?m-21i (b+m) nwy-4 (b+m-n) wj -8 i wj)
(—n (b2n2+2bm (—h2+n2> +m (mn2+h2 (—2m+n)>> +
31 <b2n2—b <h2m+n2 (—2m+n)> —m(hz (m-2n) +n? (—m+n))) wo +
3 <2h2m+n <b2+2bm+m2—3bn—3mn+n2)) w§ -

i (b2+2bm+m2—9bn—9mn+9n2)w8+3 (b+m-23n) wé+31’1w8))
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G322 = Simplify[pb. (bb[h20b, h30]), wo € Reals §& m>0 & n<0 & h>0 &b > 0]

(12m® (55h*m? n® - i h?mn? (137 h?m-27 (b+m) n?) wy +
(—h4m2n+h2m(46b+46m—145n) n3+4 (b+m)2n5) w§ -
i(113h*m?+20 (b+m)?n*-2h?mn? (28b+28m+193n)) wi+
2n (h?m (63m-8n) -12b?n?-12m?n?+8n*+3bm (21 h?-8n?)) wf-
i(3h?m (17m-214n) +8b?n?+8n? (m?+10n?) +bm (51 h?+16n?)) wi+
(385h?m-4n (7b?+14bm+7m?+24n?)) wf+
41 (3b2+6bm+3m2—8n2> w8—112nw8+48jw%))/((—jn+wo) (jn+w0>

m2+w%>2 <h2m— (b+m)n?+21i(b+m-n)nwy+ (b+m-4n) w%+2jw8)

(h m+21 (b+m)nwy-4 (b+m-n) w%+81‘1w8)
( h?m+21i (b+m) nwyg+4 (b+m-n) w%+811w8)

2m+31 (b+m) nwy+9 (b+m-n) w%+271’1w8))
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G323 = Simplify[pb. (3bb[h20, h21b]), wo € Reals §&m>0 & n<0 & h>0 &&b > 0]

(12]'1m6
(—3Jih2mn3 (25h4m2+5h2m (6b+6m-11n) n?+9 (b+m)2n4> + (—45h6m3n2+2h4m2
(59b+59m-224n) n*+3h?m (b+m) (49b+49m-111n) n®+ 36 (b+m)3n8) Wy -
i (79h6m3n+3h4m2 (48b+48m-29n)n®-12 (b+m)? (9b+9m-20n) n’ -
3h?mn® (45b%+90bm+45m?-423bn-423mn+131n?)) wj+
(7h¢m*+56h'm? (6b+6m-13n) n?+h?mn* (409b?+818bm+409m?+645bn +645m
n-1661n?) +4 (b+m) n® (15b?+30bm+15m?+167bn+167mn-81n?)) wj +
in (h4m2 (2m-873n) +396 b3 n? + h2mn? (495m2—2867mn—961 n2) -
4n* (-99m*+101m?n+165mn?+6n3) +b? (495h?mn?+4 (297m-101n) n*) +
b (2h*m?+h?m (990m-2867n) n?-4n* (-297m®+202mn+165n?))) wf +
(-1400°n*+2h'm? (49m+12n) +h?mn? (233m? + 2993 mn - 3523 n?) +
4n* (-35m%+555m?n-291mn?+122n3) +b? (233h?mn?+60n’ (-7m+37n)) +
b (98h'm? +h?mn? (466m+2993n) -12n* (35m?-370mn+97n?))) wf -
i (235h4m2+h2mn (—205b2—410bm—205m2+391bn+391mn+3949n2> -
4n3(93b°+93m°+163m?n-709mn?+298n° +
b? (279m+163n) +b (279m? +326mn-709n?))) w§ +
(—22Ob3n2+h2m (35m2+863mn+449n2> +4n? (—55m3+489m2n—49mn2+10 n3) +
b? (35h?m+12n? (-55m+163n)) +
b (h?m (70m+863n) -4n? (165m” - 978mn+49n?))) w]+
i (llhzm (5m-73n) +84b°n+4b?n (63m+269n) +
4n (21m®+269m®n-707mn?+470n3) +b (55h?m+4n (63m?+538mn-707n?)))
w§+ (-56b%+263h°m-56m>+404m? n+940mn? - 808 n3 +
b? (-168m+404n) +b (-168m? + 808 mn + 940 n?) ) wj +
41 (65b2+lBObm+65m2—163bn—163mn+166n2) wd® +
8 (37b+37m-45n) wgl))/

((m—jwo)2 (m+]iw0)2 (—jn+wo>2

-h?m+21 (b+m) nwo+4 (b+m-n) wf+8iwj)

in (b2n2+2bm(—h2+n2) +m(mn2+h2 (—2m+n))) -

3 (b2n2—b (h2m+n2 (—2m+n)) -m <h2 (m-2n) +n? (—m+n)>> wo —
31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2>) wg +

(b2+2bm+m2—9bn—9mn+9n2)w8—31'1 (b+m-3n) w3—3w8))

G324 = Simplify[pb. (3bb[q, h22]), wo € Reals &6 m>0 & n< 0 & h>0 &b > 0]

1

(m+j1w0) (m2+a)%>212m5 71/(h (h m—(n—jwo) (b+m+2jwo>))

(3 n? +w%) (7 n? +w%)

(—J‘Lm+wo) (J’Ln+mo) - (nzﬂug)z

(2 (-3h?mn? (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)?n?) +
i (9h6m3n2+h4m2 (79 +79m-241n) n*+h?m (b+m) (62b+62m-105n)
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né+12 (b+m)3n8) wo + (—10h6m3n+26h4m2 (2b+2m-11n) n3+
12 (b+m)?2 (4b+4m-5n) n” +h?mn® (127b2+254bm+127m2—582
bn-582mn+183n?)) w§+i (h®m*+6h‘m?n? (10b+10m+11n) -
4 (b+m) n® <11b2+22bm+11m2—60bn—60mn+27n2) -
h?mn? (28 b? +56bm+28m? - 1013bn-1013mn+ 936 n?) ) w3 +
n (h‘lm2 (29m-189n) +40b3n?+5h?mn? (21m2+58mn—303n2) +4nt
(10m®+55m?n-108mn?+18n3) +5b? (21h?mn?+4n* (6m+11n)) +
b (29h*m?+10h?mn? (21 m+29n) +8n? (15m? +55mn-54n?))) wf -
i (76}33114—h4m2 (13m+67n) +hZmn? (50m2—613mn—436n2) +4 n*
(19m3—50m2n—99mn2+72n3) +Db? (50h2mn2+4 (57m-50n) n4) -
b (13h4m2+h2mn2 (-100m+ 613 n) + 4 n* (—57m2+100mn+99n2)))
wi+ (-32h'm? +h?mn (17b%+34bm+17m?+342bn+342mn-819n?) -
4n3 (4b°+4m3+Db? (12m-95n) -95m? n+90mn? +66n3+2b (6m? -
95mn+45n2))) w§ -1 <20b3n2+h2m(8m2—71mn—472n2) +
4 n? (5m3+20m2n—171mn2+60n3) +Db? (8h2m+20r12 (3m+4n)) +
b (h?m (16m-71n) +4n? (15m?+40mn-171n?))) wj +
(hzm(46m—8ln) -8b3n-4b% (6m-25n)n+4n (—2m3+25m2n+
36mn2—ll4n3) +2Db (23h2m+4n (—3m2+25mn+18n2))) w§ +
41 (15h?m+n (-10b?-20bm-10m? +45bn+45mn+24n?)) wj+
24 (3b+3m-5n) nw%0+48jnw%1))/
((n2+w%)2 <h2m—21'1 (b+m) nwy-4 (b+m-n) w%—81’1w8>
(—n (b2n2+2bm (—h2+n2) +m (mr12+h2 (—2m+n))) +
31 (bznz—b (h2m+n2 (—2m+n)) —m(h2 (m-2n) +n? (—m+n))) Wy +
3 (2h2m+n (b2+2bm+m2—3bn—3mn+n2)) w§ -
i(b?+2bm+m?-9bn-9mn+9n?) wi+3 (b+m-3n) w3+31‘1wg)) -
(2(-3ih?mn® (10h*m?+h?m (11b+11m-21n) n?+3 (b+m)2n?) +
(9h®°m®n? +h*m? (79b+79m-241n) n*+
h?’m (b+m) (62b+62m-105n) n®+12 (b+m)3n8) wo —
i <1Oth3n—26h4m2 (2b+2m-11n)n®-12 (b+m)?2 (4b+4m-5n) n’ -
h?mn® (127b?+254bm+127m? - 582bn-582mn+ 183 n?) ) wj +
(h®m®+6h'm?n? (10b+10m+11n) -4 (b+m) n®
(11b?+22bm+11m?-60bn-60mn+27n?) -
h?mn? (28 b2 +56bm+28m? -1013bn-1013mn+ 936 n?)) w3 +
in (h'm? (29m-189n) +40b°n*+5h’mn? (21m?+ 58 mn-303n?) + 4 n*
(10m3+55m2n—108mn2+18n3> +5Db? (21h2mn2+4n4 (6m+11n)
b (29h4m2+10h2mn2 (21m+29n) +8nt (15m2+55mn—54n2>)> w§
(-76b3n*+h*m? (13m+67n) +h?mn? (-50m? + 613 mn + 436 n?) +

) +

4 nt (—19m3+50m2n+99mn2—72n3) +
b? (-50h?mn?+4n’ (-57m+50n)) +b (13h'm? +
h?mn? (-100m+ 613 n) +4 n? (—57m2+100mn+99n2))) wg -
i(32h*m?-h’mn (17b%+34bm+17m?+342bn+342mn-819n?) +
4n (40%+4m3+b? (12m-95n) -95m? n+90mn?+66n3+2b (6m? -
95mn+45n2))) w§- (200°n2+h?m (8m2-71lmn-472n2) +
4n? (5m®+20m’n-171mn?+60n%) +b? (8 h?m+20n? (3m+4n)) +
b (h?m (16m-71n) +4n2 (15m2+40mn-171n2))) wj -
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j(8b3n+4b2(6m-25n)n+h2m(-46m+81n)+45(2m3-25m2n-
36mn?+114n3) -2b (23h?m+4n (-3m?+25mn+18n?))) w§+
4 (15h?m+n (-10b?-20bm-10m? +45bn+45mn+24n?)) wj +
241'1(3b+3m—5n)nw%0+48nw%1))/
((n2+w%)2(h2m+21'1(b+m)na)o—4(b+m~n) w%+81'1w8)
(J'Ln(b2n2+2bm(—h2+n2)+m(mn2+h2 (—2m+n)))—
3(b2r12—b(h2m+n2 (—2m+n))—m(h2 (m-2n) +n? (—m+n)))wo—
31'1(2h2m+n(b2+2bm+m2—3bn—3mn+n2))w%+
<b2+2bm+m2—9bn—9mn+9n2)w8—3j1(b+m—3n) wé—3w8))+
(hzm(~21h2mn2+(—25h2m+8n2 (b+m+3n))w%+40nwé))/
((n—jwo) (n+jwo) (hzm—2]'1 (n—ijO) (b+m+2]ia)o)wo)
(h?m+2 (n+2iw) wy (i (b+m)+2wp))) +
(8n (~2h2m+3 (b+m) n? + (b+m) w%) (6h4m2n3 (—h2m+(b+m) r12)+
w} <2h6m3n+h4m2 (41 (b+m) -34n)n®-6h?m (b+m) (9 (b+m) -8n) n°+
15 (b+m)3n7+n(~5h4m2 (b+m) -20h*m?n-128h%?m (b+m)2n? +
48h?m (b+m) n+ (8503 +255b?m+16h’?m+255bm?+85m3) n +
20 (b+m)2n°+60 (b+m) n®) wj +
(-2h'm?+2h?mn (-13 (b+m)2-12 (b+m) n-48n?) +
n® (101 (b+m)3+116 (b+m)?n+340 (b+m) n?+80n3)) wf+
(-24h?m (b+m) + (310°+93b?m+80h?m+93bm? +31m3) n+
124 (b+m)?n?+404 (b+m) n®+464n?) wf +
4(7 (b+m)?+31 (b+m)n+124n2>w8+112w%0>>>/
((n2+w%)2((h2m—(b+m) n2)2+2 (h?m (b+m) -4 h2mn+ (b+m)2n?+

2n') wi+ ((b+m)?+8n?) w3+4w8) (h'm? +

4 wh (—2h2m(b+m)+2h2mn+(b+m)2n2+4w%((b+m)2+n2+4w%>>>> +
. b+ —2im 2 4 2
1w ; 2 2n (3n?+w
m+ 1 wg m+ 1wy h2(n2+w%>2

(—thzng (5h4m2+h2m(8b+8m—13n) n? +3 (b+m)2n4) -
(12h*m®n+h'm? (50b+50m-161n) n3+
25h?’m (b+m) (2b+2m-3n) n>+12 (b+m)3n7) wo +
i (1’16m3+2h4m2 (19b+19m-103n) n?+12 (b+m)? (4b+4m-5n) n+
h?mn? (91b?+182bm+ 91 m? -404bn-404mn+123n?)) wj +
n (44b3n4+4b2 (5h2mn2+33mn4—60n5) +
b (-10h'm? +h?m (40m-719n) n?+12n* (11m?-40mn+9n?)) +
m(-2h'm (5m+49n) +4n’ (11m?-60mn+27n?) +
h?n? (20m? - 719mn + 628 n?) ) ) w3 +
i (h'm? (14m-37n) +40b3n®+3h?mn? (19m?+104mn-357 n?) + 4 n
<1Om3+55m2n—108mn2+18n3) +Db? (57h2mn2+20n4 (6m+11n)) +
2Db (7h4m2+3h2mn2 (19m+52n) +4n (15m2+55mn—54n2))) w§ +
(-35h*m? +h?mn (220b%+44bm+22m?-223bn-223mn-512n?) +
4 n3 (19b3+l9m3+b2 (57m-50n) -50m2n -
99mn?+72n3+b (57m2—100mn—99n2))) wg -
i(16b°n?+h?m (-5m?-140mn+231n?) +b? (-5h?m+4 (12m-95n) n?) +
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‘ 4 n? (4m3—95\m2n+90mn2+66n3) ~

2b (5h’m (m+14n) -4n? (6m?-95mn+45n?))) w§ +

(20b3n+20b2n (3m+4n) -5h?m (m+36n) +4n <5m3+20m2n—
171mn? +60n3) +b (-5h?m+4n (15w +40mn-171n?))) w] -

i(8b-3h?m+8m®+4b? (6m-25n) -100m? n-144mn? +

456 n3 +8Db (3m2—25mn—18n2>> w§ +
4 (1Ob2+10m2+5b (4m-9n) —45mn—24n2) wg +
241 (3b+3m-5n) wh®-48w}t) /
(h2 (n2+03)? (h2m-21 (b+m) nwo-4 (b+m-n) v} -8 i w3)
(—Jin (b2n2+2bm(—h2+n2) +m<mn2+h2 (—2m+n))) -3

<b2n2~b (h2m+n2 (—2m+n)) -m (h2 (m-2n) +n? (—m+n)>>
wo+31 (2h2m+n (b2+2bm+m2—3bn—3mn+n2)) w§ +

(b?+2bm+m?-9bn-9mn+9n2) wi+3i (b+m-3n) wg—wg)) .

(3h?mn? (5h*m?+h?m (8b+8m-13n) n?+3 (b+m)?n?) +

i(12h®m*n+h'm? (50b+50m-161n) n+
25h?m (b+m) (2b+2m-3n) n®+12 (b+m)3n’) wo -

(h6m3+2h4m2 (19b+19m-103n) n?+12 (b+m)2 (4b+4m-5n) n®+
h?mn? (91b?+182bm+91m? -404bn-404mn+123n?)) wj-

in (44b°n*+4Db% (5h°mn?+33mn?-60n°) +
b (-10h'm? +h?m (40m-719n) n?+12n* (11m? -40mn+9n?)) +
m(—2h4m(5m+49n)+4n4 (11m2—60mn+27n2)+

h?n? (20m? - 719mn+ 628 n?) ) ) wd -
(h*m? (14m-37n) +40b>n*+3h?mn? (19m? + 104mn - 357 n?) + 4 n*
(10m3+55m? n-108mn?+18n3) +b? (57h?mn? +20n* (6m+11n)) +
2b (7h*m?+3h?mn? (19m+52n) +4n? (15m? +55mn-54n?))) wf+
i(35h*m?+h®mn (-22b?-44bm-22m?+223bn+223mn+512n?) -
4n3 (1903+19m3+b? (57m-50n) -50m?n -
99mn2+72n3+b (57m%-100mn-99n?))) wj +

(16b3n?+h?m (-5m? - 140mn+231n?) +b? (-5h’®m+4 (12m-95n) n?) +
4n? (4m3-95m?n+90mn?+66n3) -
2b (5h?m (m+14n) -4n? (6m?-95mn+45n?))) w§ -

i (20b3n+20b?n (3m+4n)-5h?m (m+36n) +4n (5m°+20m?n-

171mn?+60n%) +b (-5h?m+4n (15m? +40mn-171n?))) wj +

(8b*-3h?m+8m’+4b? (6m-25n) -100m? n-144mn? +
456n3+8b<3m2—25mn—18n2)>w8—

41 (10b?+10m?+5b (4m-9n) -45mn-24n?) wd-

24 (3b+3m-5n) w50+48jw51)/

(h2 <n2+w%)2(h2m+2j(b+m)nw0—4(b+m—n) w%+81‘1w8)

(n <b2n2+2bm(—h2+n2)+m(mn2+h2 (—2m+n)))+3]i
(b2n2—b(h2m+n2 (—2m+n))—m<h2 (m-2n) +n? (—m+n)))
wO—B(2h2m+n(b2+2bm+m2—3bn—3mn+n2))w%—j
(b2+2bm+m2—9bn—9mn+9n2)w8—3(b+m—3n) wé+3iw8))+

(2m (-3h?mn+2n (b+m+3n) wj+100§)) / ((n-Lwy) (n+1iwp)

(h?m-21i (n-2iw) (b+m+21iw) wp)

(h2m+2 (n+2]'1w0)w0 (J'l (b+m)+2wo))) +
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(4 (;b—m) (én2+wg) 1(6 h4‘m2 n® (h?m- (bl+lrln) n?) + w}
(—2h6m3n+6h2m(b+m) (9 (b+m) -8n) n®>-15 (b+m)3n’ +
h®m?2n3 (-41 (b+m) +34n) -n (—5h4m2 (b+m) -20h*m2n -
128 h?m (b+m)2n?+48h?m (b +m) n3+(85b3+255b2m+16h2m+
255bm? +85m3) n®+20 (b+m)?n®+60 (b+m) n®) wf+
(2h*m?+2h?mn (13 (b+m)2+12 (b+m) n+48n?) +
n® (-101 (b+m)3-116 (b+m)?n-340 (b+m) n?-80n%)) w
(-24h?m (b+m) + (310°+93b°m+80h?m+93bm? +31m3) n+
124 (b+m)2n?+404 (b+m) n®+ 464 n*) wf -
4 (7 (b+m)?+31 (b+m) n+124n?) w8—112w50>>>/

(h2 <n2+(u%)2 ((hzm— (b +m) n2>2+2 (th (b+m) -4h?mn +

4
0

(b+m)2n2+2n4) w§ + ((b+m)2+8n2) w8+4w8) (h4m2+4w%
(—2h2m (b+m) +2h?mn+ (b+m)?2n?+ 4w ((b+m)2+n2+4w%)))) -

(3 n? +w%) (7 n? +a)%)

1/ (n2 (-n+iw)) |- oo

(2 (-3h?mn? (10h'm? +h?m (11b+11m-21n) n?+3 (b+m)2n’) +1i
(9h®m®n?+h*m? (79b+79m-241n) n*+
h?m (b+m) (62b+62m-105n) n®+12 (b+m)3n8) wo +
(—th6m3n+26h4m2 (2b+2m-11n)n3+12 (b+m)?2 (4b+4m-5n) n’ +
h?mn® (127b?+254bm+127m? - 582bn-582mn+ 183 n?))
wi+i (h®m®+6h'm?n? (10b+10m+11n) -4 (b+m) n®
(11b?+22bm+11m?-60bn-60mn+27n?) -
h?mn? (28 b2 +56bm+28m? -1013bn-1013mn+936n?)) wj +n
(h*m? (29m-189n) +40b3n*+5h?mn? (21m? + 58 mn - 303 n?) +
4 nt (1Om3+55m2n—108mn2+18n3) +
5b2 (21h?mn®+4n* (6m+11n)) +
b (29h'm?+10h?mn? (21m+29n) +8n (15m? +55mn-54n?))) wf -
i (76b3n-h'm? (13m+67n) +h?mn? (50m? - 613 mn - 436n?) + 4 n
(19m®-50m?n-99mn?+72n%) +b? (50 h2mn?+4 (57m-50n) n*) -
b (13h*m?+h?mn? (-100m+613n) +4n* (-57m? + 100mn + 99 n?)))
w§+ (-32h'm? +h?mn (17b%+34bm+17m? +342bn+342mn-819n?) -
4n® (40%+4m3+b? (12m-95n) -95m? n+90mn?+66n+2b (6m? -
95mn+45n?))) w§-i (20b°n?+h?m (8m?-71mn-472n?) +
4n2 (5m*+20m?n-171mn?+60n3) +b? (8h?m+20n? (3m+4n)) +
b (h?m (16m-71n) +4n? (15m?+40mn-171n?))) wj +
(hzm(46m—81n) -8b3n-4b?2 (6m-25n)n+4n (—2m3+25m2n+
36mn2—114n3) +2Db (23h2m+4n (—3m2+25mn+18n2))) w§ + 4
i (15h?m+n (-100b?-20bm-10m? +45bn+45mn+ 24 n?))
w+24 (3b+3m-5n) nw%0+48jnwél))/
((n2+w%)2 (hzm—Zj (b+m) nwy -4 (b+m-n) w%—8]'1w8)
(—n (b2n2+2bm(—h2+n2) +m(mr12+h2 (—2m+n))) +31
<b2n2—b (h2m+n2 (—2m+n)) -m (h2 (m-2n) +n? (—m+n)>>

wo+3 (2h?2m+n (b2+2bm+m?-3bn-3mn+n?)) wd-1i

Printed by Wolfram Mathematica Student Edition



150

(b2+2bm+m2—9bn—9mn+9n2) w+3 (b+m-3n) wé+31’1w8)) -
(2(-3ih?mn3 (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)2n?) +

(9h6m3n2+h4m2 (79b +79m-241n) n* +

h?’m (b+m) (62b+62m-105n) n®+12 (b+m)3n8) wo - 1
(th6m3n—26h4m2 (2b+2m-11n)n3-12 (b+m)?2 (4b+4m-5n) n’ -

h?mn® (127b?+254bm+127m? -582bn-582mn + 183 n?))
wf+ (h®m®+6h'm?n? (10b+10m+11n) -4 (b+m) n®

(11b2+22bm+11m?-60bn-60mn+27n?) -

h?mn? (28b?+56bm+28m?-1013bn-1013mn+936n?)) wj+in
(h“m2 (29m-189n) +40b3n?+5h?mn? (21m2+58mn—303n2) +

4 n4 (10m3+55m2n—108mn2+18n3) +

5b2 (21h?mn?+4n’ (6m+11n)) +

b (29h'm?+10h?mn? (21m+29n) +8n? (15m? +55mn-54n?))) w
(-760b°n?+h*m? (13m+67n) +h?mn? (-50m®+ 613 mn + 436 n?) +

4+

4 nt (—l9m3+50m2n+99mn2—72n3)+
b? (-50h?mn?+4n? (-57m+50n)) +
b (13h'm? +h?mn? (-100m+613n) +4n* (-57m?+100mn+99n?)))
w§-i (32h*m?-h?mn (17b2+34bm+17m? +342bn+342mn-819n?) +
4n3 (4b*+4m3+Db? (12m-95n) -95m? n+90mn? +66n3+2b (6m? -
95mn+45n2)))w8—(20b3n2+h2m<8m2—71mn—472n2)+
4 n? (5m3+201'r12n—171mnz+60n3)+b2 (8h2m+20n2 (3m+4n))+
b (h?m (16m-71n) +4n? (15m?+40mn-171n?))) wj - i
(80°n+4b? (6m-25n) n+h®m (-46m+81n) +4n (2m®-25m?n-
36mn?+114n3) -2b (23h?m+4n (-3m?+25mn+18n?))) w§+4
(15h?m+n (-100b?-20bm-10m? + 45bn+45mn + 24 n?) )
w8+241'1(3b+3m—5n)nw%o+48nw%1>>/
((n2+w%)2<h2m+2i(b+m)nwo—4(b+m—n) w5+81'1w8>
(J'Ln(b2n2+2bm<—h2+n2)+m(mn2+h2 (—2m+n)))—3
(bznz—b(h2m+n2(—2m+n))—m(h2 (m-2n) +n? (—m+n)))
w0—3]'1(2h2m+n(b2+2bm+m2—3bn—3mn+n2))w%+
<b2+2bm+m2—9bn—9mn+9n2)w8—31'1(b+m—3n) wé—3w8))+
(hzm(—Zlhzmn2+(—25h2m+8n2 (b+m+3n))w%+40nwé))/
((n—jwo) (n+jwo) (hzm—2]'1 (n—ZJ'lwo) (b+m+2]ia)o)wo)
(h?m+2 (n+2iw) w (i (b+m)+2wp))) +
(8n (—2h2m+3 (b+m) n? + (b+m) w%) (6h4m2n3 (—h2m+(b+m) n2>+w%
<2h6m3n+h4m2(41 (b+m) -34n)n3-6h?m (b+m) (9 (b+m) -8n) n°+
15 (b+m)3n7+n(—5h4m2 (b+m) -20h*m?n-128h?m (b+m)2n?+
48h?m (b+m) n+ (8503 +2550b?m+16h’?m+255bm?+85m%) n +
20 (b+m)2n°+60 (b+m) n6)w%+
(-2h*m?+2h?mn (-13 (b+m)2-12 (b+m) n-48n?) +
n® (101 (b+m)3+116 (b+m)?n+340 (b+m) n?+80n3)) wf+
(-24h?m (b+m) + (31b%+93b?m+80h?m+93bm? +31m?) n+
124 (b+m)?n?+ 404 (b+m) n®+464n') wf +
4 (7 (b+m)?+31 (b+m)n+124n2)wg+112w50)))/

((n2+a)%>2 ((hzm— (b +m) n2)2+2 (hzm(b+m) -4h?mn + (b+m)2n2+2n4)
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wj + (.(b+m)2+8n2) wé+4w8) (h*m? + 4 w3
(-2h?m (b+m) +2h?mn+ (b+m)2n? + 4 wj ((b+m)2+n2+4w%))))J]

G325 = Simplify[pb. (2bb[gb, h31]), wo € Reals &6 m>0 & n< 0 & h>0 &b > 0]

1

(m—ja}o)z (m+jwo)3 (—Jin+wo)2 (J'ln+a)0>3
24 mé —1/(h2m— (n—jwo)2 (b+m+2jwo)) (—J'Lm+wo) (—J'Ln+a)o) (Jin+w0)

((3h2mn3 (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)2n?) -
i (69h6m3n2+h4m2 (175b+175m-397n) n*+7h?m
(b+m) (14b+14m-15n) n®+12 (b+m)3n?) wp -
(38}16m3n+6h4m2 (57b+57m-170n) n®+12 (b+m)2 (8b+8m-5n)
n’+3h?mn’® (127b? +254bm+127m? -294bn-294mn+ 61 n?)) wj +
i (3h6m3+2h4m2 (127b+127m-661n) n?+4 (b+m) n®
(77b?+77m?+2b (77m-60n) -120mn+27n?) +h?’mn’
(674102 +1348 bm+674m? -2899bn-2899mn+1428n?)) wi +
n (h'm? (9m-767n) +496b3n? +h?mn? (515m? - 4612 mn + 4405 n?) +
4n* (124m®-385m?n+216mn? - 18n3) +b?
(515h2mn?+4 (372m-385n) n*) +b
<9h4m2+2h2m(515m—2306n) n2+8n¢ (186m?-385mn+108n2))) wf-
i (388b3n4—h4m2 (37m+25n) +h?mn? (46m? - 3383 mn + 6658 n?) +
4n* (97m3-620m® n+693mn?-144n%) +2Db?
(23h?mn?+2 (291m-620n) n*) +b (-37h'm? +
h?m (92m-3383n) n?+4n? (291m?-1240mn+693n?))) wj +
(—9Oh4m2+h2mn (137b2+274bm+137m2+5O6bn+506mn—4721n2> -
4n° (160b%+16m>+b? (48m-485n) - 485m’ n+
1116mn?-462n%+2b (24m® - 485mn+558n?))) w§ -
i(1160b3n?+h?m (50m? - 627mn-752n?) +4n? (29m®+80m? n -
873mn?+ 744 n3) +b? (50 h?m+4n? (87m+80n)) +b
(h?m (100m-627n) +4n? (87m?+160mn-873n?))) wj+
(15h?m (16m-51n) -80b>n+20b?n (-12m+29n) +4n (-20m3+145m’ n +
144mn?-582n3) +8b (30h?m+n (-30m? +145mn+72n?))) wf +
21 (8}:>3+ZL47h2m+8m3+8b2 (3m-25n) -200m? n+522m
n?+192n+b (24m?-400mn+522n?)) wf -
8 (1Ob2+20bm+10m2—90bn—90mn+87n2) wg® -
481 (3b+3m-10n) m51+96m52)/
((—h2m+21'1 (b+m) nwo+4 (b+m-n) wj+8iwi)’
(—n (b2n2+2bm (—h2+n2) +m (mn2+h2 (—2m+n))) +
31 (bznz—b (h2m+n2 (—2m+n)) —m(h2 (m-2n) +n? (—m+n))) wo +
3 (2h2m+n (b2+2bm+m2—3bn—3mn+n2)) w§ -
i (b?+2bm+m?-9bn-9mn+9n2) wi+3 (b+m-3n) wé+31’1w8)) -

(2h2m(in+wo)2 (2h2m—3 (b+m) n?+1i (13 (b+m) -12n) nwy +
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12 (b+m-4n) wj+441iwd) (12h?mn? +
wo (—Jin(7h2m+15 (b +m) n2)+w0 <3h2m+5n2 (-7 (b+m) +6n) +
wo (51 (b+m-14n) n- (7 (b+m)+10n+l4jwo)wo)>>>)/
((—h2m+2(b+m+2iwo)wo (jn+2wo))3(h2m—(b+m) n? +
Wo (2]'1(b+m—n)n+(b+m—4n+2]'1wo>a)0)))+
1/<h2m—21'1 (nf2imo) (b+m+2]’1w0>w0>2 (J’ln+w0>
(—ZIihzmn3+wo (—49h2mn2+6(b+m) n? + wy (31’1
(5h?mn-6 (b+m) n®+4n) +wy (-9h?m+2n? (-5 (b+m) +18n) -
2in (3 (b+m)+10n) wo-4 (b+m-3n) wg-8iwjd))))+
(h2m(1'1n+w0) (21]’1h2mn3+w0 (80h2mn2—15 (b+m) n? + wp (—]'1r1 (79h2m+
n? (-61 (b+m) +39n)) +wo (-12h?m+ (61 (b+m) -155n) n? +
wo (13in (b+m+11n) + (28 (b+m)—59n+861’1w0)w0)>>>))/
((hzm—Z(b+m+21wo>wo (in+2w))? (-h?m+3 (b+m+3iw)
wWo (jn+3wo))))+

h?m

1/ 1. jl(f)o . (]'L.FH»KUO)Z (1/(jm+wo> (m—]iwo>
m+ 1wy m+ 1 wg

((3h2mn3 (10h*m? +h?m (11b+11m-21n) n?+3 (b+m)2n*) -
i (69h6m31'12+h4m2 (175b+175m-397 n) n* +
7h’m (b+m) (14b+14m-15n) n®+12 (b+m)3n8) wo -
(38h6m3n+6h4m2 (57b+57m-170n) n®+12 (b+m)2 (8b+8m-5n) n” +
3h?mn® (127b%+254bm+127m?-294bn-294mn+61n?)) wj+
i <3h6m3+2h4m2 (127b+127m-661n) n?2+4 (b+m) n
(77b?+77m?+2b (77m-60n) -120mn+ 27 n?) +
h? m n? (674b2+1348bm+ 674m?-2899bn-2899mn + 1428 n2>> wg +
n (h*m® (9m-767n) +496b3n? +h?mn? (515m? - 4612 mn + 4405 n?) +
4 n4 (124m3—385m2n+216mn2—18n3) +
b? (515h?mn?+4 (372m-385n) n*) +b (9h*m? +
2h?m (515m-2306n) n?+8n* (186m?-385mn+108n?))) wf -
i(388b°n’-h'm? (37m+25n) +h?’mn? (46m” - 3383 mn+ 6658 n?) +
4 nt (97m3—620m2n+693mn2—l44 n3) +
2b? (23h?mn?+2 (291m-620n) n*) +b (-37h*m? +
h?m (92m-3383n) n?+4n? (291m?-1240mn+693n?))) wj +
(-90h*m? +h?mn (13702 +274bm+137m? +506bn+506mn-4721 n?) -
4n3 (16b3+l6m3+b2 (48m-485n) -485m? n +
1116mn? -462n°+2b (24m? - 485mn + 558 n?) ) ) wf -
i (116b3n2+h2m (50m2—627mn—752n2) +4n? (29m3+80m2n—
873 mn? + 744 n3) +Db? (5Oh2m+4n2 (87 m+ 80n)) +
b (h?m (100m-627n) +4n? (87m?+160mn-873n2))) w)+
<15h2m (16m-51n) -80b3n+20b?n (-12m+29n) +
4n (-20m®+145m? n+144mn? - 582 n°) +
8b (30h?m+n (-30m?+145mn+72n?))) wf+
2i (8b*+147h?m+8m®+8b? (3m-25n) -200m? n+522mn? +
192n%+b (24m?-400mn+522n?)) wg-8 (10b?+20bm+10m? -

90bn-90mn+87n?) wi°-481 (3b+3m-10n) w%1+96w%2>/
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((—h2m+211(b+m)nwo+4(b+m—n) w3 +8iwj)?
(—n(b2n2+2bm(—h2+n2)+m(mn2+h2 (~2m+n)))+
3i (b?n?-b (h?m+n? (-2m+n)) -m (h? (m-2n) +n? (-m+n))) wo +
3<2h2m+n(b2+2bm+m2—3bn—3mn+n2>>a)%—
I'L(b2+2bm+m2—9bn—9mn+9n2>w8+3(b+m—3n) wé+31’1w8>)—
(2h2m(in+wo)2(2h2m~3(b+m) n2+1 (13 (b+m) -12n) nwy +
12 (b+m-4n) wj+441iwd) (12h?mn? +
wo (-in (7h?m+15 (b+m) n?) +wo (3h?m+5n? (-7 (b+m) +6n) +
wo (54 (b+m-14n) n- (7 (b+m)+10n+l4jwo)wo>>>>)/

((—h2m+2(b+m+2iwo)wo (jn+2wo))3(h2m—(b+m) n? +

Wo (2]1(b+m—n)n+(b+m—4n+2]iwo>a)o)))+
l/(hzm—Zi (n—ZJ’lwo) (b+m+2]’1w0>w0)2 <j.1"1+0)0>
(—211’1h2mn3+w0 (—49h2mn2+6(b+m) n? + wg (31’1(5h2mn—
6 (b+m) n3+4n4)+w0 (—9h2m+2n2 (-5 (b+m) +18n) -
2in (3 (b+m)+10n) wo-4 (b+m-3n) wg-8iwid))))+
(h?m (in+wy) (21ih?mn3+w (80 h?mn?-15 (b+m) n +
wo (-in (79h?m+n? (-61 (b+m) +39n)) +
wo (-12h?m+ (61 (b+m) -155n) n?+wp (13in (b+m+11n) +
(28 (b+m)—59n+86iwo)w0))))))/

((h2m~2(b+m+21wo)mo (J'ln+2wo))2(—h2m+3(b+m+31'1w0>

Wo (jn+3wo))))+
(—J'Ln+¢uo) ((31'Lh2mr12 <5h4m2+h2m(8b+8m—13n) n?+3 (b+m)2n4) +

(12h®m®n+h'm? (50b+50m-191n) n’+
h?m (b+m) (50b+50m-27n) n®+12 (b+m)n’) w -

i (h®m®+2h%*m? (19b+19m-145n) n?+48 (b+m)3n+
h?mn? (91b?+182bm+91m? -202bn-202mn+27n?)) wj -

n (44b3n*+4b? (5h?mn?+n? (33m+41n)) +
b<—10h4m2+h2m(40m—437n) n? + 4 n* (33m2+82mn—33n2))+
m<~2h4m(5m+89n)+4n4 (llm2+41mn—33n2>+

h?n? (20m? - 437mn+242n?))) wd-

i (h*m? (14m-9n) +40b3n®+h?mn? (57m? +196mn-565n?) +
8 n* (5m3—105m2n+145mn2—21n3)+3b2 (19n2mn2+40 (m-7n) n?) +
2b(7h4m2+hzmn2 (57m+ 98 n) +20n? (3m2—42mn+29n2>>>w§+

(33h*m? +h?mn (-22b?-44bm-22m? +163bn+163mn+332n?) -
4n3 (1903+19m3+b? (57m-385n) -385m’ n+

931mn?-320n%+b (57m?-770mn+931n?))) wf +

J'L(16b3n2+h2m(—5m2—78mn+l23n2)+b2 (-5h2m+16 (3m-71n) n?) +
8 n? (2m3—142m2n+689mn2—467n3)—
2b (h?m (5m+39n) -4n? (6m?-284mn+689n?))) w§-

(20b°n+12b?n (5m+9n) -h?m (19m+94n) +4n (5m+27m’ n-

895mn2+1296n3)+b(—19h2m+4n(15m2+54mn—895n2)))w8+
i(8b%+11h?m+8b% (3m-31n)+8b (3m?-62mn-35n?)+
8(m3—3lm2n—35mn2+403n3))w%—
4(21b2+42bm+21m?-179bn-179mn - 64 n?) wf -
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81 (29b+29m-75n) w50+192w51)/
((—h2m+2i (b+m) nwo+4 (b+m-n) w%+81’1w8)2
(—J'ln (b2n2+2bm(—h2+n2) +m<mnz+h2 (—2m+n))) -3
(bznz—b (h2m+n2 (—2m+n)) -m <h2 (m-2n) +n? (—m+n)))
wo+31 <2h2m+r1 (b2+2bm+m2—3bn—3mn+n2)) w§ +
<b2+2bm+m2—9bn—9mn+9n2) wi+31 (b+m-3n) w8—3w8)) +
(2 (jn+w0)2 (3h2m(b+m) n+wg (—3]'1h2m(3 (b+m) —4n) + 4wy (7h2m+
(b+m)2n+wy (-1 (b+m) (b+m-4n) +4 (b+m-n+iw) wo))))
<l2h2mn2+wo (—J'ln (7h2m+15 (b +m) n2) + wy (3h2m+
5n2 (-7 (b+m) +6n) +
wo (54 (b+m-14n)n- (7 (b+m) +10n+14 1 wp) w0>>>))/
((—h2m+2 (b+m+2]la)0) Wo (J'ln+2wo))3 (hzm— (b +m) n? + wq
(21'1 (b+m-n) n+ (b+m—4n+2j1(uo) w0>>) +
(2 (in+wp) (-6ih?mn?+w (-5h?mn+12 (b+m) n3+
wo (-1 (h?m+6 (3 (b+m) -4n) n?) +
2w (2n (b+m+9n) +wo (34 (b+m) +4in+6w))))))/
(hzm—Z (b+m+2]iwo) wo (jn+2wo))2+ ((J'ln+a)0)
(13jh4m2n2+wo (hzmn (32h2m—29 (b +m) nz) +
wo (-1 (19h*m?+4 (b+m)?n*+h?mn? (-71 (b+m) +67n)) +
wo (n (-5h?m (b+m) -157h?mn-16 (b+m)?n?+16 (b+m) n?) +
wo (1'1 (63h2m(b+m) -19h?mn+8 (b+m)2n?2-64 (b+m) n3+
16n?) +wo (-141h?m+16n (- (b+m)?2-2 (b+m) n+
4n?) +4w (i (3 (b+m)?2-16 (b+m) n-8n?) -
4 (3 (b+m) —4n+3jw0>wo))))))))/

((hzm—2 (b+m+21’1w0) wo (Jin+2wo))2 (—h2m+3 (b+m+31’1w0>
wo (jn+3wo)))))

G32 = Simplify[G321 + G322 + G323 + G324 + G325,

wo €EReals &&m>0 & n<0 & h>0 &&b>0];

ReG32 =
Simplify[ComplexExpand[Re[G32]], wo €Reals && m>0 && n< 0 && h >0 &&b > 0]

(* Substituindo os valorr de wo e h %)

wo =V (-n) * (b+m)

-(b+m) n
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m

(b+m) n (-b-m+n)
m

(* Primeiro coeficiente de Lyapunov em fungdo dos paramteros = )

h=\/ (b+m) n (-b-m+n)

11 = FullSimplify[1ll, m>0 & n< 0 &&b > 0]

(2m*n ((b+m)2+12 (b+m) n-n?)) /
((b+m-n) (-m?+ (b+m) n) ((b+m)2-6 (b+m) n+n?) ((b+m)?-3 (b+m) n+n?))

(* Segundo coeficiente de Lyapunov em fungcdo dos paramteros =* )

1
12 = FullSimplify[— ReG32, m>0 && n< 0 &b > 0]
12

(m6 (9 (b+m)1*-277 (b+m)3n-608 (b+m)?n?+54271 (b+m)!1 n3-522318 (b+m)%n?+
2396645 (b+m)°n®-5068501 (b+m)8né+2025066 (b+m)’ n? +
4809361 (b+m)®né-4193735 (b+m)°n®+ 601386 (b+m)4nll+
172127 (b+m)3nlt -49228 (b+m)2n!2+4015 (b+m) nl3-117 n14))/
(9 (b+m) n (m? - (b+m) n)2 ((b+m)2-11 (b+m) n+n?)
((b+m)®-10 (b+m)*n+29 (b+m)3n?-29 (b+m)?n®+10 (b+m) n4—n5>3)

Modelo Tridimensional

Caculo de L1 para n=-1, b=m.

(* Substituindo os valores x)

FullSimplify[a]

1+3b
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wo =V (-n) * (b+m)
NV

h :=\/ (b+m) n (-b-m+n)

m

(*# Primeiro coeficiente de Lyapunov em fungdo de b %)

11 = FullSimplify[11]

2b2 (-1+4 (-6+Db) b)
(2+Db) (1+2b) (1+6b+4b?) (1+4b (3+b))

Solve[(-1+4 (-6+Db) b) =0, {b}]

{{p- [6-V37)} (oo 2

2

(5+337)]]

Modelo Tridimensional

Calculode L2
para

n=-1, b= (6+\/3_7)/2, m=b

(* Componentes do sistema (2.1) )

fl[x_,y_, z_] :=n%xx-y>
£2[x_, y_, z_] :=mx (z-y)

f3[x_,y_,z_] :=a*xy-b*xz+x*y

(#Substituindo os valoresx)
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N[(sm/ﬁ)/z,so]

6.0413812651491098444998421226010335310424850473932
(» Pontos de equilibrio %)

Solve[n*x—y2 =0 & mx* (z-y) =0 && ary-b*z+x*xy=0, {x, vy, z}]

{{er, y—->0, z->0},

{x+§(6+\/ﬁ—2a),y%— -6-+/37 +2a’2%_ -6-+/37 +2a},
N2 N2
{x%§(6+m,2a),y% -6-+/37 +za,2% -6-+/37 +2a}}
N2 N2

PO :={b—a, '\/n*(b—a) , '\/n*(b—a) }

(* Parte linear do campo de vetores *)

Df[{x_,y_, z_}] := {{Derivative[l, O, O] [f1][x, vy, 2],
Derivative[O, 1, 0] [f1][x, y, z], Derivative[O0, O, 1] [£f1][x, v, 2]},
{Derivative[l, 0, 0] [f2] [x, vy, z], Derivative[O, 1, 0] [£f2] [x, ¥, Zz],
Derivative[0, 0, 1] [£f2][x, vy, z]}, {Derivative[l, O, 0] [£3] [x, v, 2],
Derivative[O, 1, 0] [£3][x, y, z], Derivative[O0, O, 1] [£f3][x, ¥, 2z]}}

A := DE[PO]

A

-1, 2J§ (<6-+3T) +a, 0}, (o, i(«ﬁ?), § (637 )],

N | =

{\/i(_g_\/3_7)+a,§(6+\/3_7): (‘6‘\/3_7)}}

(*# Polindémio Caracteristico #)
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Det[A - A * IdentityMatrix[3]]

[1zﬁﬁ (-6-37 ) +a \-6-v37 +2a -

1
274 J (—6—\/37 ) +a A/-6-~/37 +2a —24A-4~/37 A-2822-4+/37 A2-4 23
2

pc:=23+ (b+m-n) *A%-nx (b+m) *xA+2% (b-a) *m*n

FullSimplify[Solve[(b+m-n) * (-n) * (b+m) ==2 % (b-a) *m*n, {a}]]

34/37

2

{{a%10+

}}

(* Valor da Bifurcagédo =)

2+4bm+m®- (b+m) n

b
a := FullSimplify|

]

2m

Solve[pc = 0, {A}]

{{IA>-7-V371}, {A>-i+6+437 }, {A5ir6++/37 }}

(* Autovalores x)

Eigenvalues[A] /. -1\ 6+V37 -5 -Ixwo /. 1\V6+V37 - Ixw
{-7-+/37, iwo, -1 wp}

Eigensystem[A] /. \6+v37 = wo /. 6+V37 = wer2 /. .[37 (6+V37) - hl /.

\V7+v37 > h2 /. -6-437 - - (won2)
{{-7-+/37, iwo, -iwo},

2h2 2 2 (-1hl-61w+w? 2
(-2, gy, A el by,
8 ++/37 8 +4/37 7437 (2 i wo + 3) 21wy + Wwh

2(]’1h1+6]’1w0+w%) w3

11}

4 4
2 i 2
7 ++/37 (—2]'1u)0+w%) 1 Wor o

1bl := I *xwo

1b2 := -I %xwo
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1b3 :=-b-m+n

(* Autovetor g e seu conjudado gb =*)

2 (-1 hl- 61w+ wj) w3

q:={— ,1}

h2 % (2iwo +wd) 2 i wo + w3

gb = FullSimplify[ComplexExpand[Conjugate[q]]]

2 (ihl+w (61 +wp)) wo

{_

h2 wy (—2]'1+wo) ' —21'1+w0,

Eigensystem[Transpose[A]] /. ‘\/ 6+V37 > wo /. 6+V37T - wo*2 /.

1[37 6+V37) > hl /. V7+v37 5 h2 /. -6-V37 - -(w*2)

-7-43 ’ ]].wo, *JIOJO

h2 8 +4/37 1 h2 -2 1-wp i h2 21-wg
-— - — - - - 1
- wv% R N T R )

2
wg

(* Autovertor p e seu conjugado pbx)

o/

2 (h1+wo (8 +wo (2:‘1+wo)))]J* ih2  2i-wo

r - 11}
o(2+a)o (]'l+wo)) i+ wo wo

b s (1/[2(hl+wo (8 + wo (2:1+wo)))]]*{_ LI T

o(2+wo (]'1+wo)) —J'l.+wo wo

(* Verificagdo da Normalizagdo =)

FullSimplify[pb.q]

(*# Fungdes multilineares simétricas B, C, D e E %)
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(* Fungdo B x*)
bb[{x1_, x2_, x3_}, {yl_,y2_ ,y3_}] :={-2x2y2, 0, x1*xy2+x2xyl}

(* Fungdo C «*)

ce[{x1_, x2_, x3_}, {yl_, y2_, y3_}, {ul_, u2_, u3_}] := {0, 0, 0}

(* Fungdo D «*)

dd[{x1_, x2_, x3_}, {yl_,y2_, y3_}, {ul_,u2_, u3_}, {vli_, v2_, v3_}] := {0, 0, 0}

(* Fungédo E x)

ee[{x1_, x2_, x3_}, {yl_, y2_, y3_},
{ul_, uw2_, u3_}, {vl_,v2_,v3_}, {wl_, w2_,w3_}] :={0, 0, 0}

(* Parte linear do campo de vetores *)

A= Simplify[DE[PO]] /. V 6+V37 = wo /. 6+V37 o wp*2 /.

37 (6+\/37) >hl /. V7+v37 > h2 /. -6-V37 » -(w*2) /.37 -rl

2
rl wj

2
{(-1, -2n2, 03, {0, -3- ==, 71}, {n2, — =

o322

2 2
(* Inversa da matriz A «x)

Al = FullSimplify[Inverse[A]]

C(6+r1)% 4w 402 (6+711) 4h2 w3
H(6+r1)2+4h22w%—wé’ (6+11)2+4h22w}-wl (6+r1)2+4h22(u%—w3}
2 h2 w3 2 (6+r1) 2 W}
- (6+r1)2+4h22w%—wé’7(6+r1)2+4h22w%—w8’7(6+r1)2+4h22w%—w3}
2h2 (6+1r1) 8 h22 - 2 w3 2 (6+11)
- (6+r1)2+4h22w2 - w} (6+rl)2+4h2203 -ws  (6+r1)2+4h22wi- w )

(# Matriz D2 = 2iwoI *)

D2 = 2 1 wo IdentityMatrix[3]

{{2]1(‘)0! OI O}I {OI 2]10-)0/ O}I {OI Or 2]]-0-)0}}
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(# Matriz DA = 2iwoI-A =*)

DA =D2-A

{{1+21iwo, 202, 0}, {0, 3+r2—1+2jw0, 7(‘;—0} {-h2, -

(* Inversa da matriz DA «x)

DAI = FullSimplify[Inverse[DA]]

{{({(6+r1)2+wo (81 (6+rl) -wp (16+w%)))/((6+r1)2+
wo (21 (6+71l) (10+71) +wo (4 (h22-4 (7+7l)) -iw (32+wo (-i+2wo))))),
~((4n2 (6+r1+4iw)) /((6+r1)%+
wo (24 (6+71) (10+71) +wo (4 (h22-4 (7T+1l)) -dwo (32+wo (-i+2wo)))))),
-((4n2wg) /((6+r1)2+wy (21 (6+7l) (10+7l) +
wo (4 (h22-4 (7T+71)) -dwo (32+wo (-i+2wo))))))}, {(2h2w%>/((6+r1)2+
wo (21 (6+71) (10+7l) +wo (4 (h22-4 (7+7l)) -iw (32+wo (-i+2wo))))),
~((2 (6+r1+4iwy) (-i+2wo)) /(L (6+1x1)%+
wo (-2 (6+rl) (10+1l) +wo (41 (h22-4 (7+11)) +wo (32+wo (-1+2wo)))))),
(2 (1-2wo) w§) /(L (6+71)2+wy (-2 (6+7l) (10+rl) +
wo (41 (h22-4 (7+11)) +wo (32+wo (-i+2wo)))))},
{(2n2 (6+r1+4iw))/((6+r1)2+wy (24 (6+rl) (10+711) +
wo (4 (h22-4 (7+rl)) -dwo (32+wo (-i+2wo))))),
(-8h22+2wf+41iwd) /((6+r1)2+wy (21 (6+1l) (10+1l) +
wo (4 (h22-4 (7T+rl)) —iwe (32+wo (-i+2wo))))),
~((2 (6+r1+4iw) (-i+2wo)) /(1 (6+11)%+
wo (-2 (6+rl) (10+7l) +wo (4i (h22-4 (T+7l)) +wo (32+wo (-i+2wo))))))}}

(* Calculo do vetor complexo h20 x)

h20 = FullSimplify[DAI.bb[q, q]]

{-((uwg (8h1-i (6+x1)2+w, (8 (12+rl) +iwg (24+w%>>>>/((21’1+w0)2 ((6+z1)%+
wo (21 (6+r1) (10+x1) +wp (4 (h22-4 (7+11)) - 1wy (32 +uw (—j+2wo))))))),
(40f (2in1+wo (-4 (-3i+h1) - (26+4h2%+diwo) wo))) /
(hz (2i+wo)? ((6+21)2+
wo (21 (6+rl) (10+rl) +wo (4 (h22-4 (7+rl)) -1iw (32+wo (—]‘1+2w0)))))),
-((4 (6+rl+4iw) (-21hl+wp (4 (—31’1+h1)+(26+h22+4jw0)w0)))/
(hz (2i+wo)? ((6+21)2+

wo (21 (6+1r1) (10+71) +wp (4 (h22-4 (7+x1)) -1iwy (32 +uw (—J’L+2wo)))))))}
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(* Vetor complexo h20b x)

h20b =
Simplify[ComplexExpand[Conjugate[h20]], wo € Reals && hl >0 && h2 > 0 && rl > 0]

{(21wf (8h1+1’1(6+r1)2+8(12+r1)w0—24jw%—jwé))/((—2j+wo)2
((6+r1)2-21i (60+16r1+r1%) wo+4 (h22-4 (7+r1))w%+321’1w8—w3+21w8)),
-((4w5 (2inl+4 (3]’1+h1>w0+(26+h22)w%—4jw8))/(h2 (-2 +wo)?
((6+r1)2-21 (60+16x1+r12) wy+4 (h2?-4 (7+r1))w%+32jw8—w3+2ng))),
~((4 (6+x1-4iwp) (2in1+4 (3i+hl)wo+ (26+h22) Wh-4iw3))/ (h2 (-2 +wo)

((6+rl)2—21'1 (6O+l6rl+rl2)wo+4 (h22—4 (7+r1))w%+321’1w8—w3+21’1w8)))}

(» Calculo do vetor complexo hll =)

hll = Simplify[-AI.bb[q, gb]]

2w3 (- (6+11)2+8 w3 +wd)

{,

(-2i+wo) (28 +wo) (-(6+71)2-4h2%wF+wf)
4 (2 +h22) wf

- 14

h2 (-2i+w) (21i+w) ((6+r1)2+4h22w}-wf)
4 (2+h2?) (6+71l) w3

h2 (-2 1i+w) (21i+wo) ((6+rl)2+4h22wf-wf)

(* Calculo do numero complexo G21 *)
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G21 = FullSimplify[pb. (2bb[q, h1l] +bb[gb, h20]),
wo € Reals && hl >0 && h2 > 0 && rl > 0]

1

(21'1+w0)2 (h1+a)0 (8+w0 (21’1+w0))) w5 (2+w0 (]l+wo))

2w (-41ihl (2+h2%) -h22 (6+1rl1)?2-241 (2+h2%) wo+4 (2+3h2?) wj+h2%wd
6

(h22 (=21 +wo) ((6+1r1)2+4h22wf-wh))+
(4 (ihl+wp (61+wo)) (-2ihl+wy (4 (-31+hl)+ (26+h22+41iwp) wo)))/
(h22 (-2 i +wo) ((6+11l)2+wp
(21 (6+rl) (10+rl) +wp (4 (h22-4 (T+rl)) -dwy (32+wy (-1+2w0)))))) -
(iwp (8h1-1 (6+r1)2+wo (8 (12+rl) +iw (24+w3))))/ ((-21+wo) ((6+11)2+wp
(21 (6+rl) (10+rl) +wp (4 (h22-4 (7+r1)) -dwy (32+wo (-1+2wo)))))) -
2 (2+022) v +(2hl+wo (12+4ihl+1 (26+h22+4 1wy wo)) /
(6+rl)2+4h2%wj-w}

(i (6+r1)2+wo (-2 (6+rl) (10+rl) +w (41 (h22-4 (7+rl))+

wo (32 + 0y (J‘L+2wo)))))J]/(2+wo (-3 +wp))

i w2
41 wj

hl := 37(6+«/?)
h2 :=\7+V37
r1'=\/3_7
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G21

w3 (2+w0 (]'1+w0))

-(6+\/ﬁ)2 (7+\/W)—4j |37 (6+\/W) (9+\/W)-2411(9+\/W) W +

[(7+V3T) (-2ivw) [(6+33T) 04 (74337 ) g -ut) )+

]|/

6+ \/3_7)] 33 NE 4]1(00
((7+ 37) (-2 i +wo) ((6 37)2 W (21(6+\/_7) (10 \/_)
Wo (4 (7+\/ﬁ—4(7+\/ﬁ))—1w0 (32+w0 (—1+2w0))))))—

~i (64437 |78 [37 (6437 ) wao (8 (12437 | +iwo (24 +03))

((—21’1+w0) ((6+m)2+wo (21'1 (6+\/ﬁ) (10+ﬁ)+
wo (4 (7+\/W-4 (7+\/W))-]1w0 (32 +wo (—]'1+2a)0))))))—

2 /37(6 \/37) +
12+41 l37 6++/3 33 A 37 41w0 Wo

1(6\/? w0(2(6+ﬁ)(10 F)

2 w}

4 2+3(7+\/377))w%+(7+\/377) w}

i 37(64—\/37) +w0(6j1+wo)

/—\
w
;:4
w
~J
—

|/

/

wo (43 (7437 —4 (74437 )] +uo (32400 (Mwo)))))]]/

/

(—2+a)0 (—3]'L+a)0>)

(21+wo)? [ 37 (6+\/3_7) +wo (8+wo (21 +wo))

|

(*# Calculo do numero complexo G21lb =*)
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G21b = Simplify[ComplexExpand[Conjugate[G21]], wo € Reals]

w§

2961 +/6++/37 (783253+128766\/37)+

25753201 +4233801+/37 +264661+/6++37 +43510 |37 (6+\/37)

296 wo +

[918 687541 1+/6++37 +1510313031 |37 (6+\/37) -

w§ +

200231087~/ 6++37 +

148 (7 712803 + 1267977 /37 )

32917733 |37 (6+\/3_7> 4 (861767877+141673765 \/3_7) w3 +
[4330586350711943818\/3_346318742]’1«/6+\/W
569333381 37(6+ﬁ) wh+ |-2234198824+/6+~/37 +
713411378791+ 56082177 i /37 - 52471040 37(6+ﬁ) wg +
[—2379433023—391179305\/3—7+1011761633J'l 6+/37 +
166289163 1 37(6+\/W) w§+ |-235686929~/6+/37 -
38787819 37(6+\/W) +21(92903155+15272441W) Wl +

[55213272290773302\/3 -277583621+/6++37 -

47864221 |37 (6+\/37 ) w§ +

[23088000x/6+x/37 +3277320 /37(6“/37) +23]1(2787311+461657x/37)

wd+ 21069437 +3709547+/37 -

8392081 i+/6++/37 -10303311i |37 (6“/37)

w§® -

wgt +

[2 3790901 +6065981+/37 +661819~/6++/37 +171977 |37 (6+\/37 )
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2164006+418898~/37 +6949341i/6++/37 +2044101 |37 (6“/37)
~433871+788831i /37 +115144+/6+~/37 +14768 |37 (6“/37)
/37(6“/37)

-402493-71323+/37 +816591+/6++37 +192411

218018 i +268541+/37 +8029+/6++/37 +1807

2[7773'“/6“/37 +1791 |37 (6+\/37) +85(93+7\/37)
[133551’1+1853J’1\/37 +296+/6+/37 +56 /37(6“/37)

3
(2875+397\/377) Wit + 26 i (7+ﬁ) wh® + 8 (7+\/377) w3?

/

[(7“@) (4 +w3) (73+12\/?+4 (7+\/ﬁ) w%—wé)

[37 (6 +16 |37 wo+64wi+2 |3 W3 +20 Wi + w§

(10 657+ 1752 /37 + (52 604 + 8648 /3 )

2 (89+28x/37 ) wh - 104 (74“/37 ) wg+129wg+4w50)

(* Calculo da parte real do numero complexo G21 =*)
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ReG21 = Simplify[ComplexExpand[Re[G21]], wo € Reals ]

wg

2964/ 6 +~/37 (264661+43510x/37)—
148 (7 712803 + 1267977 /37 ) wo +) 6 +~/37 (zoo 231087 +32917733~/37 ) wf -

2 (2 165293175 + 355971 909 +/37 ) W3-8~ 6+~/37
(279274 853 + 45912160 /37 ) wh - 11 (216312 093 + 35561 755 ~/37 ) w§ -

6+37 (235686929+38787819W) w8—2(276066361+45386651\/377) w] +
120~/ 6 ++/37 (192400+27311\/3_7)w8+(21069437+3709547\/3_7)w8—
6+/37 (661 819 +171977 \/W) Wi + (2 164006 +418898 \/W) wit -

8~/ 6+37 (14393+l846\/?)w%2—7(57499+10189m)w%3+
6+37 (8029+1807\/377)w%4+170(93+7\/377)w%5+

8~/ 6+~37 (37+7\/3_7)w%6+(2875+397\/3—7)w%7+8(7+\/3_7)w%9

/

[(7”/3_7) (4 +w3) (73+12\/3_7+4 (7+\/3_7) wg-wg)

[37 (6+\/37)+16 37(6“/37) wo+ 64w +2 |37 (6“/37) Wi + 20 Wl + w§

(10 657 + 1752 /37 + (52 604 + 8648 /37 ) w3 -

2 (89+28\/3_7) wh - 104 (-4+\/3_7) w8+129w§+4w%0)

(*# Calculo de 11 %)
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1
11 = — Simplify[ReG21]
2

296~/ 6++/37 (26466l+43510x/37)—

wg

148 (7 712803+ 1267977 /37 ) Wy +/ 6 +~/37 (200 231087 +32917733~/37 ) w3 -

2 (2 165293175 + 355971 909 /37 ) Wi -8~/ 6+~/37
(279274 853 + 45912160 /37 ) wh - 11 (216312 093 + 35561755 +/37 ) wg -

6+~/37 (235686929+38787819\/W) wg-z(276066361+45386651\/W) W] +
120~/ 6++/37 (192400+27311x/ﬁ)w8+(21069437+3709547m)w8—
6+37 (661819+171977W) w50+(2164006+41889sﬁ) wit -
8+/6+~37 (14393+1846\/3_7)w%2—7(57499+10189\/3_7)w%3+
6+~/37 (8029+1807\/W)m54+17o(93+7\/W)m55+
8+/6+/37 (37+7\/377)w56+(2875+397\/377)w%7+8(7+\/377)w%9

/

[2 (7+ﬁ) (4 +03) (73+12ﬁ+4 (7+ﬁ) w%—wg)

[37 (6+V37 ) +16 [37 (64437 | wo+64wg+2 [37 (6437 ) wf+20wh+us

(10 657+ 1752 /37 + (52 604 + 8648 /37 ) Wi -

2 (89+28 V37 ) wh - 104 (74“/37 ) w8+129w8+4w%0)

wo := 6+ 37

11 = Simplify[11]

Unset[wo]

(* Matriz D3 = 3iwoI =*)

D3 = 31 wo IdentityMatrix[3]

{{3].1(*)0! 0/ O}I {O, 31‘1@0/ O}, {Or Or 3jw0}}

(*# Matriz TA = 3iwoI-A =*)
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TA=D3-A

{{1+3iw, 24/7++/37 , 0},
A/ 2 2 A/
{0, 3+ 27 +3J‘1w0,-w2—°}, [~ 7++/37 R B Xl +3iw}}

2 2

(» Matriz inversa da matriz TA «x)

TAI = FullSimplify[Inverse[TA]]

1
{{ ,(4\/74—\/37 (6+\/37 +6J'1wo)
) 4 (7”/37 )wo
l+wy |31-
~73-12+/37 -12 i (6+\/37 )wa+36 wh+ws

/

(-73-1237 +wo (-3 (97+16/37 | +wo (32 (7+/37 | +wo (108i+wo+316h)))],
(4%«%/
(-73-12V/37 +wo (-3 (97+1637 | +wo (32 (74337 | +wo (1085 +wo+ 300} ))]},
{—((me% /(—73—12\/3_7+
wo (31 (9741637 ) +wo (32 (7+/37 | + o (108]1+w0+3]1w5))))),

(2 (-1 +3wo) (71 (6+\/ﬁ)+6wo))/(—73—12\/ﬁ+
wo (7311 (97+16m)+w0 (32 (7+\/W)+mo (108]’1+w0+3]'1w§)))),

1

2i (7+ﬁ) 7341237 +124 (6+\/377] wo-w} }’
+

-i+3 wo 2 wh
{7((%/7“/? (6+\/ﬁ+6jwo) /(773712\/?+
Wo (7311 (97+16\/377)+w0 (32 (7+\/377)+w0 (1081‘1+w0+31w%>)))),
(8 (7+\/377)—2w%—61’1w8)/(—73—12\/377+
Wo (7311 (97+16\/377)+w0 (32 (7+ﬁ)+w0 (1081‘1+w0+3jw%>))),

(2 (~i+3w0) (i (6+337 ) +6uwo))/
937320037 o (33 (3742657 s0n {32 14437+ 108520035281 )

_18 -

(*# Calculo do vetor complexo h30 =*)

h30 = Simplify[TAI. (3bb[q, h20])]

11692 +1924+/37 -58091+/6++/37 -9551 37(6+\/37) +
8827 1+ 1453137 +9583+/6++/37 +1597 |37 (6+\/37)

{

48 wj

2

Wo +
[31605+5175x/37 +198321i~/6++/37 +33921 /37(6“/37) Wi +
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[315341’1+5098J’1\/373256x/6+\/ﬁ616 /37(6“/?)
[ i 6+~/37 +7i [37 —16 539+83r)
Tl 6+~/37 +7 /37(6“/?) +37i(7+\/?)

(7T ) (21 v w)?

3(59+9\/377) wg-21(7+ﬁ) w}

(-73-12\/37 -2 (97+16\/37)w0+12 (7+\/37)w%+321’1w8+w3+21’1w8)

(773712\/37 ~3i (97+16\/37)w0+32 (7+x/37)w%+1081’1w8+w3+31’1w8)),

12 w3 wo +

~296 (6+ﬁ) -8 [1851’1 (6+\/ﬁ)+12 37 (6+ﬁ)

9413 +1619+/37 - 7401~/ 6+~/37 -6361 /37(6+\/37)
-58731-6951+/37 +1924~/6++/37 +1020 |37 (6+\/37)

6892 +716/37 +961 |37 (6+\/37 )

wh+di (329+25\/37)w5+

(~41 V37 ) wf+34 (74437 ) 4} //u7+v§7)(2j+w@3

(773712\/37 -2 (97+16«/37 wo + 12 (7“/37 ) w%+321’1w8+w3+21’1a)8)

)
(—73—12\/3_7—31'1(97+16\/3_7) W + 32 (7+\/3_7) w5+108ﬁw8+w3+3jw8)),
12 (6+\/3_7+6J'1w0)w0

—296(6+\/3_7)—8 {1851’1 (6+\/3_7)+12 37 (6+\/3_7)

9413+ 161937 - 74010~/ 6+~/37 -636i /37(6+«/37)
~58731-695i~/37 +1924+/6++37 +1020 /37(6“/37)

6892 +716+/37 +961i |37 (6“/37 )

wh+4i (329+25«/37)wg+

(-41+/37 ) wf+3 i (7+37 | o] /(( +V37 ) (2 +w)’

(773712\/377211(97+16\/37)w0+12< x/37)w5+321’1w8+wé+21’1w8)
(—73—12\/37—31’1(97+l6x/ )w0+32( x/37)w%+108jw8+w3+3iw8))}

(# Calculo do vetor complexo h30b *)

h30b = Simplify[ComplexExpand[Conjugate[h30]], wo € Reals ]
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48 wj

{ 249323020+ 40988452+/37 +1238134331+/6++3

20354803 i 37(6+\/3_7) [—41270950%/ 37 -

67849025 |37 (6+\/37 ) 21 (641394 979 + 105444 685 /37 ) Wy +

[—455314 613 -74853263+/37 +5017256241+/6++/3

824831841 |37 (6+\/37 ) 6081705883 1+9998263451+/37 -

1603028848 +4/37 -263536360 |3 +4/3
[12188248811 +4/37 +2003749391 +43

4 (371 529961 + 61079127 +/37 )

;

T

20161380381 +3314486181+/37 +

2199478875 +437 +361578681 |3 +4/3

[1591 908661 -261713791+/37 -10382106761~/6++/3

132703164/6++/3

B

170620492 1 Y,

w
N
—
o
+
w
|
-

21931236 |37 (6“/37 ) -1 (892 400081 +146719235~/37 )

[32238316+5208220w/37 ~ 471152451~/ 6+~/37 -74577111i |37 (6“/37) ]

15403951/ 6++37 +2827045 37(64—\/37)

21 (33 359365+ 5539003 /37 )

9196793 +1215707~/37 -10413281i~/6++/37 -1495121i 37(6“/37) wl® +
1078328+/6+ \/37 +209264 37 (6++/37 5720687+903989«/ ) wit +

2591i+/6++/37 +2891i /37(6+\/377) + 624 (2692+391ﬁ)
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3 w3 +

14245/ 6 ++/37 +2695 /37(6+\/37) —21’1(45651+6685\/37)

[8504l+12915\/37 ~1481i+/6++/37 -281 /37(6+x/37) wh +
[444\/6+\/37 184 /37(6“/37) —i(8347+1201\/37) WS +

8(124+19\/377) wg6-121(7+ﬁ) wl?

/

((7“/37 )3/2 (-2 i+wo)® (1065741752 /37 + (52604 + 8648 V37 | wh -

2 (89+28 V37 ) wh - 104 (74“/37 ) wg+129wg+4w50)
(10 657+ 1752 /37 + (108 809 +17888+/37 ) w3 + (25 062 + 3944 /37 ) wh +

(10 366 - 22437 ) WS+ 649 Wf + 9%0)),

12 w3 |-296 (128 766 +21169 \/3_7) -
321194472+ 6+~/37 +31971 |37 (6+\/W) +185]1(10657+1752\/W) W +
[50760128383449133\/ﬁ+7697924j 6++/37 +
1265532 i 37(6+\/3_7) w%—2[4061729371’1+66774487]’1\/3_7+
74776704/ 6+~/37 +12293168 /37(6+\/3_7) Wi+ |-1357401451 -
22315696537 -652563081+/6+~/37 -10731308 1 37(6+\/3_7) wh -

2 [1180367 6051 +1940521391+37 +312371316+/6++/37 +

51371900 |37 (6“/37) Wi+ [735360741 + 120887483 /37 -

743286488 1+/6+~/37 -122265512 i /37(6“/37)
[368136976 6++/37 +59913200 /37(6“/37) -

21 (171 820271 + 28241 897 +/37 )

78871864 1/6++/37 +126626641 |37 (6+\/37 )

w§ +

wl+ 289790021 +47873419+~/37 +

w§ +
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wd +

[58886274i+9754094i\/?+9857984x/6+\/? - 670560 /37(6“/?)
[2835423+1686513@%321748jm/6+\/377 +10413881 /37(6+ﬁ)]
w%°+[53190101+480894j\/37246864w/6+\/?239184 /37(6“/?)}
w%1+[98569+60025\/ﬁ+51801'1x/6+\/? +311401 /37(6“@)
[3932261’1+28246J’1\/ﬁ11544x/6+\/? ~5640 |37 (6+\/ﬁ)

[6719+513\/37 +576i |37 (6+\/37 )

wg? +

w3 +

wd? +

/

21'1(7111+769\/377) wg5+9(39+ﬁ) w%6+181'1(7+\/377) wy’

((7“/3_7) (-2i+wo)® (10657+1752\/3_7+ (52604+8648\/3_7) w3 -
2 (89+28\/W) wh - 104 (74“/?) wg+129wg+4w50)
(10 657+ 1752 /37 + (108 809 + 17 888 W) w3 + (25062+3944 ﬁ) wh +
(10366—224\/3_7) wg+649wg+9w50)),

12wy | -296 (1 555849 + 255780 /37 ) -16 {4 699518~/ 6++/37 +

-6511762259 -

772596 |37 (6+\/37 ) +2591 (128 766 +21169+/37 ) Wy +

1070527121+/37 +1303508521/6++/37 +214295481 |37 (6+\/37 ) w§ -

8 [846222448]'l+139118115j\/37 +220103417+/6++/37 +

wd + 1108724204 1+/6++/37 +

36184779 |37 (6+\/3_7)

w§ -

5 (—4255 058331 -699527417~/37 +3574772 1 |37 (6“/37 )

8 125474826051 +4188023861+37 +992689280+/6++37 +

w3+ |-5279409943-867940029+/37 -

163199160 |37 (6+\/3_7)

5235087080 1i+/6++/37 -860416760 1 37(6“/37) w§ -
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4121409770191 +3519670511+/37 +8527168+/6++/37 +

1494224 |37 (6+\/3_7)

1448213377+238127771+/37 -

12670721041~/ 6++/3 -2046313521 +4/3

4

126892092/ 6++/3 +20452652 +43

1 (256130251+42457419 \/37) wd+ (432731163 +71479065+/37 +

53139401~/ 6++/3 +14593436 1 +4/3

wgt +

8[40868251’12393381’1\/37 +1949937~/6+~/37 +570795 37(6“/37)

[33543571+3l46945x/37 26644441+/6+~/37 +16271241 |37 (6+«/37) ]

w§> +

w52+8[499484j+25319jx/3 -30858+/6++/37 +17682 37(6“/37)

[905761’1x/6+\/377+37296i /37(6+\/377) +31 (78021+5783\/377)

254811 +5093 137 +864 |37 (6“/37 )

4 wgs +

(87771+9633\/3_7) wé6+36j(—19+5\/3_7) wh7 + 108 (7+\/3_7) w}®

/

((7+\/3_7) (-21+wo)? (10657+l752\/3_7+ (52604+8648\/3_7) w3 -
2 (89+28\/ﬁ) wh - 104 (74“@) w8+129w8+4w%0)
(10 657 +1752 /37 + (108 809 + 17 888 \/3_7) w3 + (25062+3944 \/3_7) wh +

(10 366 -224+/37 ) W + 649 W + 9w%0>)}

(* Matriz D1 = iwoI *)

D1 = i wo IdentityMatrix[3]

{{]-le, OI O}l {OI ]IleI O}I {Or Ol Jiwo}}

(* Matriz L = iwoI-A %)
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L=Dl1-A

{{1+iwo, 247++/37 , 0},
/37 w3

0, 3
{0, 3+ =

2 [1‘1 37 (6“/37) ~ 61w+ W}

2
wg

4
i 2
AT+ 37 (211w0+wg) 21 o + g

(- 1)

pb

{_ ]'1\/7+\/? Wo (2+w0 (j+mo))

2(—]'1+w0) 37(6+\/3_7) + Wy (8+a)0 (2]'1+w0))

(1+%)wo (2+UJ0 <i+wo)) Wo (2+w0 (J'1+(uo>>

. }
2[ 37 (6+\/W) + Wy <8+mo (2]1+a)0))

2[ 37 (6+\/W) + W <8+mo (2]1+a)0))

i wo IdentityMatrix[3] -A

{{1+1iwo, 247++/37 , 0},

BETR SRR

(» Matriz L21 = ((iondentitylbdatrix[3]—A g)) %)
P
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2 [—:‘1 37 (sm/ﬁ) —6:|'1wo+w§]

\/7+«/37 (2iwo+w§)
4/ 2 4/
37 iw, -5, —=— ), -V 7+V3T 37 +iwo, 1},
2 2

2 1 wo + w3
{_ J'J.\/'7+'\/3_7 wo(2+wo (J'J.+a)o))
2 (-1 +wo) [ 37 (6+«/F) +wo (8 +wo (2i+wo))J

121 = {{1+iwo, 2 7+4/37 , 0, -

1,

{o,3+

103 s oo (220

’

2[ 37 (6+V37 ) +wo (8+wo (21'1“*’0))]

wo (2+wo (J'1+wo))

o)
¢ [{fo7 (6o T) oo (g (20

2 -1 37(6“/37) - 61wy + w3
Hl+]’1wo,2 7+4/37 , 0, - }'
7++/37 (21’1w0+w%>
w3 w3 w3 37
{0,3+ +iwy, - —, 70},{— 7++/37 , -—, 3+ +1 wp, 1},
2 2 21w+ wd 2 2

{7 ]'1\/7+\/3_7 wWo (2+w0 (j+wo)) ,

2 (-1 +w) 37(6+\/?) vwo (84w (21 +w))

(l+%) Wo (2+w0 (j+wo))

4

2[ 37 (6+\/3_7) + Wo <8+a)0 (2]'L+wo>>

wo (2+wo (1+wo))

: 0}
2{ 37 (6+\/377) + Wo (8+wo (2Jl+w0))

(* Inversa da matriz L21 =)

L21T = Simplify[Inverse[L21]];

(* Calculo de R21 )

{bll, b22, b33} = Simplify[cc[q, q, gb] +bb[gb, h20] +2bb[q, h1l] -G21 q] ;
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(* Calculo de H21 )

H21 = {bl1l, b22, b33, 0};

(*# Calculo de h21 «x)

{r21, r22, r23, S} = Simplify[L21I.H21];

(*» Calculo do vetor complexo h2l )

h21 = Simplify[{r2l, r22, r23}]

{

4(,()0 <*j.+wo)

-10952 i (128 766 +21169+/37 ) +

592 | 5552960+ 912901 /37 -842712 1~/ 6++/37 -1385411 |37 (6“/37)
37 1479990251 + 7890991 i /37 +22895156+/6++/37 +

3763940 37(6“/37) Wi+ |-2154654301+/6+~/37 -

354225141 |37 (6“/37 ) ~ 296 (10000235+1644 029 /37 ) Wi -

[4 769165831 1+7840460051+/37 +98301785~/6++/37 +

16169335 | 37 (6+\/37 ) w§+ 3226362044 +530424476+/37 -

7969062591+ 6++37 -1310282211 |37 (6+\/37 ) wg +

[332716730i+547374l4Ji\/37 +548842571+/ 6+ 37 +

90353737 |37 (6+\/37) w§+ [464 089367 + 7623365337 +

7

1600138631~/ 6++/37 +26709453 1 37(6“/37) w] +

2 [870277091@42444751‘1\/37 +7382795+/6++/37 +978325 |37 (6“/37) ]

w§+ |[-11337461-1683955+/37 +

202951661/ 6++/37 +32554901 |37 (6“/37 )
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[14201305]l+239007li\/?2714394\/6+\/ﬁ - 533670 /37(6“/?)]
w%°+[89244i\/6+m ~69721 /37(6+ﬁ) - 754 (66o7+1o45\/?)
4491271 +581331+/37 +182521+/6++/37 +36999 /37(6“/?)
~425871i+/6++/37 -81971 /37(6“/?) ~34 (2801+419ﬁ)
8325+/6++/37 +1607 |37 (6+ﬁ) +4j(28479+4309\/?)

4927 +829+/37 -925i+/6+37 -1751i /37(6+\/37)

11391 +1731+/37 +37+/6++/37 +7 |37 (6+\/37)

37 (6“/37) 8wy + 21wkt wl

wgt -

w§?® +

w3 -

wg? +

wg® -

4 w}® -

3 (nm) Wi -41i (nm) whe

[(7+\/3_7)3/2 (-2 +wo) (21 +wp)?

(73+12«/37 i 4 (7“/37 ) w%—wé)
(773712\/37 21 (97+16x/37 ) wo + 12 (7“/37 ) w%+321’1w8+wé+21’1w8)

[ 6++37 (518+85\/W)+

[53488«/37 —20221+/6+/37 -441i |37 (6+«/37)

[10 37 (6+\/377) —i (583+86\/377)

102+9+/37 i |37 (6+\/377)

[ 37 (6+\/377) 2 (15+2\/377)

296 [394309+64824\/37 +53651+/6++37 +8821 l37(6+x/37) J+

4031291 +662741+37 +59015~/6++/37 +9702 |37 (6+\/37)

Wo +

w§ +

3

2 wg +

w§+12wg - 1wl |,

4 w3

592 Wo +

[—71077777—11685155 \/37 +4355614114/6++37 +
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7160495 i 37(6“/37) ~513219491-84372251 /37 +

13401400+/6++/37 +2202702 |37 (6+x/37)

2 [l60272933+26349843x/37 +46271831+/6++/37 +7599691 |37 (6+x/37)]

wf + 4

wg +

1854147591 +304892171+/37 +

16812985~/ 6+~/37 +2778067 |37 (6+\/37 )

21'1[18716419]'1+308l457]1\/37 +5635359+/6++37 +959921 |37 (6+\/37)]
w84[324143i+571751x/37 +406926+/6++37 +91302 |37 (6+\/37)

w§ +

w3 +

w +

201'1[906471'1+13567J'1\/37 +80364+/6++/37 +11540 |37 (6+\/37) w§ -
2 |3862611+581431i+37 +187257+/6++/37 +35075 37(6+\/37) wd +

wh0 -

[111239+20469\/3 -13431i+/6++/37 -72851 |37 (6+\/37)

8 |-65701-12881~/37 +481+/6++/37 +104 /37(6“/37) wit +
6 [3503+561+/37 -10731i~/6+~/37 -2111i |37 (6“/37) wi? +

w3 +

[15551’1+3491‘L\/37 +185+/6+~/37 +35 /37(6+\/37)
256 +40~/37 -371i+/6+~37 -71i /37(6“/37)

[(7+\/?) (—2:|l+w0) (21’1+w0)2

4 wé4—16i(7+\/37)m%5

/

37 (6+x/37) + 8w+ 21wkt wd

(73+12«/37 ‘4 (7“/37 ) wg—wé)
(773712\/3 ~21i (97+16\/37 ) wo + 12 (7“/37 ) w5+32ng+wg+2iwg)

[w/6+\/ﬁ (518+85\/ﬁ) .

[—534—88\/3_—222jx/6+\/3_7—44j1 [ 37 (6+\/3_7)

Wo +

Printed by Wolfram Mathematica Student Edition



180

[10 /37(6“/?) —Ji(583+86\/377)
/37(6“/?) 721(15+2\/?)

10952 (128 766 +21169+/37 ) +592

139423 |37 (6+\/3_7) +371 (139423+22921\/3_7)

[38253369]14—628881511\/37 +20963756+/6++/37 +3446420 |37 (6+\/37)]

267640832/ 6++/37 +439990920 /37(6+\/3_7) -
741(41304951+679o493\/?)
2490691261 +/6+~/37 -409514461 /37(6+\/3_7)

[761809391x/6+\/3_7 +125257289 /37(6+\/3_7) N

1561 (17 888193 + 2940859 \/3_7)

5059622351/ 6++/37 +832776651 /37(6“/?)

38571353/ 6+~/37 +6411959 |37 (6+W) -

i (88 385071+ 14517566 /37 )

w3 + 2 [102+9ﬁ1WJ

wg + wi+12wg -1 w§| |,

4 w, 848077/ 6+/37 +

(L)O+37].l

w§ +

w+ |4429668016+728233360+/37 -

w§ +

w3 + |-282433078-46458666+/37 +

w§ -

4

w8+4i[34803931]'1+

w§ -

56958591 +/37 +1687570+/6++/37 +191806 |37 (6+\/ﬁ)
[6415009]’1+9l2575j\/W+15452902x/6+\/W +2428682 /37(6“/?)
[—13933409-2351303\/W—3572646]1«/6“/? -6241701 /37(6+\/W)
w50+[258408«/6+\/ﬁ+62552 /37(6+\/W) -2]1(2215817+356291\/W)J
w51+2[2215o4+29136\/3_-80697m/mﬁ—14025]'1 /37(6+\/W)

w8+

w§?® +
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[33559\/6+\/37 + 6497 /37(6“/37) 721(94915+15641\/37) wid +
[96008+14568\/37 _2257i+/6+~/37 -4111i /37(6+x/37) wht +

4 w§® +

/

37 (6+\/37) + 8w+ 21 wd+wl

3311 +401+/37 +111+/6++/37 +21 |37 (6+\/37)

4 (827+125\/377) wg6+13j(7+ﬁ) Wy + 4 (7+\/377) wh?

[(7+\/3_7) (—2]'1+w0> (2]i+w0)2

(73+12«/37 4 (7“/37 ) w%—wé)
(773712\/3 21 (97+16x/37 ) wo + 12 (7“/37 ) w%+321’1w8+wé+21’1w8)

[w/6+\/? (518+85W) +

[53488\/37 —2021+/6+/37 -441i |37 (6+«/37)

[10 37 (6+\/377) —i (583+86\/377)

102+9+/37 i |37 (6+\/377)

[ 37 (6+\/377) 2 (15+2\/377)

Wo +

w§ +

3

2 wg +

w§ +12 w3 - 1 w§

}

(* Calculo do vetor complexo h2lb =*)
h21b = Simplify[ComplexExpand[Conjugate[h21]], wo € Reals ]

4wy (i+w) |[-405224 i (38650402549 +6354087038+/37 ) +

21904 [574 970341742 + 94524541913~/ 37 -

391914755012 1~/ 6++/37 - 6443038883414 |37 (6+«/37) wo +

1369 |8464738350068~/6+~/37 +1391594412556 37(6“/37) -

i (52 610472785541 + 8649108447599 /37 ) w +

148 [481 976320612645+ 79236419013881+/37 -
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3

2005748192391661i+ 6++/37 -32974297161874 i 37(6+«/37) Wi+

37

1107133183595646+~/6++/37 +182011574195266 37(6“/37) -

i (272 624910989527 + 44819259280889 /37 ) wh +

2 [77 402452504857557+12724884806748859+/37 +7643067331326291

iy 6++/37 +1256512529180177 i 37(6“/37) w§ +

31320254196901222+/6++/37 +5149018071890490 |37 (6+\/37) +

91 (4 392240558191497 +722079899771407 /37 ) wg +

2 (34 064586885009406+5600183587165630+/37 +

50852570389106291i+/6++/37 +8360111092467951 |37 (6+\/37 )

w§ +

2 [14 877894 655152 961 i + 2445910808 878849 1 /37 +

4580213517943296+/6++/37 +752982466039104 37(6+\/3_7) w§ +
2 [5292715886289699+87O 117137900869 /37 «

2090704279990599 i~/ 6++/37 +343709566168673i |37 (6++/37 | |wf+
6426632210816895 1 + 1056531 9597107091 v/37 +

1447226541366158\/6++/37 +237922876423226 37 (6437 | | wj+
2 [1 053069733 663445+ 173123493967 943 /37 +

466143 989609087 i~/ 6+/37 +766335465932214 [37 (6+/37 | |wh'+

[1 145570805548147 1 +188331526119657 1+/37 +
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162805091 578806/ 6+~/37 +26764484509698 |37 (6“/37)

4 (76 257209883323 +12536596871771+/37 +287145272102601+/6++/3

4721868540500 i 37(6+«/37) wl? +

[192 033272564677 1+315708330649151+/37 +27504991797900+/6++/3

4522929034452 |37 (6+\/37) wht +

2 [3 139992652295+516050221897+/37 +79906403723221+/6++/3

wg® +

1321147868814 1 |37 (6“/37 )

4 (4 2580707497591 +6993275887411i+/37 +271511285820+/6++/3

45808325100 37(6+\/37) wlb +

41 [395 1660606451 + 65288228463 1+/37 +513272680607+/6++3

86230885545 37(6“/37) wh? +

[—404 618847536~/ 6++37 -64024425376 |37 <6+\/37) +

31 (353 258143891 +57484479145+/37 )

41 [54525250 942 1+91681991441+/37 +15037333281+/6+~37 +

2856389035 |37 (6+\/37 )

wg? + {27 6268248991 +41445597491+/37 -

23949245374~/ 6+ 37 -3394069170 |37 (6+\/37 )

21[3765256493w/6+\/37 +536891231 37(6+\/37)

31'1(1272461349+245491283w/ ) Wit +
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[2205252318 6++/37 +423268898 |37 (6+«/37) -

3i (2 481835903 + 421 622 057 /37 ) wg? +

2[980269820+146208592x/3 -2814016871+/6++37 -

414089371 |37 (6+\/3_7)

w3+ 2 [122 630728~/ 6++/37 +

22045768 37(6+\/3_7) —Ji(453660207+75483103\/3_7) w3 +
2[112993319+17434433ﬁ58069651 6+37 -

794419 i 37(6+\/377) w%5+[8634542 6+/37 +

1549210 37(6+\/377) —3]’1(14150569+2324915\/377) w3 +

2[4541669+698111x/37 +58831i~/6+~/37 +38171 /37(6“/37) w37 +
[12705846“/37 123142 |37 (6+«/37) —i(993539+159889x/37) w3 +

4(37722+5676\/37 +4811+/6++/37 +911 37(6+x/37) w3% +
[592#6“/37 1112 37(6“/37) —1'1(11801+1823x/37) wd® +

114 (7+\/3_7) w81—8j(7+\/3_7) w32

/

[(mm)” (-2 i+wo)® (2i+wo) (13+12+/37 +4 (7+/37 ) wj - wf)

[37 (6+V37 ) +16 [37 (64437 ) wo+64wf+2 [37 (64437 ) wf+20wh+us

(10 657 + 1752 /37 + (52 604 + 8648 ﬁ) w3 -
2 (89+28\/3—7) wi - 104 (-4“/3_7) wg+129wg+4w50)

[37 (l74922+28757\/3_7)+4w/6+\/3—7 (276686+45487\/3—7) Wy +

4 (314 823 +51764+/37 ) Wi+ 56~/ 6+/37 (2664+455x/37 ) Wi +
(296509+48182x/37 )wg+8 6+~/37 (4181+965\/37 )w8+
8(13319+1993\/37)w8+8 6+~/37 (296+107\/37)w8+
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(7776+88lx/37)w8+28 /37(6+«/37) w8+4(51+2x/37)w%0+w%2
109521‘1(1610357882w/6+\/37 +264741205 /37(6“/37) +

371 (3 198805112 + 525880321 /37 )

|

4 w3

-21904 [31739512235+/6++/37 +

5217943669 |37 (6+\/37 ) 21 (31319325553+5148 865404 /37 )

371 [30 9502820422134/ 6++37 +5088195024555 |37 (6+\/37 ) -

371 (4 105568619333 +674951323331+/37 )

wWo —

w§ -

74 [101 5423276978111 +166934558421491+/37 +

3

26927059164489+/6++/37 +4426781257755 |37 (6+«/37) Wi+

[40449734686762031'1 6++/37 -6649895419257971 |37 (6+\/37) +

37 (36 638955043483+ 6023407105057 +/37 )

4 [571 637402829003+/6++/37 +93976610118427 |37 (6+\/37) -

i (3 063753609778867 + 503677 990800 649 /37 )

w§ +

w3 +

4 (l 683227702056429+276720929632951+/37 -

6

276434 6604620181+ 6++/37 -45445578069716 i 37(6+«/37) wf +

2 [492728705976725 6++/37 +81004099144067 |37 (6“/37) -

i (333 138581758483 +54767646682601+/37 ) w +

[l 565381804451023+257347189415253+/37 -100862406501 425

iy 6++/37 -16581722092283i |37 (6“/37) w8 +
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2 [44 6798992049151 +73453443706171+/37 +105206758858367

6++/37 +17295918455765 37(6“/37) wg +

[239 925009979869 +39443409346451+/37 +128103420569631+/6++/37 +

2105967774009 i 37(6“/37) wl® +

[24927295311182 6++/37 +4098089846378 |37 (6“/37) -

21i (14 688960961475+2414764169741 /37 ) Wil +

10 |5385275445399 +885335045165+/37 +1385517284331+/6++37 +

228570749191 |37 (6+\/37) w2 +

8 (546 008190921~/ 6++37 +89843401599 |37 (6+\/37 ) +

81 (68 031704559 +11187 601883 ~/37 ) wid +

8 (585992503970+9632689O 984 /37 +295937929171+/6++37 +

51738481071 |37 (6“/37) wit +

4 [394 096990607 1i+646964144691/37 +183771377445/6++/37 +

30511763479 |37 (6“/37 )

W + {222 413145118 +36347280498+/37 +

215560409518 i/ 6++/37 +36497591170i |37 (6“/37) w§ +

4 (44 3533618851+ 7237799711137 +1898177811+/6++37 +

447290309 |37 (6+\/377)

wy” + [2 755929197 + 338829595~/ 37 +

w§® -

199539055651/ 6++/37 +34471336591 |37 (6+\/37)
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2 (2 022365943~/ 6++37 +281606141 |37 (6+\/37 ) -

i (5 317774263 + 856506 641 /37 )

[2 826519901 -489575415+/37 -351882951i/6++/37 +

40182791 |37 (6“/37

4 [26302 4571 +46746511+/37 +

32360681 4/6+ \/37 +2963677 |3 +4/3
4]'1[16768992 6++/37 +2759218 |3 +4/3

31 (22 815543 + 3971761 /37 )

3195801/ 6++37 +

754743 |37 (6+x/37 ) —i (24 068963 + 3886697 /37 )

1489887+/37 -29775011+/6++/37 -5121271 /37(6“/?)
368150/ 6+~/37 +71970 |37 (6+ﬁ) —Zj(1089653+171711m)
~42621-11187+/37 -507271+/6++/37 -91171 |37 (6+\/377)
4810/ 6++/37 +910 /37(6“/?) —21(1878l+2851m)

8(122+14\/3737J'1x/6+\/?71'1 /37(6“/?)

[(7+ﬁ) (-2 +wo)? (21+wp) (73+12\/ﬁ+4 (7+ﬁ) w%—wé)

[37 (6+\/3_7)+16 /37(6+\/3_7) wo+6dwie2 |37 (6+\/3_7) w3 + 20 W + w§

(10 657 + 1752 /37 + (52 604 + 8648 /37 ) w3 -

2 (89+28\/3_7) wh - 104 (-4+\/3_7) w8+129w8+4w%0)
[37 (174922+28757\/3_7) 46437 (276686+45487\/3_7) Wy +

w33 + {8 165101 -

WS +

w3 +

321'1(7+\/3_7) w3°

4 (314823 +51764+/37 | wg+56+/6++/37 2664 +4554/37 | wi +
0
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(296509+48182\/377) wh+8~]6+~/37 (4181+965\/377) wg +
8 (13319+1993\/3_7) w§+ 8~ 6+~/37 (296+107\/3_7) w] +

(7776+881\/3_7) w§+28 |37 (6+\/3_7) wd+ 4 (51+2\/3_7) w30 + w2

|

4wy |405224 (38 650402549 +6354087038+/37 ) +

21904 [393525112 894+/6++/37 +64695130039 |37 (6+«/37) +

74 1 (9369272 039+1540298835+/37 ) wo +

1369 [{49659189636997 +8163920486727+/37 +94932856046441+/6++37 +

15606865396041 |37 (6+\/37 ) w3 +

74 |360804460814559+/6++/37 +59315887973169 |37 (6“/37) +

371 (29 657233497655 +4875619153293+/37 ) wg +

371 [285 450438717038 1+469277630509541+/37 +

4

1183891138211389+/6++/37 +194630504201731 |37 (6+\/37 ) w§ +

[25368 683978177174~/ 6++37 -4170585955285818 |37 (6+\/37) +

74 i (1 953776893 065667 + 321198 942 640 601 /37 ) wg +

[62 684 552565345538 -10305276961460746+/37 +

22702181505592 9951 /6 +~/37 +3732215649017277 i 37(6+m) w§ -

2 |50477208751006954/6++/37 +829840201288805 |37 (6+x/37) -

ai (5 301 042214306489 + 871485971 758132 /37 ) w] +

21 [12 1777164145570691+20020042429781491+/37 +
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8

3041886785065810+/6++/37 +500083111 611538 37(6“/37) wg +

[3397675961030598 6++/37 -558574378233778 37(6“/37) +

21 (3 394195500080193+558002301803015+/37 ) wg +

[4 682530809546212-769803392812988+/37 +9255370994312651i/6++/37 +

152157480507883 1 | 37 (6“/37) W3O -

2 348126888693757/6++/37 +57231660363447 37(6“/37) -

1 (857 824622888491 +141025428992109+/ 37 ) wdt +

[— 964401639414178 -158547173452170+/37 +1257608430134051+/6++37 +

20674272590951 1 | 37 (6“/37 )

2 143579889480599/6++/37 +7166121408621 |37 (6+\/37) -

i (83 972704351181 +13805079122151 +/37 ) w}3 +

[129 472459927135-21285469572241 /37 +201543780274941+/6++37 +

3314005358058 i 37(6“/37) wh -

5569857265302~/ 6+/37 +920383477562 |37 (6“/37) -

i (629 067166423 + 103438354281 ~/37 )

41[36843883236 6++37 +4867505644 |37 (6+\/37) -
16 _

51 (459 578352121 + 75456195567 /37 )

2

w§® -

wWo

4 1112275642597 1+18765454243 1~/ 37 +221721098403~/6++/37 +

Printed by Wolfram Mathematica Student Edition



wd’ +

37470326481 |37 (6“/37 )

[—482 534391475-78203759249+/37 -2042438605061+/6++/37 -

311051566781 | 37 (6“/37) Wi -

2

23099707311 1+41996284611+/37 +6324405375+/6++37 +

1371063793 37(6“/37) wh® +

[40941239631’1 6++/37 +11794890531 |37 (6“/37) -

70 (51 425695+ 5424337 /37 ) w30 +

43269101171 +6096082071+/37 +1707702255+/6++37 +

2

259303369 37(6“/37) w3l +

[4 408568152 +737893548+/37 +24289494711/6++37 +

4509965931 |37 (6+\/3_7)

[299208714x/6+\/37 + 48889422 /37(6“/37) N

41 (600 725711 + 92260211 /37 )

w%z +

w3 +

21268629023 +43879143+/37 +827011421+/6++37 +

150178461 |37 (6+x/37 ) wgt +

2[970894571’1+150376231’1\/37 6025265~/ 6++/37 +
1037035 |37 (6“/37)

[29927994+4798014\/37 +49207411+/6++37 +8931431 l37<6+\/37)}

(/J%S +
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2

34946371 +5375871i~/37 +127465+/6+~/37 +23051 |37 (6“/37)
[875794+137298w/37 +667111/6+~/37 +122051 /37(6“/37)

wg® +

2 (556871 +83891+/37 +1147~/6+~/37 +217 37(6“/37) w® +
[12329+1871w/37 +2961i+/6++/37 +561 [37 (6+\/37) w30 +

82I'L(7+\/W) w81+8(7+m) w32

/

[(7“/3_7) (-21+wo)? (2 +wo)
(73+12\/3_7+4 (7+\/3_7) wg—wé)
[37 (64T +

16 |37 (6“/37) wo + 64 w3 +

2 [37 (6“/37) W3+ 20 wh + W

(10657 +1752 V37 + (52604 +8648 /37 | wj-2 (89+28+/37 | wf -
104 (—4+\/3_7) wg+129wg+4w50)

[37 (174 922 + 28757 /37 ) +4+/6++/37 (276 686+ 45487 /37 ) Wy +

4 (314 823 +51764+/37 ) w3 +

56+/6+~/37 (2664+455\/3_7) Wi +

(2965o9+48 182 /37 ) wh +

8%(4181+965\/3_7) wg +

8 (13 319+ 1993 /37 ) wf +

8/ 6+/37 (296+107x/37)w8+
(7776+881«/37)wg+28 37(6“/37) w3 +

4 (51+2\/37 ) w30 + wi? | |}

(* Matriz 4iwoI =*)
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D4 = Simplify[4 i wo IdentityMatrix[3]]

{{4].1(1)0! 0/ O}I {OI 41‘1(00/ O}I {Or Or 4ja)0}}

(*# Matriz QA = 4iwoI-A =*)

QA = Simplify[D4 - A]

2
({1+4iwy, 2~/7++/37 ,O},{O,§(6+«/37+81'Lwo),—w2—0},
2
(-] 7+~/37 ,—w—°,£(6+\/37 +8j1wo)}}
2’ 2

(* Inversa da matriz QA «x)

QAT = Simplify[Inverse[QA]]

{{(—73—12\/3_7—161'1(6+\/3_7) wo+64wg+wg)/

(-73-12 37—41'1(97+16\/3_7)a)0+60(7+\/3_7)w%+2561'1w8+a)3+4ja)8),
(4 7437 (6+\/3_7+81'1w0)/
(—73—12\/3_—411(97+16\/3_7)w0+60(7+\/3_7)w5+256]1w8+w§+411w8),
(4%%/(—73—12@—41’1(97+16m)w0+

60 (7+\/3_7) w%+2561’1w8+w3+41’1w%)}, {—[ 27437 wg/
(—73—12ﬁ—4j(97+16ﬁ) wo + 60 (7+\/W) w%+2561’1w8+wé+41’1w8)

(2 (i +4w) (—J’l(6+\/ﬁ)+8wo))/(—73—12\/ﬁ—4i (97+16\/?) Wy +
60 (7+\/3_7) w%+256jw8+a)6‘+4]'1w8), (2]1(]1—4w0)w%)/

(—73—12\/37—41'1(97+16\/377)w0+60(7+\/377)w%+2561’1w8+a)§+4jw8)},
{-[[2 7437 (6+\/3_7+81'1w0)/(—73—12 37—41’1(97+16\/3_7)w0+

,(8(7+\/3_7)—2w%—811w8)/

(—73—12\/37—4i(97+l6\/377)w0+60(7+\/377)w%+25611w8+w3+411w8),

(2<—Ji+4(uo> (—Ji(6+\/377)+8w0))/

~73-12+/37 41 (97+16+/37 | wo+60 (7+~/37 | wd+2561wd+wl+41uwd
b

60 (7+x/37)w%+2561’1w8+w3+41’1w8)

(* Vetor complexo h40 x)

h40 = Simplify [ComplexExpand [

QAI. (3bb[h20, h20] + 4bb[q, h30] + 6 cc[q, g, h20] +dd[q, q, q, ql)]]

{]96 w
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[148 3740393909136443058+614916970785157827+/37 +415579824348194600

i+/6++/37 +683209022673814561 37(6+\/37) +16

[32 478822660827375432+/6++37 +5339485554310310337 |37 (6+\/37) -

371 (4 877584015350072344+801869872620350175+/37 ) Wo +

[10 762729667076204250835+1769381857908653182857+/37 +

3729857677695049098001~/6++/37 +61318482500617779504

i |37 (6+\/37) wh+2 |6681282256316079610064+/6++/37 +

1098396036839616075816 37(6+«/37) -
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171178866582 306 1 37(6“/37) w3t +

115937893559271+/6++/37 +8826076767401 |37 (6+\/37) -

21 (623 234803422713 +56827581607931+/37 ) wg> +

[661 426577287215+ 92480447704519+/37 -1246400929023141i~/6+~37 -

w3® +

3527018099131814 |37 (6“/37 )

2 [847352188722 6+~/37 +68350650638 |37 (6“/37) -

i (86237 921567923 + 9997273389389 /37 ) Wi’ +
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[31 314398135117 +4040009699385+/37 -45003668657441i+/6++/37 -

1152392143792 i 37(6+\/37) w38 +

4[—10655595664 6+~/37 +633665552 37(6“/37) -

i (l 806299702919 +241604491121+/37 ) wg?® +

16 [60625321405+76086l4715\/3 -60334841061~/6++37 -

13915916061 |37 (6+x/37) Wi +

16 |-62773164~/6++/37 +5443884 |37 (6“/37) -

i (10 459775127 +1524689719+/37 ) wgt +

16 |1154337123+147357263+/37 -668439041+/6++37 -

13954432 i 37(6“/37) wi? +128

[—42328x/6+\/3_7 + 7256 /37(6+\/3_7) —1'1(15372181+2383566\/3_7)

95143 +12757+/37 -22201+/6++37 -4201 |37 (6+\/37)

w§ +

2048 w3 -

1024 i (8897 +1451+/37 ) Wi +

/

((7“/37 |77 (234 w0)* (1065741752 /37 + (52604 + 8648 /37 | wf -

3
2 (89+28 V37 ) wh - 104 (74“/37 ) wg+129w8+4w50)

(10 657+ 1752 /37 + (108 809 + 17888 /37 ) W+ (25 062 +3944 /37 ) wd +

122880 (7+\/37 ) wie

(10 366 - 224 \/ﬁ) wE + 649 wg+9w50)

(10 657+ 1752 /37 +8 (23437+3853 \/3_7) w3 +
2 (55399+8804 \/W) wh -
8 (779o9+49v377) w§ +

2049 w§ + 16 w%o))}

(* Vetor complexo h40b x)
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h40b = Simplify[ComplexExpand[Conjugate[h40]], wo € Reals]

{

96 w§

[148 3740393909136443058+614916970785157827+/37 -415579824348194600

i+/6++/37 -683209022673814561 37(6+x/37)}+16
[32478822660827375432 6++/37 +5339485554310310337 37(6“/37) ;

371 (4 877584015350072344+801869872620350175+/37 ) Wo +

[10 762729667076204250835+1769381857908653182857+/37 -

3729857677695049098001+/6++/37 -61318482500617779504

i 37 (6+\/37) wf+2 |6681282256316079610064+/6++/37 +

1098396036839616075816 [ 37 (6+\/37 ) +

51 (6 604 768841856114242591+1085817308987122688545+/37 ) wg +

[77 654232120763560314089+12766277120628676773527 /37 +

198988943093797803239121+/6++37 +

4

32713580729583729017921 |37 (6+\/37 ) w§ +

212994620835501890306078871+492312632720033702492491+/37 +

56337976533860447054104+/6++37 +

9261906288999640471096 | 37 (64—\/37 ) wg +

[240 908821965821116181479+39605166364107604869065+/37 +

2835983278218687664428161+/6++37 +

46623277895407 958168096 i 37(6“/37) wf +

[2 8235734395071975388306381+4641926140372877850676981+37 +
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326672355070511716870624/6++37 +

7

53704 604354248224 525408 |37 (6+«/37) w] +

-136157653910854892685687 -22384180416817864721585+/37 +

—_—

1377414536681 6414379122561+/6++37 +

226445554 930139762491 968 i 37(6“/37) w§ -

2 182169027578480583564144/6++37 +

13508504 921768182 428880 | 37 (6“/37) -

i (3576 074213040352764893283+587902979152636511240389+/37 ) wd +

41 [935 2389403586303176434251 +1537523346834942682233231+/37 +

621796906968 668 938837704/ 6++/37 +

102222781815252632198496 | 37 (6+\/37 w§® —

—_

8 1239492934636522394143636+/6++/37 +

39372395921032406348348 |37 (6+\/37 ) -

1 (908 694329924444350869905+149388427609698874595191 +/37 ) wgt +

41 [2 2273553865671124613287471+3661749699207659092967331+/37 +

175028789699616 625252664/ 6++/37 +

28774555775899358415152 | 37 (6+\/37 ) wy? -

8 13358192083543240049153691 +552083377711376934242871i+~/37 +

177954061743 973067816020/6++/37 +

29255467537583428321780 |37 (6+\/37 ) w§3 +

[826 762955928291711550036-135918992696215482703116+/37 -
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5470244416258277924238721/6++37 -

899302642345942055990401 |37 (6+\/37 ) wh? -

8 1728026669627036636927691+119686847217820523256871+/37 +

4592333510361546931460+/6++/37 +

754 974978444257 653412 37 (6+x/37 )

[18 821732509823785021472+/6++/37 +

3094273763590519889296 |37 (6“/37) -

(5 175890394808545011543+850911139594033850875+/3 )

1359438589588851780020+/6 ++/

6+37 +
223490327190110198992 | 37 (6“/37) -

i (7 563338728219274083357+1243405227003053202975+/37 )

21'1[1062408465675137141368x/6 ++/ 37 +

wg® -

wy® +

8

174658825686526766512 |37 (6+\/37

—_

(5 221840449 655409589651 + 858465293362 775384281 /3 ) Wi -

4 131121449800527810573471+5116334734367922826371+37 +

483375773444469357688+/6++37 +

79466525608 906460 432 37(6“/37) wh? +

[—522 896530698864533106-85963868943065066350+/37 -

15231985691007953820961+/6++/37 -

250410427406560879104 1 |37 (6“/37) w3 -

4 14857691739574194457191 +798600186832528894171+/37 +
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2162986203640025424+/6++/37 +356108700189008688 |37 (6+\/37 ) ]

wgt +2 [62 723631038361283041+10311313694931463359+/37 -

1218730324553467893441+/6++37 -

200279362419812216321 |37 (6+x/37) wg? +

13325107854336714056+/ 6++/37 +2187912009095045768 |37 (6+\/37) -

31 (18637966038322721485+3064497622892874483+/37 w3 +
0

[14 870809830528243503+2444355301751893825+/37 -

53715653331088752961+/6++37 -

wg® +

851300951 672963104 1 | 37 (6“/37 )

[984191824577653656 6++/37 +157163477911595432 |37 (6“/37) -

i (5 190635237046095171 +860336448286085701+/37 ) wg® +

[984 462697808906607+161279007687299221+37 -294214366578664696

i+/6++/37 -21376598608225472 i 37(6“/37)

25220725157147428+/ 6++/37 +5194248750050396 |37 (6+\/37) -

i (218 197307636617417 +42639575241993807 +/ 37 ) W’ +

[119 927654779788 789 +15834281029526963+/37 -68864729813615944

i1/6++/37 -2935846081216816 1 37(6+\/37) w3t +

5015975928063604+/6++37 +1337039715408020 |37 (6+\/37) -

i (18 796816 913746561 + 5080776 666 671 639 /37 ) w3® +
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12 |{5833938425776589+516523452114267+/37 -

21591093726414561i/6++/37 +436954803591521 |37 (6+\/37 ) w3® +

8 1547608955103636+/6++37 +172638663187316 |37 (6+\/37) -

i (l 026439159705789 +424988024210987+/37 )

4 [l 994180814434651+130748216106054+/37 -2600885612264561+/6++37 +

532998530667201 |37 (6+\/37 ) wg? +

8

27719996911788+/6++/37 +11561175018990 |37 (6+\/37) -

J'L(13670361120489+l9548526059137x/ ) w33 +

[618 989981828779 +36595884535217+/37 -86690105775121i+/6++/3

17227914181 648 i 37(6“/37) w3t +

[9268 8480192061 -32727569825981+/37 +5736955046848+/6++/3

3742540413680 |37 (6“/37) w3 +

[32 875546490129+ 2144577043791 +/37 +7081541476561+/6++3

6703025967041 |37 (6+x/37) Wb +

2

156258826263 1+5051589051+/37 +37617275144+/6++/3

48450294184 37(6“/37) wd’ +

[1 171133837199+91717863169+/37 +252645566721+/6++/3

wg® +

138814397121 |37 (6+«/37 )
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21223967808/ 6++37 +786907520 |37 (6+\/37) +

131 (7192 418645+ 45703461 /37 ) w3 +

[26 756104225+2509454919+/37 +3270160641/6++37 +

145472768 i 37(6+«/37) Wi +

2 [-1919159091 + 7044717 1~/37 +516224~/6++/37 +7203968 /37(6“/37)]
w§t +

16 [22959623+2517881~/37 +923521i+/6+~/37 +373441 /37(6“/37) wg? +
16 |3456 37(6“/37) —Ji(395479+2161\/37) wd3 +

16 (169 061 +21251+/37 ) wit -

864 i (39“/377) W5 + 1152 (7+\/377) w3s

/

((7”/3_7) (-21+wo)" (10657+1752\/3_7+ (52604+8648\/3_7) w3 -

3
2 (89+28x/37 ) wh - 104 (74“/37 ) w8+129w8+4w%0)
(10 657+ 1752 /37 + (108 809 +17888+/37 ) w3 + (25 062 + 3944 /37 ) wh +

(10 366 - 22437 ) wE + 649 wg+9w50)
(10 657 + 1752 /37 + 8 (23437+3853«/37 ) w3+ 2 (55399+8804 V37 ) wh -

8 (779O9+49\/37 ) w§ +2049 Wi + 16 w%O)),

- [[192 w§

5328

—2961+/6+/37 (51 947 478 043524 325 + 8540 112 783 422 682 /37 ) +

8598609450986568+/6++/37 +1413602685976466 |37 (6+\/37) -

i (8 540112783422682+1403985893068225+/37 )

[—594 7804254277874793561+6++/37 +

12 (8 148441634114820121 i | 37 (6“/37 ) - 74 (79327 557752 930 552 +

13041370159 989027 /37 )

Wo +

w§ +2 [927 815354308038962851
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6++37 +152531904654602872633 |37 (6+\/37) -

81 (177 818317928629942957+29233151391808820398+/37 ) wg +

[l 000717458361564773139+164516936733432298471+/37 -

8100394 9224599233626061+/6++37 -1331696722025869581 386

i |37 (6+\/37) w§+(27836039391081083430592/6++/37 +

4576216686485764472800 |37 (6+\/37 ) -
21 (27 235485387517952299621 +4477486216477807781959+/37 ) w3 +

[67 928939708 705255938533 +11167448896837816024621+/37 -

46014831723850974578868 1~/ 6++/37 -7564791736427528223740

i [37 (6+\/3_7)

wg + 4 (49051523 698202034094643/6++/37 +

8064020821769148418997 |37 (6“/37) -
12 i (8 678583251463 642856793+ 1426750297 785857806076 /37 ) w] +

4 [198 667219092490141570801+32660689629576921995501+/37 -

193728848398111273353871+/6++37 -3184882648848258197925

i 37 (6+\/W)

w§+12 [56165330429937572769183 6++37 +

9233523444352504466365 |37 (6“/37) -
i (94 599111464268185761747 + 15551998124 712 304 643 909 /37 ) w3 +

4 (866 048517543601789493 775+ 142377499241474089889507+/37 +

556981042689479713247031i+/6++/37 +9156711936643244197709

i |37 (6+ﬁ)

wg® + 4 [249069195 950300084354093+/6++/37 +

40946723583188931641651 |37 (6+\/37 +

N
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91 (17 974597661440164091709+2955005652762006334927 /37 ) wgt +

4 (1 160916840161286720060604 +190853552868250869266244+/37 +

2240380510564110225566031+/6++/37 +

368316287115399089682611 |37 (6+\/37 ) w§® +

4 (1 347004037229567186694421 1 +2214460996167686151119871+/37 +

64330289798458898547945/6++/37 +

10575834 495927221 205435 | 37 (6+«/37) wid +

41 [583 672388154525253766948 1 + 959551495307047347620481+/37 +

185603786606259230733187+/6++/37 +

30513074558105145318417 |37 (6“/37) wht -

4 [31 6073554412744682316951+51962172259353664576531+/37 +

106597532662336352059057+/6++/37 +17524526418931061326567

37 (6+\/377)

3795039576538 613001081 |37 (6“/37) -

wg®-41 [23 084324537027185287235+/6++/37 +

i (60 985303331879148217571 + 10025922108 330942809423 ﬁ) w}s -
4 (1593701330413609291799m+

262002885046161512213 _[37 (6+\/3_7) +

31 (6 086231362282517551971+1000570272308540565 685 \/377) Wy +

4 (l 575264322065157991 747 +258971858275828756035+/37 -

1470746134994975295603 1~/ 6++/37 -241789171237790151861

i [37 (6+\/377)

w§® + 12 [105417 932522813820128+/6++/37 +
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17330598 737812510948 | 37 (6+x/37) +
3i (241 738240627864 974577 + 39741522 725225344979 /37 ) wl® +

21 [3 1446547842804926074731+516978077631583547037 1i+37 +

739200320594433117224+/6++/37 +121523983587495947136

37 (6+\/3_7)

wg0 -4 {260 979904256567944123+/6++/37 +

42904 905378901 622881 | 37 (6+\/37) +

4i (41 945776 998423225688 + 6895834144 823510413 +/37 ) w3l +

[748 688 675595482332942-123083779094587147118+/37 -

248788572038352999148 i/ 6++/37 -

40896 6684369713347561 |37 (6+«/37) wg?

4 [63 9393408823968636911+105116105003664145931+/37 +

8616092787436950071~/6++/37 +

1416705038 486477 585 37(6“/37) w33 - 41 6956101788291 824697

6++37 +1139137474722514775 | 37 (6+\/37) -

i (2 439465399386541577 +401138769619614877 /37 ) w3t +

4 [815 387544880046103+/6++/37 +134372271724539237 |37 (6+\/37 ) -

1 (2 469367402553337047+407021853115062569+/37 ) wg® +

41 [1 0258182947047969511+1691620461757478191+/37 -

40077901731702731+/6++/37 +1567294943637631 |37 (6+\/37

_

4 [349 2206321764330571+601515557827354511+37 +
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122781886199706525+/ 6 +/37 +17805705243897171 |37 (6+«/37)]

wg”-41 |53867395024823835+/6++/37 +6458729553951765

37 (6“/37 ) 214 (66 090736108344371 + 11640426 694488115 ~/37 )]
w8 - 4 [65 646931 973615813 1 +114594658162543551 /37 +
10069529317526325+/ 6 ++/37 +837852994246623 |37 (6“/37)

41 [7702913085143407 6++/37 +960486341322293 |37 (6“/37) -

21 (1 010961381814001+419680307117875+/37 )

4 (201204578772 613+/6++/37 +153692520467251 |37 (6+\/37) -

91 (582 209743339669+ 101134951 606007 +/37 )

wg?® -

w3 +

0.)81 +

4 [304 463476616439 -22659745853709+/37 -4379807697628631+/6++37 -

51941840177519 i 37(6+\/37) wg? +

12 {172878592858094/6++37 +6086733301035 |37 (6+x/37) -

1 (121 899514985577 +19452310726475+/37 ) wgd +

4 (42369307 087865+1256294684675+/37 -145810359362101i+/6++/37 -

1752705236876 1 37(6“/37) w3t +

2 [6 884571316221~/ 6++37 +2055439284399 |37 (6+\/37 ) -

21 (25 075212510889+ 3617001 936 607 /37 ) w35 +

[14 872389508087 +1398537459803+/37 -12549292578901+/6++/37 -
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w3 +

188037197174 1 | 37 (6“/37 )

6[88780683706 6++/37 +23192004830 37(6“/37) -

1114 (73 496671003 + 9988552561 /37 ) wd’ +

[704 939027649 +88167837529+/37 -161444550881+/6++37 -

980658064/ 6++/37 +

38385761441 |37 (6+\/37) w3t + 12

227861808 |37 (6“/37 ) —i (12 138769535+ 1602917081 /37 ) wd® +

16[1085072697+153969l79\/3 -63537141+/6++37 -

30111744 |37 (6+\/377)

Wl + 16 [8266540 6+/37 +

1729828 |37 (6+\/377) ~3i (54493771+7191943W)

13146367+2017167~/37 -153921i~/6++/37 -167361 |37 (6+\/37) ]
wi? + 384 [1480#6“/37 +280 |37 (6+\/37) —j(67293+9140\/37)

3/2
((7+«/37) -2+ ) (10657+1752\/37 N (52604+8648x/37 ) w3 -
2 (89+28w/37 ) wh - 104 (-4+«/37 ) wg+129wg+4w50)3

4
0
(10 657 + 1752 /37 + (108 809 + 17888 /37 ) w3 + (25 062 + 3944 /37 ) wh +

wgl +

16

w§ +

1024 (964+157 \/3_7) Wit~ 15360 1 (7+\/3_7) wdd

(10 366 -224+/37 ) wE + 649 wg+9w50)
(10 657+ 1752 /37 +8 (23 437 + 3853 /37 ) W+ 2 (55 399 + 8804 /37 ) wh -

’

8 (779o9+49 37 ) w§ +2049 wi + 16 w%o))

[1920)5 29614/ 6+ 37 (627 669041247785184 +103188154744060417 /37 ) -
592 |-928693392696543753 1 -1526762532764882881+37 +

7272646926093405504/6++/37 +119561578967917548 |37 (6+\/37 ) wo +
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4 1303789563241205462434+49942696550790972108+/37 +

18882744418381391210731+/6++37 +

310430405992 7788537131 | 37 (6+«/37) w3 +

[17 662901792714780294206+/6++37 -

2903763167596289 665682 |37 (6“/37) +

161 (2113315073426404847380+347426857928447737357+/37 wg +
0

[10 669313285558249016235+1754024299389370446979+/37 +

1127201939186453380925341i/6++/37 +

4

18531085729 088786813050 i 37(6“/37) wh +

[—271533094366780399176304 6++37 -

44639765733788713616304 | 37 (6“/37) +

21 (333 082772168232860822765+54758470433318528185259+/37 ) w3 +

[—385 001481234943491748239-63293853626087227574915+/37 +

7786745997195730591963241+/6++/37 +

6

128013315634 302259703708 i 37(6“/37) w§ -

4 1500648249146968746913011+/6++37 +

82306065155961868161145 |37 (6“/37) -
21 (697 096502869 856831731953 + 114601 959125910554184115 /37 ) w] +

41 [1 5673048387087772490062151 +2576633282825093241605111+/37 +

626490156631868590092691+/6++/37 +

102994347307053863874913 |37 (6+\/37

~——

w§ -
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4 [1880 913971343515286928 713~/ 6++/37 +

309220352097371733118719 |37 (6+\/37 ) -

i (5 018393550939814291 751753 + 825018817 674241 416839611 /37 ) wg +

41 [8 193879902053715604592481 1 +1347065557999351017377001 1i+/37 +

674980963049013883196941/6++/37 +

110966186775652670681803 |37 (6+\/37 ) w§® -

3455028782431374747463269/6++/3

7T+
568003232942579627785671 |37 (6+\/37) -

4

i (4 973742 984261297345467223 + 817678309729 682900204617 W) Wit -
41 [714 445001063042 092332531~/ 6++/37 +
117454034 660139023232961 |37 (6+\/W) -4
(3 830313382179173574454425+ 629699641 092414097 943203 \/3_7) w}? -

4 [6 9881951879075481188252131+11488522119841719232363911+/37 +

2569592023591 3487563415894/ 6++37 +

422438326 466341497526 643 | 37 (6+«/37) wh? -

41 [1727 964159899774572796 991/ 6++/37 +

284075557987 472333000209 |37 (6“/37) -

41 (930 914359068327696189476+153041377898848814639165+/37 ) w§® -

4 142874749352289466618122531+7048565374487512111187711+~37 +

196837619375606464428175+/6++/37 +
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32359905288918442528877 _| 37 (6+\/37) whs +

4 {989 729781529715519107637+162710573789347736735333+/37 -

5738578497445990237090491+/6++37 -

94341649355189627318815 i 37(6“/37) w36 +

4 1203930911025407114000555+/6++/37 +

33526035252 999482373725 | 37 (6“/37) -

i (267 266961 907699867014055+43938417878246259637141+/37 ) wy” +

4 1127036008006183809323527+20884591063684843048483+/37 +

50210655024592130580831+/6++37 +

825458082 0524241090651 | 37 (6“/37) Wi +

4 {7 944749834651964887292+/6++/37 +

1306108795053254 557440 |37 (6+\/37) -

1 <l3 685677484883484571189+2249911526606323351779+/37 ) wy® +

2 13185810927638990546119+523743977637544212719+/37 -

38715285552088853812321+/6++37 -

636475482704 4082745361 |37 (6+\/37 ) w30 +

4[196559642181035242439 6+37 +

32313402179993892865 |37 (6+\/37 ) -

41 (2 637834258931 483368064 + 433657295764219258871 /37 ) w3l +

2 |7207645667935395664541 +1184929060350207274257+~/37 -

26727243859060584155381/6++37 -
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439394194 7323354622541 |37 (6+\/37) w32 +

4 [601 691 787225327369367/6++37 +

98 909 659892 298 485093 | 37 (6+\/37) -

i (724 811717383026143797 +119158554304578942987 /37 ) w3 +

540993653931419909439+88939182020035547583+/37 +

149559549949883942891+/6++37 +

24572863287350926671 |37 (6+«/37) w3t +

45784714 983246369189+/6++/37 +7491478622552836675 37(6“/37) +

31 (3 453429928495001573 +567462788095597815+/37 ) w3 +

32168844697158147385+5296965396679784417+/37 +

67055778565159928631+/6++/37 +

1105652305866190841 1 |37 (6+\/37) w36 +

4 [l 716125625076 056325+/6++/37 +217077758113988503 |37 (6+\/37 ) -

i (3 885615000 618565579 + 643166402 533136789 /37 ) w37 +

4 [4 448245466103717418 +753079038812429730+/37 -420077725952493885

w8 +

i1/6++/37 -49825869602642943 i 37(6“/37)

522356896890873681+/6++37 +66766483714620183 |37 (6+\/37) -

i (239 569950690403923+51843100240667897+/37 ) w3® +

568363335097417266+98733812979077342+/37 +
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1199238599574683 i~/ 6++/37 +6763007179104181 i 37(6“/37)

wg” +
4 [48 941882916118441 1 +39862901628953991 /37 +
54729453951223291/6++/37 +6560531029002225 37(6+ﬁ) wit +
4 [40 930731257344767+7113211514138319+/37 +
61593693353262851+/6++/37 +19791719745659851 |37 (6+\/3_7) w3? +

4 {6 789105573310623 1 +5345621712036091+~37 +

w3 +

2517037294543457 ) 6++/37 +254109944144095 |37 (6+\/37)

2624889613793683+416948382239485+/37 +5672449322410881+/6++37 +

171178866582 306 1 37(6“/37) w3t +

115937893559271+/6++/37 +8826076767401 |37 (6+\/37) +

21 (623234 803422713 +56827581607931+37 ) S

[661 426577287215+ 92480447704519+/37 +1246400929023141+/6++3

w3® +

3527018099131814 |37 (6“/37 )

862379215679231+99972733893891+/37 +847352188722+/6++/3

2

68350650 638 37(6“/37) Wi’ +

[31 314398135117+4040009699385+/37 +45003668657441i~/6++/3

1152392143792 i 37(6+\/37) w38 +

4 [l 8062997029191 +2416044911211+/37 -10655595664+/6++/3
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w3® +

633665552 |37 (6+\/377)

16 [60 625321405+ 7608614715+/37 +60334841061i/6++/37 +

13915916061 |37 (6“/37) w0 +

16 [lO 459775127 1 +15246897191+/37 -62773164+/6+~37 +

5443884 |37 (6+\/3_7)

wél +

16 {1154337123+147357263+/37 +668439041i+/6++/37 +

w§? +

139544321 |37 (6+\/377)

128 | 153721811 + 2383566 1+/37 - 42328~/ 6++/37 +7256 |37 (6+«/37) wi3 +
2048 [95143 +12757~/37 +22201+/6++/37 +4201i /37(6“/37) Wit +

1024 i (8897 +1451 /37 ) w5 +

/

((7+4377)3/2 (-2 +wp) (10657+1752\/377+ (526O4+8648\/377) w3 -
2 (89+28\/W) wh - 104 (—4+\/W) w8+129w8+4w%0)3

(10 657 +1752~/37 + (108809 +17888+/37 ) w3 + (25 062 + 3944 /37 ) wh +

122880 (7“/37 ) wio

(10 366 - 224+/37 ) w§ + 649 w%+9m%0)
(10 657 + 1752 /37 + 8 (23 437 + 3853 /37 ) w3 +
2 (55 399 + 8804 /37 ) wh -

8 (779O9+49\/37 ) W +2049 Wi + 16 w%O))}

(* Calculo do vetor complexo h3l )

h31 = Simplify[DAI. (3bb[h20, h1l] +bb[gb, h30] + 3bb[q, h21] - 3 G21 h20) ]

{

12 wf

[148 4736792749770090152+778723931137561496+/37 -1304643213596305787

+

i+/6+~/37 -214482023110039613 1 37(6“/37)
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296 |238884919133406406491+39272438788054182351+/37 +

8183095385792264567~/6++/37 +1345292594447390309 |37 (6+w/37 ) ]
wo+ 31 [4319831501160044568237 6++37 +

710175924120492 687557 | 37 (6“/37) N

296 i (31 714851122117957 398+ 5213889407 016366447 /37 ) w3 -

2 128539796875936553017641 1+46919137043045689919331+/37 +

19604487717095319322360+/6++37 +

3

3222957927330786298444 |37 (6“/37) Wi+

[66 761807 772849420197075+10975573588531375406975+/37 -

760821963328115091014831i+/6++/37 -

4

125078360290815801633551 |37 (6+\/37 ) w§ +

21319007808368215924994951 +52444560638236180565111+/37 +

52525325139883708103595+/6++/37 +

8635110260881505792847 |37 (6+\/37 ) w3 +

[84 995209273834202216071-13973126330425255122715+/37 +

1170989545311453952133961i/6++/37 +

19250949539436382210892 i 37(6“/37) w§ -

6 {17 7272211813666955297931+29143372099547642202091 /37 +

19700946403 340667490838~/ 6++37 +

7

3238815637 666326743506 | 37 (6“/37) W] +

4 [17 045655756364524946161 +2802288544302061960323+/37 -
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269149157234391471731411i~/6+~/37 -

4424784888342433498399 1 37(6+\/37) w§ +

4 [19402888808729991023395 6++37 +

3189815270953658789641 |37 (6+\/37 ) -

i (4 363617088889847134479+717374230401842272453+/37 ) wg +

4 [19 187734923419563289507 +3154444190093819105261+/37 +

86963900823904708514061+/6++37 +

1429677722757365704 916 i 37(6“/37) Wi +

4 {18 0397011359572470527591+2965708598042642163097 1+37 +

61404 340536748390259/6++37 +

10094 811 400260222 785 37(6“/37) wil +

81 [1869180220614838508100 6++37 +

307291335360276399411 | 37 (6+x/37 ) +

51 (813548 302578128362565+133746517067792199902 /37 ) wy? -

4 11303783595687114864931+214340702797664655711+/37 +

3413551737041399604915+/6++/37 +

561184448685372400581 |37 (6+\/37 ) w3 -

41 [1 812938928219127428173+/6++/37 +

298045323867885402407 |37 (6“/37) -

21 (1 231304215684115435672+202425166116322165481 /37 ) wt +

207238783809575866481+/6++37 +

12
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34069846256571215931 | 37 (6+\/37) -

131 (47 718714522532412503 +7844908341256325569+/37 ) wg® +

12 {252230396450501171861+41466421678481929291+/37 +

381114702506889348391+/6++37 +

62654874078770778611 |37 (6+\/37) WhE +

4 [9 692575032667911259+/6++37 +1593447462112682353 |37 (6+\/37 ) +

31 (53 689589017183273123+8826513912992944545+/37 ) wd” +

[31 547023314102408236+5186302116004670084+/37 +

572056326953331786381+/6++37 +

9404537206350106454 1 |37 (6+\/37) Wi -

4 14733251076890879793+/6++37 +778139675190647183 |37 (6+\/37)

181 (1 052579107 623120119+ 173043004 588200002 +/37 ) wh? +

[—2663504050815501758]’1 6++37 -4378741523868755901 |37 (6+\/37) -

6 (4 442278082444888383+730306691149298071+/37 ) w30 -

8 14621760453520082791+759815264908817541+/37 +

38436007412094900+/6++/37 +6318911446191879 |37 (6+\/37 ) Wt +

[—593 460339384694646-97563780361104038+/37 -233043804956616012

wg? +

i+ 6++37 -383118283671690601 |37 (6+\/37)

4 [ll 758582593205293+/6++37 +1933008868535583 |37 (6+\/37 ) -
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4

4

4

8 1

'[547175376641 6+~/37 +90002799902 |37 (6+«/37) +

4

261 (3 799853333075662 +624693299844625+/37 ) w3 +

18556846019027409+3050777503174431+/37 +
3875149858163691+/6++37 +636815216382111 |37 (6+\/37

349508762088217+/6++37 +57458095970539 |37 (6+\/37

\_/
|

i (191 789195992285+ 31510829307 103 /37 ) w5 +

836892209854065+137583142599039+/37 +83488434090200 1

wg® -

13722865967162 1 |37 (6“/37 )

5748588924695~/ 6+/37 +943839944765 |37 (6“/37) -

w3’

31 (54100362110443+8894729239613 A 37 ) +

111 (73 300698088 + 12100851433 /37 ) w3 -

305840825213~/ 6++/37 +50163881315 |37 (6+\/37) -

i (4 555266416053+ 748837356739 /37 )

w3 -

411[25459484327 6++/37 +4166049221 |37 (6“/37) -

21 (361 911929423 +59557468022 /37 ) w3 -

4[1383602975 6++/37 +222949205 /37(6“/37) -

3i (1 171289627 + 187183 925 /37 ) Wit +

[538432864448877395220 A/37 -26156859921+/6++37 -
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4265260881 |37 (6+ﬁ)

w82+4[73867651 6++/37 +

12213865 |37 (6“/37 ) i (1 546518167 + 255240269 /37 ) W +

[131912276+20849492 \/37 -1013892514/6++37 -

15942051 |37 (6+\/37 )

2 [1695266x/6+x/37 +278498 |37 (6“/37) —i (41703491+69l6523\/37)
W3S + [14141359+2306899\/37 +278721 i~/ 6++/37 +46809i |37 (6+\/37) ]
w3k - 2 [3323j+1559]1\/37 +10619+/6++/37 +1763 |37 (6“/37)

47335+7699+/37 +20721~/6+~/37 +3441 |37 (6+\/37)

37 (6+\/37) + 8wy + 2 1w+ wd

wg® +

wid? +

3 wg® +

226 i (43+7«/37 ) w3® + 24 (43+7«/37 ) wio

[(7+\/3_7)2 (—2]'L+a)0) (2]‘1+w0>3

(73+12W+4 (7+\/377) wgfwg)z
(773712\/W7211(97+16\/W) wo + 12 (7+\/W) w%+321’1w8+wé+21’1w8)4
(—73—12\/3_7—31'1(97+16\/3_7) W + 32 (7+\/3_7) w3 +

\J6+~/3T (518+85\/3_7)+

[53488x/37 _222i6++/37 -441i |37 (6+\/37)

[10 37 (6+\/ﬁ) _i (583+86ﬁ)

102+9+/37 —i |37 (6+ﬁ)
[ [ 37 (6+\/?) 21 (15+2\/?)

5476 1 [1 668 623731468136/ 6++/37 +274320051647048 |37 (6+\/37 ) +

1081’1w8+wé+31’1w8)

Wo +

w§ +

2 wg +

wf+12wg -1 w§| |,

48 wh

151 (297324670041 031 +48879874655645+/37 )
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430106183778700393+/6++37 +70709021046990235 |37 (6+«/37) +

371 (27 960 039245995921 + 4596 602137 059775 /37 ) Wy +

37 |43721469778342218551+7187765355061244747+/37 -

207264571369632490761+/6++37 -

34074085637446531641 |37 (6+\/37 ) w§+(2628851013360024943546

6++/37 +432180444373050385354 |37 (6+\/37) +

296 1 (16 172443014286060877 +2658733253802228290+/37 ) wg +

[ 9353005835161128732814-1537624687561587050266+/37 +

57165645705696065232211+/6++37 +

939797426267327984451 i |37 (6+«/37) w§ -

312828625244328231914417~/6++37 +

465023125633930158125 |37 (6+\/37 ) +

61 (841 696189823395850863+138374001225744053377+~/37 ) w3 +

[25 006408118728902152929+4111028170863496229599+/37 -

95818946462158521062121i/6++/37 -

1575253776304510841234 i 37(6+\/37) w§ +

[38 1013865269998170171711+62638293599687541596231+/37 +

10038472668802759335986+/6++/37 +

7

1650314740843 680943994 |37 (6“/37) W] +

[—43 570126498812134597008 -7162884673171027349110+/37 +

113189861579207039923531+/6++37 +
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18608298616855206252991 |37 (6+\/37 w§ -

—_

[12 195787001143619104507+/6++37 +

2004 975032379850105843 |37 (6“/37) +

10 i (3 254903074243291698559+535102769182691322013+/37 ) wg +

[11 050079286300578972489+1816621844311717160123+/37 -

102627788279188871677761+/6++37 -1687190446248736035626

i [37 (6+\/3_7)

w + [5 618943485542115574418+/6++/37 +

923748618749232209014 |37 (6+\/37 ) -
111d (568 246008903924378923+93419068404115170875+/37 ) wgt +

[ll 312428318486010272252+1859751759523296100042+/37 +

9687157793588066507931+/6++37 +1592558931133634190911

i [37 (6+\/3_7)

240504369262036104245 |37 (6+\/37 ) +

wg2+[1462930965719513854625 6+-/37 +

21 (3 807461 686493040380867 + 625942845463236066515 \/3_7) w3 +
[16951571294361420196041'1m+

278 682115409158737302 1 | 37 (6+ﬁ) -

7 (361 887854746872 462365+ 59493 996839299 335227 \/3_7) wht +

[134 2398269396706123431+220688915698607408831+/37 -

1004831176930283533942+/6++37 -

165193227 990007 682 422 37(6“/37) whs +
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[ 634882715448317289232-104374075359251876662+/37 -

380941709658674559667 i~/ 6++37 -

626264317787608098731 |37 (6+«/37) who +

[84238636768935764793 6++/37 +13848748016764878297 37(6“/37) -

21 (181 486834247514108043+29836251603006941245+/37 ) wd” +

[108 503762143988469891 +17837907921386422221+~/37 +

10147755905911279361i~/6++/37 +

166830690579505702 i 37(6“/37) Wit +

[11 012595018 410394299 i + 1810458 284375369843 1 /37 +
7002461304026857230+/6++/37 +1151194500836104122 |37 (6+\/37)]

wd?® + [5 545585711927638088 +911690104799485726+/37 +

2745198716653270487 1~/ 6++/37 +

w3 +

4513056380107123851 | 37 (6“/37 )

[2 9916762011801997381+4918296724591765221+/37 -

476282490560130393+/6++/37 -78299431142741733 |37 (6+\/37 ) Wt +

[—631148 051377958021 -103760617763469995+/37 +
116732826539767721+6++37 +19191518455285541 |37 (6+\/37 ) ]
w§? - [9360291 5796418151 +15388890972651311+~37 +

27337297417685642+/6+~/37 +4494098747333474 37(6“/37) wgd +

[—32 172611059484 960-5289205106629346+/37 -
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64030622553902531i+/6++/37 -10525666679833991 |37 (6+\/37 )

[436141178145839 6+~/37 +71673378198551 |37 (6+«/37) -

61 (1 450499330716851 + 238468 723839505+/37 ) w3 +

[641 842402767331 +105534868161289+/37 -1135700723120801+/6++37 -

18666658 6990061 | 37 (6+\/37) w36 +

[32978595939046 6++/37 +5416857224290 |37 (6“/37) -

1 (193262 460013 915+31773595511899+/37 ) wg” +

[58 081877033844 +9551488284654+/37 +31275025149631/6++/37 +

5136676595971 |37 (6+\/37) w3t +

[128 1751898034/ 6++37 +20813395223 |37 (6+\/37) +

61 (732 057375491 + 120434179675 /37 ) w® +

[786 350482551 +1294368745294/37 +675956361081+/6++37 +

110647973301 |37 (6+«/37) w0 +

[203 476539757 1+335071419371i+37 -7122321586+/6++/37 -

1177370530 |37 (6+\/37 )

[3005825611’1«/6+\/37 -50929851 i /37(6“/37) -

wg?

wgt +

+

2 (5 104068 958 + 837245443 /37 )

[—11523909\/6+\/37 -2020485 37(6+\/37) +
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2 (874 660931 + 145108061 /37 ) w3 +

[29406589048306856\/37 -83150841+/6++37 -

13859541 |37 (6“/37 ) Wt -

[303963671%9279031«/37 +73408+/6++/37 +15196 |37 (6“/37) w3 -
21'1[38036x/6+x/37 16284 /37(6“/37) —31’1(238151+39050«/37) w3 -

37
4 wg’ -

2115851 +345281i /37 +6216+/6+~/37 +1032 /37(6+«/37)

[(7+«/37)5/2 (-2 4 +wo) (21’1+w0)3[ 37(6“/37) 8wy 421 wh+wd

;

4
wy + 12 (7+x/37)w%+321’1w8+w3+21’1w8)

8 (1657+271 \/3_7) w3t - 96 i (43+7\/3—7) w3

(73+12«/37 ‘4 (7+\/37)w%—u)
(773712«/37 21 (97+l6«/37
(773712\/37 -31 (97+16\/37

32 (7+x/37)a)%+108]’1w8+w3+3jw8)

Wo +

—_ - O

[ 6+/37 (518+85\/377)+

[—534—88\/37 _222i+6+~/37 -44i |37 (6“/37)

[10 37 (6+\/3_7) —i (583+86\/3_7)

102+9+/37 -i |37 (6+\/3_7)

[ 37 (6+\/3_7) 214 (15+2\/3_7)

wWo +

w§+

2 wg +

wd +12 wg - 1 w§

’

48 wh

91 (3 592503382505051+590603917974901 +/37 )] -

296
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5476 1 [20161584299749592 6++/37 +3314544041350424 [37( A/

236

6+ 37) N
5188591 971409488049~/ 6 ++/37 +852999265640427175 |37 (6“/37) +



3714 (187 350368533193081 +30800210858142 419 /37 ) W +

37 |257760160594174829311+42375509369348603863+/37 -

249632326472327418980 1~/ 6++/37 -

2

41039301670730961 6441 |37 (6“/37) w3 +

615281849808790237377501/6++37 +

868330759664110058297 |37 (6+x/37 ) +

74 1 (50 842864815714061373+8358515487406572731+/37 )

[—30 723512737238597999108 -5050914380465271243032+/37 +

695417906412499996358491+/6++37 +

4

114325999568226730087831 |37 (6+\/37 ) wg —

[42 220082041642736419690 1 + 69409387315951674723341+/37 +

106046220588404786561249/6++/37 +

17433891272294277272729 | 37 (6+\/37 ) w3 +

[108 080140636554223055497 +17768265668470108168735+/37 -

1256257487662209966303301i/6++/37 -

20652745876 643 969722 356 i 37(6“/37) wf +

3

45077986597678778000354/6++37 +

7

7410775346422859430714 | 37 (6+\/37 ) wg +

[—313 304935170673903401818-51507014059829407425020+/37 +

1445875334452515997501691i/6++/37 +
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238

23770044 075378840209827 i 37(6“/37) w§ -

[250 8722814453945888734061+412431490126074460420341+/37 +

142073713083639589660357+/6++37 +

9

23356774 553662238478625 |37 (6+«/37) wd +

[91 898 602808933912474957+15108037236565997755175+/37 -

1121657837009384845461941i/6++/37 -

184399412507460342369041 |37 (6+\/37 ) wg® +

[61459847 870335514886394/6++37 +

10103 936749824494591 902 |37 (6“/37) -

31 (15 115087073145028232965+2484905007857344368353+/37 ) wgt +

[92 196529930740552817678 +15157016153681790127264+/37 +

139766512762567337870451+/6++37 +

22977473157368444385231 |37 (6+\/37 ) wg? +

[12 211108537146374294723/ 6+~ 37 +

2007493877381876498051 |37 (6+\/37) +

21 (33573165012808242 951709+ 5519394328740 864779329/37 | | wh® +
[17 065053266041 622645326 i/ 6++/37 +

28054774752369810024521 37 (6++/37 | -

9 (2781623161866 024992011 + 457296030 875448 563317 /37 | | w}* +

[162 0107547407755428051 +266344040186170513731+/37 -

11500969910947008432330+/6++37 -
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1890747806326 604606154 |37 (6+«/37) who +

[6381 418926461010175210-1049098809083469039292+/37 -

51581508365245187873151+/6++37 -

w§® +

847 994773820029730009 i |37 (6+«/37 )

[1 562656324994702883503/6++37 +

256899117 724999301339 |37 (6“/37) -

21 (2 153840186969829907747 +354089145536698918 969 +/37 ) wy” +

[1 606481492682118247919+264103930245863658633+/37 +

2585588535821733284301i~/6++/37 +

wy® +

425068154682948219441 |37 (6+\/37 )

[21720251 186435823302~/ 6++37 +3570783712244358242 |37 (6+\/37) +

91 (35691672085555838821+5867674635083266921+/37 w§? +
0

[10 998554188078457742+1808153266793804328+~/37 +

287539198112201656191+/6++37 +

47271108305158390131 |37 w30 +

—

6+\/3_7)

[31 4318318348975373741+51673640910639045981+/37 -

9218976687054499443/6++37 -

1515586662277 672011 37(6“/37) wil +

[14607115738001189261’1 6++/37 -240137411923774732 1 37(6+\/377) -

3 (3 596565920971 674 551 + 591 272 586 628 192 289 /37 ) w32 -
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[1 6066633873173855971+2641351022579984771+/37 +
5860012099557502+/6++/37 +963962606225302 |37 (6+\/37 )

wg® +

[—64309562954938133]'l\/6+\/37 -105723907594549191 |37 (6+\/37) -

wg? +

5707 033832275627/ 6+~/37 +938185597239487 |37 (6“/37) -

21 (18 475592254083391 +3037377448778401+/37 )

6 (19 200995383648525+3156571463466678 /37 )

3

0)55 +

[22 867756129140383+3759528994939421 /37 +

23708484143060581i+/6++/37 +3896913203580721 |37 (6+\/37 ) wg® +

[l 0261634116506111+1687438926002631+/37 -

98040224892818+/6++/37 -16104913220246 |37 (6+«/37) wd7 +

[546 185060407722 +89787907357872+/37 +487230470496871+/6++37 +

8005589679801 i 37(6“/37) w3e +

[16147 377354031~/ 6++/37 -2652146325343 |37 (6+\/37) +

21 (66 645744404719+ 10958543204 947 +/37 ) wg® +

[8 628457887905-1420123809263+/37 -23995127525181/6++/37 -

3941911459401 |37 (6“/37) w0 +

[1 711665961543 1+2813870759351+4/37 +105794164898+/6++37 +

wgt +

17478994994 |37 (6“/37 )
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[381 468782658 -62822921328+/37 -282219150571i+/6++/37 -

46117692511 |37 (6“/37 )

[7412119165\/6+\/37 +1217399905 l37(6+\/37) -

21 (6295 673533+ 1040655391 /37 )

21[435985319«/@«/37 +71939786 /37(6“/37) +

91 (176 911395+ 29280208 +/37 )

wgz +

w3 +

wi? -

[3896677731‘1+64364777Jix/37 +26258012+/6+~/37 +
4421696 |37 (6“/37 )

2 [191772474—3113744\/37 +31099241i+/6++/37 +5087801i |37 (6“/37) ]

w36 -4 [1438307]’1+236204]’M/37 +288896+/6++/37 +47840 |37 (6“/37) ]

w85 +

wg® -

Wi+ 16 [899904—14705\/37 ~62161i+/6+~/37 -10321i 37(6“/37)

/

[(7“/37)5/2 (-2 1 +wo) (2j+w0>3[ 37(6“/37) F 8w+ 21w+ wd

161 (5983+ 979 /37 ) w3® + 192 (43+7\/37 ) wio

(73+12\/W+4 (7+\/W) wgfwg)z
(—73—12\/3_7—211(97+16\/3_7) wo +12 (7+\/3_7) w%+321’1w8+w3+21’1w8)4
(773712\/3777311(97+16\/377) wo +

32 (7+x/37)w5+108]'1w8+w3+31'1w8)

[— 6+37 (518+85\/3—7)+

[53488x/37 _222i6++/37 -44i |37 (6+\/37)

[10 37 (6+\/ﬁ) _i (583+86\/377)

Wo +

w§ +
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2 wg +

102+9~/37 -i [37 (6+ﬁ)

[ 37 (6+\/?) —2i (15+2\/377)

w+12 wg -1 w§

}

(* Calculo do vetor complexo h22 x)

h22 = Simplify|

-AI.(bb[hll, h1l] + 2bb[q, h21b] + 2bb[gb, h21] +bb[h20b, h20] - 4 h11 11
q gl

|

64 wd |11244966

(802 360677406663688461023733+131907282819295978599029723+/37 )

607836 [8 979139465240155690297127711+/6++37 +

1476161434959048 990894982793 |37 (6“/37) N
741 (628 883870824116081 971126335 +

103387871496157812869147603+/37 ) wo + 151959

[443 894413671475770684622145037+72975792078095962208570181 669

\/37 +1170700560573248031352844615421/6++37 +

19246198659 605606493500698570 1 | 37 (6+«/37) w3 +

2738 |11710731236629359967357853374175+/6++37 +

1925232355907081214450618081725 |37 (6+\/37 ) +
74 1 (1 359740169936446287663303455023 +

223539906935966195960939684579+/37 ) wg +

1369 [26012426297280485103820374837717 +

4276416540628156577574160275093 /37 +

1081911483811158319676446185471491i/6++/37 +

177865152292590884568999976503491 |37 (6+\/37 ) w§ -

37 |976044420877751006788341937404265+/6++/37 +

Printed by Wolfram Mathematica Student Edition

242

+



243

160460714357346194551511940519601 | 37 (6+\/37) -

2221 (93 201623787509332405827576200311 +

15322252565881432660639441634777 /37 ) w3 +

371 |70257576668927203648857967799660994/6++37 +

1155027445490 012979235220179169195 | 37 (6“/37) +

31 (5 151935999811193432699275532840531 +

6

846973061030973601043654091486919+/37 ) w§ +

-311337582453024711455122628103395689+/6 ++/

37 -
51183583265375437757198277810986089 |37 (6+\/37 ) +

1111 (2 035983745594614765419941133658253 +

334713665945922856872994483956873 /37 ) wl +

[—829 714260210421641587106453195750302 -

136404184131407021772586375537154330+/37 -

2488928291380499756986755370539812891+/6++37 -

8

409177290578607386904625659495656531 |37 (6+\/37 ) w§ +

[6016832557760253426290432871250413 6++/37 +

989161179281688329699513498278857 |37 (6+\/37 ) -

i (l 327747377288231741923500308561479197 +

218280324223529444855511910653857761+/37 ) wg +

6112381611155960172090303214550867017 +

18475423065784295407877352913318867+/37 -

533273962962579176437704752366328811i+/6++/37 -

87669699467362627080536725505934111 |37 (6+\/37 ) w0 +
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261499569273692642156761545249442202+/6++/37 +

42990264369382195639735122147756134 | 37 (6+\/37 ) -
31 (200 435076 934270636714376770439323761 +

32951323668465469951173494754496777 /37 ) wdt +

61129844810109574598914332036952907421 +

21346355288870482254188594271406043+/37 -

43875152984973183947972838920653971+/6++37 -

721303071 859721542841 9430401367751 | 37 (6 +~/37 ) wl? +
2 [88 111424447 601336113266314246229403 1 +

14485428 949218159926 589054 537567 341 i /37 +

63871529724 470428043397 844255429016+/6+~/37 +

10500414804 346964 635832 629164778862 | 37 (6“/37 ) wid +
4 [40 431151952 039859240121226 409550 035 +

6646840436504372389549188402158310+/37 +

14223654109429439306138539255264367 i~/ 6+~/37 +

2338354331371883426898427966909658i |37 (6+«/37 ) Wit +

4 [1 505270473681 744452743910509158067 / 6 ++/

37 +
247464941493934259316422695518272 37 (6+\/37 ) +

911 (353 233427889515363592296958176266 +

58071217827436275581839296015631 \/37) wg® +
41 14247012153376299829484370892230544~/6+~37 +

698204497088608438821398577125715 |37 (6+\/37 +

~——

41 (1 684307208294979682400938711674883 +
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276898399354808139758307106093580 /37 ) wg® -

12 |654528792367416002737630234249978+/6++/37 +

107 603870627401 660196849187712565 | 37 (6“/37) -

i (1 233503318992754622831877512942114 +

202786 696480205949659894 654541821 /37 ) w§’ +

[13 707843200899298645728683150377137 -

2253555540368472022741812733342573+/37 -

3809615434024776916581513124386481+/6++/37 -

wh8 -

626296919376532498436788081342081 |37 (6 +4/37 )

4 (820 3060379631987170648981301419111 +

134857481921619840198916170676078 1 /37 +

362914246687764595910986632896815+/6++37 +

59662734634155115312140642829351 | 37 (6+\/37 ) w§? +

[1 429848385305440246327 645627391451 -

235065626544414688301882195290855+/37 -

6458128202065157986089495833286551/6++37 -

106170973630767981798342436869331 1 |37 (6+\/37 ) w3

[25 158728702923764681242510585417+/6++37 +

4136069520650883116994802050941 | 37 (6+\/37 ) +

41 (251 891372220715306586011345033565 +

41410686504042402859984346956511 +/37 )

wgt + 60020077 678560823386937 926083383 +

9867239988344269379627613209983+/37 -

812523832815701930372469873690051+/6++37 -
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13357809527 636872220194 783113185 i 37(6+\/37) wg? +

417732284068575320566693235554/6+4/37 +

6867476446533633522075757167 | 37 (6“/37) -
i (87 605631 028119520424 156530257 605 +

14402277023269630943347194811421+/37 ) wg3 +

[1 464190231079992251876191709296+240711391211878168161645551528

\/37 -108234638897834590559824625543291+/6++/37 -

17793665026163637541097619486251 |37 (6+\/37 ) wg® -

[12 761740375427571123822757 6430451 +

20980171939742942526271566932931+/37 +

880915507198905714461 337485111~/ 6++/37 +

144821 617286027 634249916382015 37(6“/37) wgs +

[2 653324453027815547392782968774 -

436203853070056871062207052998+/37 -

23621924346379761085976047862601~/6++/37 -

3883420440753891233102544257241 |37 (6+\/37 ) w3® +

3 (63123 958877129621473018952300+/6++/37 +

10377514913295361384722382532 |37 (6+\/37 ) -
51 (288 034511000371822089688291045 +

47352581917460817581350927881+/37 ) wi’ +

2 |331726053969527593257560957587+54535427336439902821556487427

\/37 -1793183506656838727406868896491+/6++/37 -

294797552563656463700771460851 |37 (6+\/37 ) wg® +
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4 122232430921687782822741159569+/6 +

37T+
3654989129877983322814018951 |37 (6+\/37) -

31 (36 473742618012068454839325061 +

5996246349481869837971404451 /37 ) w§® +

8 (23 201917899485404043445419284+3814371806566847810412641491

\/37 -36496247896176055923029882331+/6++/37 -

5999946192501979881405756501 | 37 (6+\/37 ) wg® +

8 [560 0996277016738654307141431+92079812068229000312743350

137 +1842722504549042243295591392~/6++/37 +

302941715745161884959340289 |37 <6+\/37 ) wgt +

2 (5 224485426954290052460397423 +858900112228103461823425745+/37 +

211159450777368055066446428 11/ 6++37 +

34714410297 672218817789992 i 37(6“/37) w32 +

4 [230 951450342520499868952964 1 +37968183987093648332648542

1+/37 +233732791748103278575866447+/6++37 +

38425434308 956329947024 307 37(6+\/37) w3+

[234 833650678014043466916233+38606414059437773291725433+/37 +

1564956970879299719808156421+/6++37 +

257277388856773760299720381 |37 (6+\/37 ) wg? +

2 [7442770852085429726659803 6++37 +

1223582594861301952532553 | 37 (6+\/37 ) -21
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(41 125616729723984074183057+6761010008496661566091555+/37 )

w3® + [99 825374255753277202274423 +16411190886288388436159327

\/37 -93148390842997161963981051i+/6++/37 -

15313529344826471616031371 |37 (6+\/37 ) wg® +

3 [2 2395710266235718654332541+3681833518437352040634501+/37 +

2357128638408526759225435+/6++/37 +

387509378906799644453355 |37 (6+\/37 ) wid” +

[ll 727993763051102125363297+1928070390741199103854053+/37 +

6744862710970665340440851i/6+~/37 +

110883614 603550921 655621 i 37(6“/37) w38 +

[4 6999036829972573161334491+7726596595580562320105251+/37 +

919743181439075117665709+/6++/37 +

151204883546 628492467525 | 37 (6“/37) w3 +

-75257163978113396043758 -12372212774311731493274+/37 +

528994681 6960567473579731+/6++37 +

869660797020527774182331 |37 (6+\/37 ) w0 +

[503 2653358139898374180891+827363402391026367218771+/37 -

49127970534314894784657+/6++37 -

8076563044424049892677 |37 (6+\/37) Wil +

21 [65 139343796601292840607 1+107088446846247908752011+/37 +

23334085390189163319569/6++/37 +

3836116621100386202243 |37 (6“/37) wi2 +
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[23 6013985039444663618631+38800390835295048998471+/37 -

16066946176094476436750/6++37 -

2641384 705745256325778 | 37 (6“/37) wi3 +

21 [199032 699640597 921427/ 6++/37 +

32726746999573365269 | 37 (6+\/37) N

31 (2 564 996562890173071 637 +421682948853373943703+/37 ) wg? -

2 (173 5415574323272681371+285314745921943140951+~/37 +

649435738988044388680+/6++/37 +

106766220490 025078170 37(6“/37) Wi -

41[39545058060881910615 6++37 +

6500659050711 947472 | 37 (6“/37) -

i (257 759780647 926625999 +42375464538094778536+/37 ) wgo -

4 [32 6194312784422390161+53627242904433429891+/37 +

13295309401854589647+/6++37 +

2185714 698022 740 558 37(6+«/37) Wil - 41

[2 584849538738436590+/6++37 +424886169001102919 |37 (6+\/37) -

i (11 163484 742285738675+ 1835267927218448441 /37 ) wi -

4 [2 180350797302192612 1 +358461472448444567 1+/37 +

284501384917687594+/6++37 +

46769820259517 683 37(6“/37) w® +
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[271671796437081260J'L\/6+\/37 -446405810960174841 |37 (6+\/37) -

3 (416 378326362451841 +68452561608055605+/37 )

12 [648256059840 1581/ 6++/37 +106520854714688 |37 (6+\/37) +

51 (4 657589796509 717 +765782394118042 /37 )

wg® -

w3t +

[—19 804501044057129-3255953491704069+/37 -1975549884940573

1+ 6++37 -3232595241756971 |37 (6+\/37 ) wg® +

[189790222 608485~/ 6++/37 +31247378184209 |37 (6+\/37) -

24 i (143 201097657193 + 23555104 897169 /37 ) w§3 +

[16 562468522267 -2731927950299+/37 +499617620148411+/6++37 +

8290186712549 i 37(6“/37) wgt +

[44 5149586516731+ 7302809344793 1+/37 +5078009895641+/6++/37 +

wg® +

837599160629 |37 (6“/37 )

[7 373695266108 +1211659283436+/37 +10627827161411i/6++/37 +

1773942200771 |37 (6+x/37) wgs +

[53533 660123~/ 6++37 +8918592763 |37 (6+\/37) +

31 (629489 639027 + 103305656 659 \/37 ) Wy’ +

6 [2789270094l+458132l305 A/37 +16105989001+/6++/37 +

wg® +

2749309721 |37 (6+ﬁ)
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[19 463991031 1+31869852431+/37 +687726992/6++/37 +

116219264 37(6+\/37) wg? +

2 (736750485+120760593x/37 +109678397 i+ 6++/37 +
184391091 |37 (6“/37 )

4(4387719#6“/37 + 733407 /37(6“/37) +

21 (8 383631 +1355633+/37 )

24 [l74878+28258 A/ 37 +1205831+/6++/37 +200311 |37 (6+\/37 )

126911/ 6++/37 +2107 /37(6+\/37) +81J’1(267+43\/37)

[(74—\/37 )2 (—2]'L+u)o>2 (2]i+w0>2[ 37 (6+\/37) +8 wo + 2 1 wh + wd

wg +

wgl +

w§? +

16 w3 +

96 (267+43 ﬁ) wg*

(73+12\/37 +4 (7437 ) wgfwg)‘l
(773712 V3T 421 (97+16\/37 ) Wy +

12 (7+\/37)a)%—32]'1a)8+a)§—2]'1a)8)

(—73—12\/3 —21'1(97+16\/37)w0+l2(7+x/37)w%+321’1w8+a)é+21w82
[ 6+~/37 (518+85x/37)+

[53488\/3722211x/6+\/37744j1 [ 37 (6+\/377)

[10 37 (6+\/377) —i (583+86\/377)

2 (1oz+9ﬁ-j /37 (6+\/377)

[ 37 (6+\/377) 2 (15+2\/377)

Wo +

w§ +

wd +

wh+12 w3 - 1w

[37 (6+V37 ) +16 [37 (64437 ) wo+640f+
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2 |37 (6+\/37 ) w3 + 20 wh + w8

10657 +1752+/37 + (52604 +8648+/37 | wg-2 (89 +28+/37 | wi-
( ( J -2 )

104 (—4+\/37)w8+129w8+4w60)
[37 (l74922+28757\/37)+4 6++/37 (276686+45487x/37)wo+

4 (314823+51764+/37 | wg+
0

56~/ 6+~/37 (2664+455\/377) Wi+

(296509+48182x/37 ) wh +
8~/ 6+~/37 (4181+965 37 ) Wi+ 8 (13319+1993 37 ) w§ +
8/ 6+/37 (296+107 V37 ) w] + (7776+88lx/37 ) wg +

|

28 [37 (6+\/37 ) w+ 4 (51+2\/37 ) w0 + w2

64 w§ 67469796 (6 393033890621681382129205 +

1

1051008297427 032716092967 /37 ) +

749405998021908776724835393+/6++/37 +

1215672

123201587155 362 390535258283 | 37 (6“/37 ) 2221

(5 010808745561452494 643321 +823771883351130510068369+/37 )

wo + 151959 [101 673886598698810503962107 603 +

16715083992225822327835790479+/37 +

190095955930910539764876359081i~/6++/37 +

2

31251582645885520457342668921 |37 (6+\/37 ) w§ +

2738 |4176778829199445276935283442665+/6+/37 +

686 658209718844 684075452411121 |37 (6“/37) +

148 1 (128 547620135979688454777650907 +
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i (6 707 912 668 021 574 521 886 351 543 +

1102774049793801005412390485+/37 ) w3t +

412997001187539364833128324321+492703960452327794510294361+/37 -

13023582112098762803587010711+/6++37 -

Printed by Wolfram Mathematica Student Edition



268

2141063735496341434431857231 |37 (6+\/37 ) wg? +

8 1164333021495926119241941460+/6++/37 +

27016182287480421107 080930 |37 (6“/37) -

i (448 075795284723883095127201 +

73663206851622620055643882+/37 ) w3 +

[1 426903162221451788132301083+234581434999592681426084631+/37 -

2882604381300636343089628761+/6++37 -

473897266080280291849424601 |37 (6+\/37 ) wg® +

2 (70 184787443507058780671829+/6++/37 +

5 (2 307661 743533396141357253 |37 (6+x/37 ) -
41 (5 682798529953741904260295 +

934246310604234980100202+/37 ) wg® +

[105 978609283172784224481607+17422775805782953104186991+/37 -

94905220634094164062086591+/6++37 -

1560230760367 641493586279 i 37(6+«/37) w36 +

[7 016178817978996829718863+/6++/37 +

1153453006774 384638365723 | 37 (6“/37) 21

(16 310048443683377165948327+2681355562073414217533255+/37 )

wg” + [12 534771083988159265104655+2060703621281618526141631+/37 -

31604075105670570103365031/6++37 -

5195671106032207227591511 |37 (6+\/37 ) wg® +
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[998777 930424451957477869+/6++/37 +

164198053897913354715309 | 37 (6+\/37 ) -

i (3 602222019176644134954829+592201788640019068925101 /37 )

w3g?® + [l 719269803273187412165994 +282646221969385836575398+/37 -

3822370102183825923213371+/6++37 -

628393205511622693673771 |37 (6+\/37 ) wg® +

3 (56319 996207407453764313\/6++/37 +

9258944606549840936177 | 37 (6+\/37 ) -

i (76 027624499929313354689+12498869124767999069493+/37 ) wgt +

2 [90 895614 965983356889781 +14943148676503613150981+/37 -

47112666554552997109331+/6++37 -

774538787343380079427 i | 37 (6+«/37 ) wi? +

[14869923716096736740568 6++37 +

2444597692538190016044 |37 (6“/37) -

i (1 587527509617887194517+260983112716313516561+/37 ) w§3 +

2 [6 897026909186934865292+1133864408015972497946+/37 +

602 9586457292064816711+/6++37 +

991221583685688170754 |37 (6“/37) Wl +

4 (188 725472868804389698+/6++37 +

31026213358083565822 |37 (6+x/37 ) +
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151 (20 085922652496489641 +3302133754925335104+/37 ) w§s +

2 (365 566764617958609847 +60098811838053750571 /37 +

570432999185337011871+/6++37 +

9377364784549046153 1 | 37 (6“/37) Wi +

4 [28 9310290065430335531+47562920651564920311+/37 +

5980611644644193068+/6++37 +

wg’ +

983201 467233849523 |37 (6“/37 )

[26 416139669314554272+4342788090322166156+/37 +

46331608227292821821+/6++37 +

48

761613287534 633518 1 37(6“/37) wh

121 (441 874004161048288 +72645031723128273+/37 )

i/6++/37 +17926653749927624 i 37(6“/37) wg0 +

12 {10 5419712579648011+17331052265828851+/37 +

403492886532610+/6++/37 +66328259676915 |37 (6+\/37 )

[7 049771902160585+1159007036491397+/37 +1422388508717887

wg® +

i+/6++/37 +23390003955649914 |37 (6“/37)

[30984649122953 6++/37 -5092956804125 |37 (6“/37)

1081 (8842755838090 +1453093327587+/37 w3 +
0
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[59 034570811631 -9705254824343+/37 -55803113855691i+/6++/3

9069545384931 |37 (6“/37) wgt -

3 (9 475299948371 1+15599776177871i+/37 +801897102161+/6++3

131726457 613 37(6“/37) W +

[ 3938144708826 -647606422842+/37 -7937460389391+/6++3

1299819513231 |37 (6“/37) w3 -

[878 2580785311 +1447038795231+/37 +58911466637/6++/3

9666368453 37(6+\/37) wg? -

211[7859889761 6++/37 +1285554617 |37 (6“/37) -

41 (9 057123431 +1490 666864 /37 )

[9 3788018651 +15505616291+/37 +868729438+/6++/37 +

142270 654 37(6“/37) wg® -

21'1[38842526\/6+x/37 +6293630 l37(6+\/37> -

3i (108 953303+ 17991123 +/37 )

96525371+16518611+37 +2185220+/6++37 +355076 |37 (64—\/37) ]

w§t +

41 [33199li+56699i\/37 +143708+/6++/37 +23900 |37 (6+\/37)

8(4144\/6+\/37 + 688 /37(6+\/37) +27i(1331+215\/37)

2

16 (1331 +215 \W) wg*
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[(mm)m (-21+wo)? (24 +w)?

[ 37 (6+\/37) 8wy + 21wkt w

(73+12\/37 4 (7“/37 ) wgfwg)‘l
(773712\/37 21 (97+16x/37 ) Wo +
12 (7“/37 ) w%—321’1w8+w3—21w8)

(—73—12\/3 —21'1(97+16x/37)w0+12(7+\/37)w%+32]iw8+wé+211w82
[ 6+~/37 (518+85x/37)+

534 -88+/37 -222i/6+~/37 -44i |37 (6+\/3_7)

[10 37 (6+\/3_7) —i (583+86\/3_7)

2 (102+9ﬁ_j |37 (6+\/3_7)

37 (6+\/3_7> 21 (15+2\/3_7)

Wo +

wg +

wg +

wi+12 w3 - 1w

[37 (6+V37 ) +16 [37 (64437 ) wo+640f+

2 [37 (6“/37) W3+ 20 wh + W

(10 657 + 1752 /37 + (52 604 + 8648 /37 ) W - 2 (89+28x/37 ) wl -

104 (-4“/37 ) wg+129wg+4w50)
[37 (174 922 + 28757 /37 ) 146437 (276 686+ 45487 /37 ) Wy +

4 (314 823 +51764~/37 ) Wi+

56+ 6++/37 (2664+455x/37)w8+

(296509+48 182 /37 ) wh +

8+/6+~37 (4181+965\/377) wg +

8(13319+1993ﬁ)wg+
8~/ 6+~/37 (296+1o7ﬁ)w3+
(7776+881\/3_7)w8+28 37(6+\/3_7) w3 +

4 (5l+2\/37 ) w0 + w2

(*# Componentes do numero complexo G32 =*)
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G32 = pb. (6 bb[h1l, h21] +bb[h20b, h30] + 3bb[h20, h21b] + 3bb[q, h22] + 2bb[gb, h31])

ReG32 = ComplexExpand[Re[G32], wo € Reals]

(* Valor de wo *)

wo =N[\/ (-n) * (b+m) , 50]

3.4760268310670761692396132474965648249422443494620

(* Primeiro coeficiente de Lyapunov em fungdo dos paramteros =)

11 = Simplify[11]

(* Segundo coeficiente de Lyapunov em fungdo dos paramteros =*)

1
12 = — x ReG32
12

0.0002527635639513260465697995375452068775812690940

Modelo Tridimensional

Condicao de Transversalidade

(# Paramtros da bifurcacéaox)

b?+4bm+m?- (b+m) n

a=
2m
h=\/ (b+m) n (-b-m+n)
m
(b+m) n (-b-m+n)
m
wo = V-(b+m) n

(-b-m) n
(# Matriz Jacobiana J(e*)= A %)

A={{n,—2V(—a+b)n,O},{0,—m,m},{V(—a+b)n,b,—b}}
{{n, -2+/(-a+b)n, 0}, {0, -m, m}, {\/(-a+b)n, b, -b}}
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(* Autoveotes g e pbx)

Y2 hm m
q={_ ’ 11}
(m+1'1.wo) (—n+]'1.wo) m+ 1 wo

\/7 m b+m) n (-b-m+n
" m
{- , , 1

(m+j1 (—b—m)n) (—n+1’1 (—b—m)n) m+1i+ (-b-m)n

h(—im+wo) (in+wo) b+ 1 wo 1
Pb={ 2 , 2 . ! Wm ’ L }
V2 (h m- (n-na)o) (b+m+21wo)) m[1+M“—+:‘“A‘QZ—] 1+Mu_+li(md2_
m+i w, m+i wy m+i w, m+i wg

{[\/ (b+m) n (-b-m+n) (—]'1m+ (—b—m)n) (jln+ (—b_m)n)

b+1i+(-b-m)n 1
b+ ‘(bvn‘, n (-b- m\n\)‘ 4 b+ (b+m) n (-b-m+n) }
w1y A emn iy TEma | 1+ iy (-b-m) n . [invToma )
m+i ./ (-b-m) n m+1 (-b-m) n m+1i \/ (-b-m) n m+1 \/ (-b-m) n
(x J'(e%)*)

b?+4bm+m?- (b+m) n

Al = Simplify[D[A, a] /. a -> ,m>0&6n<0&&b>0]

2m

_ mn
{{o, V2 n , 0}, {0, 0, 03, { O o, o))
Nes

b+m) (b+m-n) n
m

A2 = Simplify[Al.q, m>0&&n < 0&&b > 0]

V2 mn imn
{ ;0 - )

-ibn+ (m-n)+-(b+m)n
- b ?m*nn (m+]l —(b+m)n)

A3 = FullSimplify[pb.A2]

J'J.m(j.n+\/—(b+m) n)
b2+m?+2b (m-n) -2mn+inV-(b+m)n

(*Condigdo de Transversalidadex)
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T = FullSimplify[

ComplexExpand[Re[A3]], m>0 & n< 0&&b > 0]

mn

(b+m)? -3 (b+m) n+n?
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Apéndice |l

Sistemas acoplados

Lema 3.2.4

I0 := {{1, 0}/ {ol 0}}
I2 := {{1/ 0}, {0, 1]']'
I4 := {{1, 0, 0, 0}, {0, 1, O, O}, {O,0, 1,0}, {O,0,0,1}}

A:= {{-1-cl-c2, -b*(1+cl+c2)}, {1, 1}}
J:= {{-1-c2, -bx (L+cl+c2), -c1, 0},
{1,1,0,0}, {-c2,0, -1-c1, -b* (L+cl+c2)}, {0,0, 1, 1}}
alfal := FullSimplify[(cl”2-c2%2) « (x*2-xxTr[A] +Det[A]) / (el (x~2) -

(x* ((c2"2) + (cl* (cZ+Tr[A])))) + (cl*Det[A]) + (c2* (c1+c2)))]

alfa2 := FullSimplify[(c2%2-c1”2)  (x*2-x+Tr[A] +Det[A]) / (c2* (x*2) -

(x* ((cl"2) + (c2* (c1+Tr[A])))) + (c2*Det[A]) + (cl* (c1+c2)))]

Al := A+ alfal IO

A2 := A + alfa2 % IO

Pl := FullSimplify[Inverse[x*I2-Al]]
1

{{((-1+x) (-c2® (-1+x) +c1? (-1+b+x) +cl (-1+b+bc2+x?))) /
cl (-1+b(l+cl+c2)+x?) (b(l+cl+c2)+ (-1+x) (L+cl+c2+x))),
(

(
b

1+cl+c2) olc? + <2
-1+b (1l+cl+c2) +x2 b (1+cl+c2) +(-1+x) (l+cl+c2+x) }
- ’
cl
cl-c2 c2 (cl-c2) (1+x) c2 (l+cl+c2+x)

+
{ -1+b (l+cl+c2) +x2 b (1+cl+c2) +(-1+x) (l+cl+c2+x) -1+b (l+cl+c2) +x2 b (1+cl+c2)+(-1+x) (l+cl+c2+x) }}

’

cl cl
P2 := FullSimplify[Inverse[x » I2 - A2]]

P2
{{((—1+x) (bc1c2—c12 (—1+x)+c2 (b (1+02) + (—1+x) (1+c2+x))))/
(2 (-1+b (1+cl+c2) +x?) (b (L+cl+c2)+ (-1+x) (L+cl+c2+x))),



b (1 +cl+ c2) ( ~clsc2 + <l )
-1+b (l+cl+c2) +x2 b (1+cl+c2)+(-1+x) (l+cl+c2+x) }
- 14

c2

-cl+c2 + cl
{ -1+b (1+cl+c2) +x2 b (1+cl+c2)+(-1+x) (1l+cl+c2+x)

c2
(b(1+cl+c2) (c2+cl (cl+c2) +c2x)+c2 (L+cl+c2+x) (-1+x7))/
(c2 (—1+b(1+c1+c2) +x2) (b (1+c1+c2)+ (—1+x) (1+c1+c2+x)))}}
D1 := FullSimplify[c1~2*P1l.{{ul}, {u2}}]

4

D1
{{—((cl (u1+b(1+c1+c2) u2—u1x)

(—022 (-1+x)+c12 (-l+b+x)+c1 (-1+b+bc2+x2)))/
((-1+b(1+c1+c2) +x?) (b (1+cl+c2)+ (-1+x) (L+cl+c2+x))))},
(cl—c2) (u1+u2+u2x) c2 (u1+u2 (1+c1+c2+x))
-1+Db (1+cl+c2) +x? +b(1+c1+c2)+(-1+x) (1+cl+c2+x) 3

{cl

D2 := FullSimplify[c272 » P2.{{ul}, {u2}}]

D2
{{-((c2 (u1+Db (1 +cl+c2) u2-ulx)
(bele2-c1? (-1+x) +c2 (b (1+c2) + (-1+x) (1+c2+x))))/
((-1+b(1+c1+c2) +x?) (b (1+cl+c2)+ (-1+x) (L+cl+c2+x))))},
{(c2 (bc13u2+c12 (u1+b(1+2c2) u2—u1x) +c2 (u1+u2+u2x) (b (1+c2) +
(—1+x) (1+c2+x))+c1c2 (u2 (—1+x2)+b(u1+u2 (2+c2+x)))))/
((—1+b(1+c1+02)+x2) (b (1+cl+c2)+(—1+x) (1+c1+02+x)))}}
U:= Simplify[(x *I4 -J). {{-((c1 (ul+b (1+cl+c2)u2-ulx)

(—022 (-1+x)+cl2 (-1+b+x)+cl (—1+b+bc2+x2)))/
((-1+b(1+c1+c2) +x?) (b (1+cl+c2)+(-1+x) (L+cl+c2+x))))},
(cl—c2) (u1+u2+u2x) . c2 (u1+u2 (1+c1+c2+x)) },

1
{c —1+b(1+c1+c2)+x2 b(1+cl+02)+(—1+x) (1+c1+c2+x)

{—((02 (u1+b(1+cl+c2) u2—u1x)
(bele2-c1? (-1+x) +c2 (b (1+c2) + (-1+x) (1+c2+x))))/
((-1+b(1+c1+c2) +x?) (b (1+cl+c2)+(-1+x) (L+cl+c2+x))))},
{(c2 (bcl®u2+c1? (ul+b (1+2c2) u2-ulx) +c2 (ul+u2+u2x) (b (1+c2)+
(—l+x) (1+c2+x))+c1c2 (u2 (—1+x2)+b(u1+u2 (2+c2+x)))))/
((—1+b(1+cl+c2)+x2) (b (1+c1+c2)+(—1+x) (1+c1+c2+x)))}}]
{{cl2 ul}, {cl2 u2}, {c22 ul}, {c22 u2}}
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(* Componentes do campo de vetores com cl e c2 %)

fl[x_,y_,z_,w_] :=-a (x+by+2xy+y2+xy2) +cl (x-2z)

f2[x_,y_,z_, w_] :=x+y+2xy+y2+xy2

f3[x_,y_,z_,w_] :=-a (z+bw+22w+w2

fA[X_,y ,Z_,W ] :=Z+W+2ZW+W +2ZW

+zw2) +c2 (z - x)

(* Valor de bifurcagédo =)

a=cl+c2 +1;

(* Definindo b em fungdo de wo e de a *)

w12+1
b= ;
a

(* Autovetor g e seu conjugado gbx)
q={-l+iw, 1};
gb={-1-1iwi, 1};

(* Autovetor p e seu conjugado pb *)
P={1+Iwi, w1*2+1}

pb={1- Iw, wf +1}

(* Fungdes multilineares simétricas B, C *)

(* Fungdo B *)
bb[{x1_, x2_}, {yl_, y2_}] :={-2a (x1y2+x2yl+x2y2), 2 (x1y2+x2yl+x2y2)}

(* Fungdo C «x)

cc[{X1_l xz_}l {Yl_l Y2_}r {uj-_r u2_}] i =
{-2a (x2ylu2+x2y2ul +x1y2u2), 2 (x2ylu2+x2y2ul +x1y2u2)}

(¥Matrizesx)

A:= {{-1-cl-c2, -bx*(1+cl+c2)}, {1, 1}}

I0 := {{1, 0}, {0, 0}}

14 {{1,0,0,0}, {0,1,0,0}, {0,0,1, 0}, {O,0,0,1}}
12 {{1, 0}, {0, 1}}

(¥valores de alphax)
alphal := (cl"2—c2"2) * (x"2—x*Tr[A] +Det[A]) /
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(cl* (x"Z) - (x* ((c2"2) + (cl* (c2+Tr[A])))) + (cl*Det[A]) + (c2* (cl+c2)))

alpha2 := (c2"2—c1"2) * (x"2—x*Tr[A] +Det[A]) /

(02* (x"2) - (x* ((cl"2) + (02* (c1+Tr[A])))) + (c2*Det[A]) + (cl* (c1+c2)))

(*Calculando alpha para x = 0Ox)
x:=0

alfal0 = FullSimplify[alfal]

(c1-c2) (e1+c2) (c1+c2-wi)

cl?-c2?2-clw?

alfa20 = FullSimplify[alfa2]

(cl - c2) (cl + c2) (cl +c2 - wf)

cl? - c2?2 + c2 w?

(*Calculando alpha para x = 2%Ixw1 *)
X :=2%I%xw:
alfall = FullSimplify[alfal]

(cl—c2) (c1+c2) (1'1 (c1+c2) +2 (c1+c2) w1+31'1.w§)

i(cl-c2) (cl+c2)+2 (cl-c2) (cl+c2) wi+3iclw}
alfa2l = FullSimplify[alfa2]

(c1-c2) (c1+c2) (i (cl+c2)+2 (cl+c2) w1 +3iwi)
i(cl-c2) (cl+c2)+2 (cl-c2) (cl+c2)wr-3ic2aw}

(#*Calculando Z1 e Z2x)
Al0 := FullSimplify[ A+ alfalO % IO0]
A20 := FullSimplify[A + alfa20 % IO]

D1 = FullSimplify[Inverse[AlQ0] .bb[qgq, gb]]

2c2?
2cl- =+ 2 (cl—c2) (cl +c2)
(2 i )

w? cl w?

D11 = FullSimplify[bb[q, D1]]

{

4 (L+cl+c2) (-c1?+c2?+4i (cl-c2) (cl+c2) wi+clawi),
cl w?

4 (c1?-c2?-1i (cl-c2) (cl+c2) w1 -clowi)

}

cl w?
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D2 = FullSimplify[Inverse[A20] .bb[qgq, gb]]

(o, Tt v2e z(e1-c2) (edser)

w? c2 w?

D21 = FullSimplify[bb[q, D2]]

{

4 (1+c1+c2) (c12-c22-i (c1-c2) (c1+c2) w1 +c2 w%),
c2 w?

4 (-cl?+c2?+1 (cl-c2) (cl+c2) w1 -c2wf)
2
1

}

c2 w
All :=A+alfall*1I0
A21 :=A+alfa2l xI0
Fl = FullSimplify[Inverse[2 * I *w1 *I2 - All]. bb[q, q]]

{-((2 (+2w1) (-el-c2+24 (1+cl+c2) w1 +wf)
(c12—c22—2:|'1. (cl—c2) (c1+c2) w1+3c1w§))/

(3c1w? (i (c1+c2)+2 (cl+c2) wi+3iaf))), (2 (i+2w) (-(cl-c2) (c1+c2)?+

w1 (2:'1 (cl—c2) (c1+c2) (1+c1+c2) + W1 (clz—c22+6iclw1))))/
(3clwf (i (cl+c2)+2 (cl+c2)wi+3ini))}
F11 = FullSimplify[bb[qgb, F1]]

{(4 (1+cl+c2) (2+2w)
(- (c1-c2) (c1+c2)?+wr (i (c1-c2) (cl+c2) (243 cl+3c2) +w ((cl+c2)
(2012-c2 (3+2¢c2)) +iw (5c12+c2?+6cl (1+c2) +3iclw)))))/
(3c10f (i (cl+c2)+2 (cl+c2) wi+3iauf)), (4 (2+2a)
((cl—c2) (c1+c2)?-4 (c1-c2) (cl+c2) (2+3cl+3c2) w:-
(c1+c2) (2¢c1%-c2 (3+2¢c2)) wi-1 (5cl?+c22+6¢cl (1+c2))w%+3c1m‘{))/
(3clwf (i (cl+c2)+2 (cl+c2)wi+3iwi))}
F2 = FullSimplify[Inverse[2*I+w: *I2 - A21]. bb[q, q]]

{-((2 (2+2w1) (-el-c2+24 (1+cl+c2) w1 +wf)
(-c1?+c2?+21 (cl1-c2) (cl+c2) wi+3c20f))/
(3c20? (i (cl+c2)+2 (cl+c2) wr+3ia?))), (2 (1+201) ((cl—c2) (cl+c2)?+
w1 (-2 (c1-c2) (cl+c2) (1+cl+c2)+a (-cl®+c2246ic2ai))))/
(3c2w§ (:|'1 (c1+c2) +2 (c1+c2) w1+3iw§))}
F21 = FullSimplify[bb[gb, F2]]

1

{

3 c2 w? (1'1 (c1+c2) +2 (c1+c2) w1+3iw§)
4 (l+clec2) (i+2w) ((cl-cz) (cl+c2)?+
wy (-1 (el-c2) (el+c2) (2+3cl+3c2) +w1 (- (cl+c2) (cl (3+2cl)-2c2%)+
1w (6c2+ (c1+c2) (c1+5c2) +3ic2w1)))),
1
3c2w} (i (cl+c2)+2 (cl+c2) wr+3iwi)

(-4:1 (c1-c2) (cl+c2)?+
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4 w1 (—(cl—c2) (c1+c2) (2+5c1+5c2) +
w1 (1'1 (c1+c2) (cl (7+8c1) -4c2 (1+2c2)) + W1 (6c2+ (c1+c2) (cl (7+4c1) +
(5-4c2)c2) -4 (9c2+2 (cl+c2) (cl+5¢c2)) w1+6c2w§))))}
(*Valor de Z1lx)
Z1 = Simplify[ cc[q, q, gb] - 2D11 + F11]

1
3 cl w? (1'1 (c1+c2) +2 (c1+c2) w1+3:ﬁ.w§)
(10 (e1-c2) (cl+c2)2—41'1 (4c1®+c2?-4cl1c2?-4c2%+cl? (-1+4c2)) wr+

2 (1+c1+c2) (1'1+w1)

(8 c1®-2c2% (23+4c2) -clc2 (9+8c2) +cl® (37+8c2)) wif+
2i (7c1?+2c22+cl (6+9c2)) wi-3clauf),
1
3 cl w? (cl+c2—21'1 (c1+c2) w1+3w§)
(10 (el -c2) (c1+c2)2—41'1 (4c1®+c2®-4clc2?-4c2%+cl? (-1+4c2)) w1+

21 (1+w1)

(8c13-2c22 (23+4c2) -cle2 (9+8c2) +cl? (37+8c2))w§+
2i (7c1?+2c22+cl (6+9c2)) wi-3cluf)}

(#¥Valor de Z2x)
Z2 = Simplify[ cc[q, q, gb] - 2D21 + F21]

{-((2 (1+cl+c2) (L+w)
(10 (e1-c2) (c1+c2)2—4:|'1 (4c1®+c2?-4clc2?-4c2%+cl? (-1+4c2)) wr+
(8c1®+cl (9-8c2) c2-c2® (37+8c2) +cl? (46+8c2)) wf -
2i (2c12+9clc2+c2 (6+7c2))w§+3c2w%))/
(3c20? (i (c1+c2) +2 (cl+c2) wi+3iaf))),

1
_3c2w§ (e1+c2-21 (cl+c2) w1 +3wi)
2

i

(J'1+w1)

(10 (c1-c2) (c1+c2)2—41'1 (4c13+c22—4c1c22—4c23+c12 (—1+4c2))w1+
(8c1l®+cl (9-8c2) c2-c2® (37+8¢c2) +cl? (46+8c2)) wf -
21 (2c1?+9clc2+c2 (6+7c2))w§+3c2w§)}

(¥Calculando Llx)
sl = Simplify[ComplexExpand[ (cl"3) * (pb.Zl)] , W1 > 0]
- 1 2c1? (i+w)?
30wf (cl+c2-21 (cl+c2) wr+3wi)
(10 (c1-c2) (c1+c2)®-24d (c1+c2)® (3cl+8cl?-c2 (3+8¢c2)) w1+
(8c1®+4c1? (1+3c2) +cl®(21+16c2) -clc2? (39+16c2) -2c2? (2+15c2+4c2?))
wi+i (6c1®+2c2% (234+6c2) +3clc2 (7+10c2) +cl? (-25+24c2)) wi+
(11c1?+4c2?+3cl (4+5c2)) w‘{+3ic1w§)
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s2 = Simplify[ComplexExpand[ (c2"3) * (pb.ZZ)] , W1 > 0]

1 2 . 2
- 2 c2 (11+a)1)
30} (c1+c2-21 (cl+c2) w1 +3w})

(-20 (c1-c2) (c1+c2)®+2i (c1+c2)? (3c148c12-c2 (3+8c2)) wr+

(—8c14+4c1c22 (3+402)—2c13 (15+8c2) - c1? (4+39c2) + c2? (4+21c2+8c22))
w§+i(12c13+c22 (-25+6c2)+3c1c2 (7+8c2)+c12 (46+30c2))w%+
(4c12+15c1c2+c2 (12+11c2))w‘{+31’1c2w§)

pi = FullSimplify[pb.q]
2w (1'1 + a)1)

(¥*Valor de Llx)
Ll =
FullSimplify [ComplexExpand[ (1 / (2 * (cl + c2) ) ) * Re[ (1 /pi) * (sl + sZ) ] ] , W1 > 0]

-((2 (c1-c2)? (c1+c2)® (1+cl+c2) + (cl+c2)? (21c1®+8 el -
3clc2 (11+8c2) +c2? (1+c2) (13+8c2) +cl? (13-8c2 (3+2c2))) wf+
2 (cl+c2) (2cl?+cl® (14-6c2) +2c2? (1+c2) (6+c2) -
clc2 (37+c2 (37+6c2)) +cl? (12-c2 (37+16c2))) wi+
(9c1®+9¢c2% (1+c2) +clc2 (-9+4c2) +cl? (9+4c2)) wi
(20% ((c1+c2)?+2 (c1+c2) (3+2c14202) wi+90i)))
(* Fazendo cl = c2 = c =)
cl :=c
c2 :=c

Z = Simplify[cc[q, q, gb] - 2bb[q, Inverse[A].bb[q, gb]] +
bb[qb, Inverse[ (2 *Ixwy *xI2 —A) ] .bb[q, q] ]]

{(2 (1+w1) (62c(1+2c)+4(1+5c+6c?) wi+i (1+2c) w%))/(2c-4icw1+3w§),
2 (i+w1) (6c-44i(1+3¢c) w1+w§)}

2ic+4cws + 31w}

(#Primeiro Coeficiente de Lyapunov para cl = c2 = cx*)
Llc = FullSimplify[ComplexExpand[ (c"2/2) *Re[ (1 /pi) * (pb.2) ]] , W1 > 0]

c? (4c? (7+6c)+4c (13+46c+24c?) wi- (9+26c) wi)

8c?+8c (3+4c) wf+180wf

(*Testex)

FullSimplify[Ll - Llc]

0

Printed by Wolfram Mathematica Student Edition



284

Sistemas Acoplados
Lema 3.2.5

a:= {{-1-2¢, -bx(1+2¢)}, {1, 1}}

I0 := {{1, 0}, {0, 0}}

I4 := {{1, 0,0, 0}, {0, 1,0, 0}, {0,0,1,0}, {0,0,0,1}}
I2 := {{1, 0}, {0, 1}}

B0 := A+ (2xc*1I0)

J:= {{—l—c, —b*(1+2c), -c, 0},
{1,1,0,0}, {-c,0,-1-¢c, -bx (1+2¢c)}, {0, 0,1, 1}}

fl := Simplify[Inverse[x*I2-A0]]

f1l
-1+x b(1+2c) } { 1 1+x
“1+b+2bc+x?  -l+b+2bc+x?’’

}

“1+b+2bc+x? -l+b+2bc+x?

£2 := £1.{{ul}, {u2}}
£2
H b(l+2c)u2 ul (-1+x) } { ul u2 (1 +x)
- + , +
-1l+b+2bc+x? -1+b+2bc+x? -1l+b+2bc+x? -1+b+2bc+x?

£3 := Simplify[-Inverse[x * I2 -A0]]

£3

H 1-x b (l+2c) 1 1+x
1+b+2bc+x2 -l+b+2bc+x2’ “1+b+2bc+x2 -l+b+2bc+x?

£f4 := £3.{{ul}, {u2}}

f4
b(l+2c)u2 ul (1-x) ul uz (1+x)

{1 + bod - b

-1+b+2bc+x?2 -1l+b+2bc+x? -1l+b+2bc+x? -1+b+2bc+x?

U := FullSimplify[(x*I4-0J).

b(1+2c) u2 ul (-1+x) ul u2 (1+x)

{{- + I +

-1+b+2bc+x? -1l+b+2bc+x? -1+b+2bc+x? -1+b+2bc+x?
b(1+2c)u2 ul (l—x) ul u2 (1+x)
{ + boA- -

-1+b+2bc+x? -1+b+2bc+x? -1+b+2bc+x? -1+b+2bc+x?
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Proposicao 3.2.3

(*# Componentes do campo de vetores com c = cl = c2 %)

fl[x_,y_, z_, w_]:

f2[x_,y_, z_, w_] :=x+y+2xy+y"’+xy2

f3[x_,y_, z_, w_]:

-a (z+bw+2zw+w

2

2 2

fa4[x_,y ,Z_,W_] 1= Z+W+2ZW+W +ZW

(* Ponto de equilibrio #)

PO = {0, 0, O, O};

(* Parte linear do campo de vetores *)

Df[{x_,y_, z_,w_}] :=

{{Derivative[l, 0, O, O] [f1] [x, ¥, z, w], Derivative|[O,

Derivative[O, O, 1, O] [£f1] [x, ¥y, 2, w], Derivative|[O,

{Derivative[l, 0, O, O] [£2] [x, y, 2z, w], Derivative|[O,

Derivative[0, 0, 1, 0] [£f2] [x, ¥y, z, w], Derivative[O,

{Derivative[l, 0, O, O] [£3][x, ¥y, 2, w], Derivative|[O,

Derivative[0, 0, 1, 0] [£3] [x, ¥y, z, w], Derivative|[O,

{Derivative[l, 0, O, O] [f4] [x, y, z, w], Derivative|O,

Derivative[0, 0, 1, 0] [f4] [x, vy,

(*# Valor de bifurcagédo *)

N

w], Derivative]|O,
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a=2c +1;
(* Definindo b em fungdo de wo e de a , onde Wy = W) *)
(t)o2 +1

= ’

a

(* Autovetor gq x)

g={-1+1iwo, 1, 1-1wo, -1};

(* Autovetor gb =*)

gb={-1-1wp, 1, 1+iwo, -1};

(*» Autovetor pb normalizadox)

wo -1

m{l—iwo,woz+l, -1+1wo, —woz—l}]

pb = Simplify|

-—+

i1 i i 1 Ji}
dw, 4 4wy 4wy 4 4w

{

(*# Verificagdo da Normalizagdo =)

FullSimplify[pb.q]

(*# Fungdes multilineares simétricas B, C, D e E %)

(* Fungdo B «*)

bb[{x1_, x2_, x3_, x4_}, {yl_,y2_,y3_,y4_}] := {—2a (xl y2 + x2yl + x2 y2) ,
2 (x1y2+x2y1+x2y2), -2a (x3y4+x4y3+x4y4), 2 (x3y4+x4y3+x4y4)}

(* Fungdo C «*)

ce[{x1_, x2_, x3_, x4_}, {yl_,y2_,y3_,y4_}, {ul_,u2_,u3_, ud_}] :=
{—2a (x2y1u2+x2y2u1+xly2u2), 2 (x2y1u2+x2y2u1+xly2u2),
-2a (x4y3u4 +x4y4u3+x3y4u4), 2 (x4y3u4+x4y4u3+x3y4u4)}

(* Fungdo D =)
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dd[{x1_, x2_, x3_, x4_}, {yl_, y2_, y3_, y4_},
{ul_, u2_,u3_,ud_}, {vl_,v2_,v3_,v4_}] :={0, 0,0, 0}

(* Fungdo E =)

ee[{x1_, x2_, x3_, x4_}, {yl_,y2_,y3_,y4_}, {ul_, u2_, u3_, ud_},
{vl_,v2_,v3_,v4_}, {wl_,w2_,w3_,wd_}] :={0,0,0,0}

(* Parte linear do campo de vetores x)

A = Simplify[D£[PO]]

{{-1-¢, -1-w3, -¢, 0}, {1, 1, 0, 0}, {-¢, 0, -1-c, -1-wd}, {0, 0, 1, 1}}

(* Inversa da matriz A =)

Al = FullSimplify[Inverse[A]]

1 (1 1 1 1 1+2c c c (1+w3)
{{* —+ , — 2+ —+ , },
2 \w§ -2c+wj 2 w§ -2c+wj -2cwf+wi -2cwj+wd
{ c - w} -c+ (l+c) wh c c(l+w%) }
’
-2 cwj + w§ 2 cwh-wd 2 cwh-wd -2 cwh+wd
c c(l+wd) 1 (1 1 1 1 1+2c

{ ’ r pT |2+ — + }

“2cwi+w§ -2cwit+wl 2 \w§ -2c+wj 2 w§ -2c+wj
{ C C<l+(u%) c-wj —c+(l+c)w%}}

r - ’ ’
2 c wh - w§ -2 cwh+w§ -2cwj+wd 2 cwh-w§

(* Matriz D2 = 2iwoI =*)

D2 = 2 1 wo IdentityMatrix[4]
{{ijOI OI OI O}I {OI 211(1)0/ Or O}r {OI OI 2].10)0/ O}I {OI Or Or 21&)0}}

(# Matriz DA = 2iwoI-A =*)

DA=D2-A
{{1t+c+2iwo, 1+wj, c, 0}, {-1, -1+2iuw,, O, 0},
{c, 0, 1+c+2iwy, 1+wg}, {0, 0, -1, -1+2iwe}}

(* Inversa da matriz DA «*)
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DAI = FullSimplify[Inverse[DA]]

{{(1—21w0> <c—2ilcwo+3w%), % 2+i+ 3-2c+41cuw

4
3w (2c-41cw+3wh) wj 2c-41cwy+3wd

c(j+2wo)2 c(j+2w0) (l+w%)

3 w} (20—4icw0+3w%>,_3w% (2J'Lc+4cwo+3i1w%)}’
1 1 c+ (3+7c+6iw) wh

{_6w%_2(20—4icw0+3w%>’_3w% (2c—4jcw0+3w%)’
1 (1 3 c+cw
6 g72c—4jcwo+3w% 6cwi-121cwd+9wd

c(j+2wo)2 c(j1+2a)o> (1+w%) (1—21’10)0) (c—2ﬁcw0+3w%)
{3mg(2c—4ﬁcwo+3wg)’73w%(2]ic+4cw0+3]'1w§)’ 303 (2c-dicw+3wd)
1 2+i+ 3—2cl+41'1cw0 },{1 i_ I3 )
6 wi 2c-41icwy+3wj 6 \w§g 2c-41icwy+3ws

C+C wh 1 1 c+(3+7c+61’1w0>wg
6cw%—l2jcw8+9w§’_6w%_2<2c—4jcwo+3w%),_3w% (2c—4]’1cwo+3w%)H

(» Calculo do vetor complexo h20 =)

h20 = FullSimplify[DAI.bb[q, q]]

21'1(Jl+2m0) (—2c+wo(2i+4jc+w0)) 4w0<j+2wo)

{ 2c-41cw+ 3w " 2c-dicwo+3wi

21'1(]'1+2w0) (—2c+wo(2j+4jc+wo)) 4w0(1'1+2w0)
2c-41icw+3 w3 " 2c-4icuw+ 3w}

(* Vetor complexo h20b x)

h20b = Simplify[ComplexExpand[Conjugate[h20]], wo € Reals &&c > 0]

2i (-i+2w) (-2c-21 (1+2c) wo+wj) 4w (-1i+2wp)
{7 2c+41icwy+3wj ’20+4jcwo+3w%’

2]'1(—]'L+2wo) (—2c—2]i(1+2c)w0+w%) 4 wg (—Ji+2w0)
2c+41cwy+3wj ’2c+4icw0+3w%

(* Calculo do vetor complexo hll =)

hll = Simplify[-AI.bb[q, gb]]
{2, 0, 2, 0}

(* Calculo do numero complexo G21 *)
G21 = FullSimplify[pb. (cc[q, q, gb] +2bb[q, h1l] +bb[gb, h20]) ]

(2c-iw) (i+wy) (6c-4i (1+3c)w+wd)

Wo (2c—41’1cw0+3w%>

Printed by Wolfram Mathematica Student Edition



289

(* Calculo do numero complexo G21b =*)

G21b = Simplify[ComplexExpand[Conjugate[G21]], wo € Reals &&c > 0]

((1+Jiwo) (—12]’1c2+2c(7+12c)w0+2]'1 (2+5¢) w%+w8))/(wo (20+4jcw0+3w%))

(*# Calculo da parte real do numero complexo G21 =*)

ReG21 = Simplify[ComplexExpand[Re[G21]], wo € Reals &&c > 0]

4c? (7+6c)+4c (13+46c+24c?) wi- (9+26¢) wh

4c?+4c (3+4c) wi+9wd
(*# Calculo de 11 %)

1
11 = — Simplify[ReG21]
2

4c? (7+6c)+4c (13+46c+24c?) wi- (9+26¢C) wh

2 (4cz+4c(3+4c) w%+9wé)

(* Primeiro coeficiente de Lyapunov simplificado x)

11 = FullSimplify[11]

4 c2 (7+6c)+4c(13+46c+24c2)w%—(9+26c) w§

8c2+8c (3+4c) wh+18w§
(*# Matriz D3 = 3iwoI =*)
D3 = 31 wo IdentityMatrix[4]
{{31(1)0! OI OI O}I {OI 3]-10)0’ Or O}r {OI OI 3]10)0, O}I {OI Or Or 31&)0}}

(* Matriz TA = 3iwoI-A *)

TA=D3-A

{{1+c+3iwo, 1+wf, c, 0}, {-1, -1+3iw, 0, 0},
{c, 0, 1+c+3iwy, 1+wi}, {0, 0, -1, -1+3iwe}}

(* Matriz inversa da matriz TA x)

Printed by Wolfram Mathematica Student Edition



TAI = Simplify[Inverse[TA]]

l—31'1wo> <c—3icwo+8w%) (l+wg) (c—3icw0+8w%)

(! , ,

16wj (c-31icw+4wj) 16 w3 (c-31cuwg+4wj)

ch(]i+3wo)2 c(j+3w0+jw%+3wg)

r- ’
16 w (ic+3cw0+4jw%> 16 wj (jc+3cwo+4iw§)

c-31cuwp+ 8w c+ (8+17c) wf+241wj c-31cuwp
{7l6w%(c—31cwo+4w%),716w%(c—31’1cw0+4w%),16w%(c—31’1cw0+4w§)’
c (1+w3) ic(i+3w)? c(i+3wy+1iwj+3w})
16 w3 (c-31icwo+4dwj) ’{16wg (ic+3cw+4iwg) 1603 (ic+3cw+4aiwg)
(1-3iw) (c-3icwy+8wj) (l+wj) (c-3icw+8uwj)
1603 (c-3icwe+4w3) 16w} (c-3icwy+4wd) J

c-31icuw c (1+w3)

{

160 (c-3icw+4wi) 16w} (c-3icw+4uwj)’

c-31cuwp+ 8w c+ (8+17c) wg+241wd

H

16w (c-3icwp+dwl) 1603 (c-3icwp+4w])

(* Calculo do vetor complexo h30 *)

h30 = FullSimplify|[TAI. (3bb[q, h20] +cc[q, q, ql) ]

{(31 (i+3wp) (-2c+4i (1+c)wo+5wf) (-2c+wo (3i+6dic+w)))/

(4w5 (2c—4jcw0+3w%)), 73(2c—3iw0) (J'L+3wo) (2]’1c+(4+4c—51’1w0)wo)’
4wp (2c-41cw+3wh)

(3 (Ji+3wo) (2jc+(4+4c—5jwo)wo) (—2c+wo (31’1+6J’Lc+w0)))/
3(2c—3iwo) (J'L+3wo) (21’10+(4+4c—51‘1w0)w0)

(4@5 (2c—4jcwo+3w%)),

}

4w (2c-41icw+3wj)

(* Calculo do vetor complexo h30b =*)

h30b = FullSimplify[ComplexExpand[Conjugate[h30]], wo € Reals &&c > 0]

{(3 (l+31’1w0> (—21’1c+(3+6c+1’1w0)w0) (—21’1c+(4+4c+51’1w0)w0))/

(4a)% (2c+4jcw0+3w%)), _3<2c+31'Lw0) (—J'L+3wo) (—21'Lc+(4+4c+5]iwo)a)o),
4 wj (2c+41’1cw0+3w§>

(3(-i+3wp) (-2ic+ (4+4c+5iw)w) (-2c-31i (1+2c)wo+wj))/
3(2c+3iwy) (-i+3wo) (-2ic+ (4+4c+51iw) wo)

(4(05 <2c+4icw0+3w%)),

}

4 wj (2c+41’1cw0+3w%)

(* Matriz D1 = iwoI *)

D1 = i wo IdentityMatrix[4]

{{]-le, OI Or O}I {OI ijr Or O}I {O/ OI ijI O}I {O/ OI Or ]Ile}}
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(# Matriz L = iwoI-A *)

L=Dl1-A
{{1+c+jwo, 1+wd, c, O}, {-1, -1+1wy, 0, 0},

{c) 0, T4c+iwy, 1+wj}, {0, 0, -1, -1 +1iwe}}

q

{(-1+iwg, 1, 1-1wy, -1}

pb

{_

i 1 i i i

}

1
’ - ’ r -
4wy 4 4wy 4w 4 4wy

i wo IdentityMatrix[4] -A

{{1+c+iwo,b(1+2¢), ¢, 0}, {-1, -1+iwo, O, 0},
{e,0,1+c+iwo, b (1+2¢c)}, {0, 0, -1, -1+iwo}}

(* Matriz L21 = ((:I'londentitybbdatrix[4]-A g)) *)
P

121 = {{a-c+iwo, ab, ¢, 0, -1+iwo},
{-1, -1+1iwo, 0,0,1}, {c,0,a-c+iwp, ab, 1-1wo},

{0,0, -1, -1+iw, -1}, {- LI CER , 0}}
0

14

’ r
4wy, 4 4wy 4w 4 4w
{{1+c+jwo,1+w5,c, O,—1+Jiwo},
{-1, -1+iwy, 0, 0,1}, {c, 0, L+c+iwy, 1+wf, 1-iwp},

i 1 i i i

. 1
{01 0, -1, -1+1wg, _l}r {_ r T ’ r -t
4(/.)0 4 4(,()0 40)0 4

: 0}

4(/_)0

(* Inversa da matriz L21 =)

L21TI = Simplify[Inverse[L21]];

(*# Calculo de R21 «x)

{bll, b22, b33, b44} = Simplify[cc[q, q, gb] +bb[gb, h20] + 2bb[q, h1l] - G21 q] ;

(* Calculo de H21 «x)
H21 = {bll, b22, b33, b44, 0};

(* Calculo de h21 «)
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{r21, r22, r23, r24, S} = Simplify[L21I.H21];

(*# Calculo do vetor complexo h2l1 *)

h21 = FullSimplify[{r21, r22, r23, r24}]

(—2]'1c+w0) 6]'1c+<4+12c+11wo)w0) (l+a)g>

{ '

2w (2c-41cuw+3w3)
<

<2<:+1in) Ji+a)o) (6Jic+ (4+120+jw0>w0)

’

2w (2c-41icuwy+3wj)

i (2c+1’1w0) (6]’1c+(4+12c+1’1w0)w0> <l+w%)

’

2 w (2c—4jcwo+3w%)

18c 3i(l+6c) 4 (3-2c+4icuw)

1
— |1+ - + }
6 w3 wo 2c-41cwy+3wWj

(» Calculo do vetor complexo h2lb x)

h21b = FullSimplify[ComplexExpand[Conjugate[h21]], wo € Reals &&c > 0]

(2c-iwo) (1+wj) (6c+4i (1+3c) wy+wf)

{ '

2 wh (2c+41’1cw0+3w%>

+

1 1 18c 31 (1+6¢c) 4(—3+2c+4icwo)
6 w3 Wo 2c+41cwy+3wj

i(l+wd) (12ic?-2c (1+12c) wo+21 (2+7c) wf+wj)

’

2 w (2c+4jcwo+3w%)

+ +

1(,,18¢c 3i(1+6c) 4 (3-2c-4icuw)
- +
6 w3 wo 2c+41cwy+3wj

}

(* Matriz 4iwoI =*)

D4 = Simplify[4 i wo IdentityMatrix[4]]

{{4]‘].(1)0, OI OI O}I {OI 4]1(1)01 Or O}r {OI OI 4j-(UOI O}I {OI Or Or 4]]_&)0}}
(* Matriz QA = 4iwoI-A *)

QA = Simplify[D4 - A]

{{1+c+4iwp, 1+w§, c, 0}, {-1, -1+4 1wy, O, 0},
{c, 0, 1+c+4iwy, 1L+wg}, {0, 0, -1, -1+4iw}}

(* Inversa da matriz QA )
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QAT = Simplify[Inverse[QA]]

{{(1—41'1&)0) <c—4icwo+l5w%> (l+w%) (c—4icwo+15w%)
15w3 (2c-81icw+15w3) ' 15w%(2c—81’1cw0+15w%)’
]'10(11+4w0)2 c(j+4wo+jw5+4w8)

1,

, -
15wg(21c+80w0+151w%) 15wg(21c+80w0+151w%)

{ c-41cwy+15wh c+ (15+31c) wf+601wd

- r- ’

15w (2c-8icwy+15w3)  15wf (2c-8icwy+15wj)
c(1'1+4w0) c(1+w%)

,

4
15wf (2ic+8cwy+151w3) 15wj (2c-8icwe+15w3)

Jic<1'1+4a)0>2 c(j+4wo+jw%+4w8)
{15% (2ic+8cwo+15iwd) 15w (2ic+8cwy+15iwj)
(1—4]1(00) (c—4jcwo+15w%) (l+wg) (c—41’1cw0+15w%)

.

4
15w3 (2c-81icw+15wh) 1503 (2c-81icw+15w3)

c(j+4w0) c(l+w5)

{

15w (2ic+8cwy+151iwd) 15w3 (2c-81icw+15wh)

c-41cwy+15wh c+ (15+31c) w+ 601w

H

B .
1507 (2c-8icw+15wF) 1503 (2c-81cw,+15w3)

(* Vetor complexo h40 =)

h40 = FullSimplify[ComplexExpand |

QAI. (3bb[h20, h20] + 4bb[q, h30] + 6 cc[q, q, h20] +dd[q, q, 4, ql)]]

{(6(1‘1+4w0) (—2c+a)o (41'L+8]ic+wo))

293

(8ic+wy (28c? (1+2c)+wy (-4ic (6+c (39+32c)) +wp (712c(5+2c) (L+4c)+

wo (21 (-26+c (-21+64c)) + (-145-114c+ 9T i wg) wo)))))) /

2

(w8 (2c-4icwo+30f)® (2c-8icw+15a3)], (24 (i+4w)

(8c®+wo (-281c? (1+2c) +wy (-4c (6+c(39+32¢)) +wy (12ic (5+2c) (L+4c)+

wo (-52+2c (-21+64c) +uwp (1451+114jc+91w0))))))>/

(wo (2c-4icw+3wf)? (2c—81cw0+15w%)), (6 (i+4wo)

(—20+wo (4Ji+81'lc+w0))

(8ic+wy (28c? (1+2c) +wy (-4ic (6+c(39+32c)) +wo (-12c (5+2c) (L+4c)+

wo (21 (-26+c (-21464c)) + (~145-114c+ 91 iwg) wo)))))) /

(w% (20—4icwo+3w%)2 (2c—8icw0+15w%)), (24 (J'L+4wo)

(8c+wy (-281c? (1+2c) +wo (-4c (6+c (39+32¢)) +wo (12ic (5+2c) (L+4c)+

wo (-52+2¢ (-21+64c) +wy (145j+114jc+91w0)))>>>>/

((uo (2c—4icwo+3w%)2 (2c—81’1cw0+15w%))}

(* Vetor complexo h40b *)
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h40b = FullSimplify[ComplexExpand[Conjugate[h40]], wo € Reals &&c > 0]

{(6(1+4]'1a)0) (—2jc+(4+8c+jwo)wo)
(8icd+wy (-28¢c? (1+2c) +wy (-4ic (6+c(39+32¢c)) +wy (12c (5+2c) (1+4c)+
wo (21 (-26+c (-21+64c)) + (145+114c+91 i wy) w))))))
(w% (20+4J’Lcwo+3w%)2 (2c+81’1cw0+15w%)), (24 (—J‘L+4wo)
(8c+wy (281 c? (1+2c) +wy (-4c (6+c (39+32¢)) +wo (-12ic (5+2¢c)
(L+dc)+w (~52+2c (-21+64c) -1 (145+114c) wo+91wg))))))/
((uo (20+4jcwo+3w%)2 (2c+81’1cw0+15w%)), (6(1+4]’1w0>
(-2ic+ (4+8c+iw) wo)
(8ic+wy (-28c2 (1+2¢) +wo (-4ic (6+c (39+32¢)) +wp (12c(5+2c) (L+4c)+
wo (21 (—26+c(—21+64c))+(145+114c+9l]’1w0)wo))))))/
(wg (2c+4icw+3u3)? (2c+81’1cw0+15w%)), (24 (-1 +4w)
(8c®+wo (281 c? (1+2c) +wo (-4c (6+c (39+32c)) +wy (-12ic (5+2c)
(L+4c)+wy (-52+2c (-21+64c)-i (145+114c) m0+91w%))))))/

(wo (2c+4jca)o+3w5)2 (2c+8jcw0+15w%))}

(# Calculo do vetor complexo h31l =)

h31 = FullSimplify[DAI. (dd[q, q, q, gb] + 3 cc[q, q, h11] +

3cclq, gb, h20] + 3bb[h20, h1l] +bb[gb, h30] + 3bb[q, h21] - 3 G21 h20) ]
1

203 (2c-4icw+3wj)’

3(-80ct+wy (8ic? (-7+62c) +wy (8c? (-29+6¢C (-27+20c)) +wy (-4ic (-28+
c(-593+2c (-793+32c))) +wo (8c (97+2c (447+c (769+64c))) +

wo (-21 (-20+c (581 +2c (2069+24c (105+8¢c)))) +
wo (-2 (-83+2c (47+16c (52+43c))) +wp
(i (-69+2c (-73+120c)) + (49+68c-10iws) wo)))))))),

1

3(8icd+wo (4c? (19+18¢c) +wy (-4ic (14+5c) (L+12¢c) +
Wo (2c—4jcw0+3w%)3

wo (-4c (91+492c+88c?) +wp (21 (-10+c (227+16c (67+6c))) +

wo (-85-70c+736c?+1 (25+156Cc+221iw) wo)))))),
1

3(-80ct+wy (8ic® (-7+62¢c) +
2 wh (20—4jcw0+3w%>3

Wo (802 (-29+6c (-27+20c)) +wp (—41’10 (-28+c (-593+2c (-793+32¢c))) +
wo (8c(97+2c(447+c(769+64c)))+

wo (72]1 (-20+cC (581 +2c (2069+24c (105+8¢c)))) +
wo (-2 (-83+2c (47+16¢c (52+43¢))) +wo
(i (-69+2c (-73+120c)) + (49+68c-101iwo) wo)))))))),

1

3(8icd+wo (4c? (19+18¢c) +wy (-4ic (14+5c) (L+12¢c) +
wo (2c—41’1cw0+3w%)3

wo (~4c (91+492¢c+88c?) +w (21 (-10+c (227+16c (67+6cC))) +
wo (-85-70c+736c?+1i (25+156c+221wo) wo))))))}
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(* Calculo do vetor complexo h22 =)

h22 =
Simplify[-AI. (dd[q, q, gb, gb] +4 cc[q, gb, h1l] +cc[gb, gb, h20] +cc[q, q, h20b] +

2bb[h1l, hl1l] +2bb[q, h21b] + 2bb[gb, h21] +bb[h20b, h20] -4 h1111)]
{(4(48c+4c? (11+50c+72c?) wi+4c (13+62c+116c?+96c3) wf-
(13+166c+360c?+192c®) w§+ (29+52¢) wd)) /
(w§ (-2c+wd) (2c-4icwe+3w]) (2c+4icwo+3wf)),
4(4c?(7+6c)+4c (13+46c+24c?) wi- (9+26¢) wh)

8c3+4c? (5+8c) wi+2 (3-8¢) cwd- 9w '

(4 (48c?+4c? (11+50c+72c?) wg+4c (13+62c+116c?+96c3) wf -
(13+166c+360c?+192c%) w§+ (29+52¢) w)) /

(w% (—2c+w%) (2c—4icwo+3w%) (2c+41’1cw0+3w%)),

4 (4c? (7+6c)+4c(13+46c+24c2)w%—(9+26c)wg)}

8c3+4c? (5+8c)wg+2 (3-8c) cwd-9wf

(* Componentes do numero complexo G32 =)

G32 =
pPb. (6bb[h11, h21] +bb[h20b, h30] + 3bb[h20, h21b] + 3bb[qg, h22] + 2bb[gb, h31] +
6 cc[q, hll, hll] + 3cc[q, h20, h20b] + 3 cc[qgq, q, h21b] + 6 cc[q, gb, h21] +
6 cc[gb, h20, hll] + cc[gb, gb, h30] +dd[q, q, g, h20b] +
6dd[q, q, gb, hll] + 3dd[q, gb, gb, h20] +ee[q, q, g, gb, qb]);

ReG32 = Simplify[ComplexExpand[Re[G32]], wo € Reals &&c > 0]

1

w3 (—2 c+w5) (4 c?+4c (3+4c¢) w%+9wé)3
6 (256 c® (7+6c) +128c® (35+296C+364c?+144c3) wj+
128 c® (173 +2084 c+ 4132 c? +2592 3 + 576 c*) wf +
32 ¢t (1065+l7 560 c+62180c?+70128 c3+27392c?+3072 c5) wg +
32 ¢? (558 + 6099 c+ 43254 c?+106560 c+89216c +22528 ) w§ -
8 c? (—1125+24 104 c+178188 c?+ 350992 c3+228608 c*+41984 c5) w§? +
8c (1269+13680 c+54620c?+76320c+29248c’) wh? -
2 (81+216c+7236c2+8816c3) wh*+135 (-3+2c) wj)

Clear([b]

(* Valor de wo = w1 #*)

wo=Vab -1

~1+b (L+2c)

(*# Primeiro coeficiente de Lyapunov em fungdo dos parédmteros b e c *)
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11 = FullSimplify[11]

(4c? (7+6c)-(9+26c) (-1+b+2bc)?+4c (-1+b+2bc) (13+46c+24cz>)/
(8c2+8c (3+4c) (-1+b+2bc)+18 (-1+b+2bc)?)

(* Segundo coeficiente de Lyapunov em fungdo dos pardmteros b e c *)

1
12 = FullSimplify[ — ReG32]
12

(25608 (7+6¢c) +135 (-3+2c) (-1l+b+2bc)8+
128c® (-1+b+2bc) (35+4c (7T4+c (91+36¢c))) -
2 (-1+b+2bc)? (81 +4c (54+c (1809+2204c))) +
128 c® (-1+b+2bc)? (173+4c (521 +c (1033+72¢c (9+2¢c)))) +
8c (-1+b+2bc)® (1269+4c (3420+c (13655+8c (2385+914c)))) +
32c? (-1+b+2bc)? (1065+4 c (4390 +c (15545 +4 c (4383 +16¢c (107+12c))))) -
8c? (-1+b+2bc)> (-1125+4c (6026+c (44547 +4c (21937 +16cC (893 +164c))))) +
32c3 (-1+b+2bc)? (558+c(6099+2c(21627+32c(1665+2c(697+176c))))))/
(2 (-1+Db) (1+2c) (-1+b+2bc)

(4c?+4c (3+4c) (-1+b+2bc) +9 (-1+b+2bc)2)3)
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