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Abstract

This work explores the application of advanced concepts of algebra and algebraic
geometry to understand some attempts to solve the so-called Strassen Conjecture, which
consists of considering the union of two bilinear systems, each depending on different
variables, and determining whether the multiplicative complexity of this union is equal
to the sum of the multiplicative complexities of both systems. Our study relates these
bilinear systems and their multiplicative complexities to tensor spaces and their ranks,

respectively.

We will restrict our study to the case of three-factor tensor spaces, developing the
theoretical knowledge needed to support the current conclusions and establish new
research directions. It is common knowledge that the Conjecture is not true, however,
we will study some special cases in which the Conjecture holds, using concepts and

results relating to projective spaces, linear transformations and their properties.

Keywords: Tensors, projective spaces, linear transformations, multiplicative

complexity, Strassen’s Conjecture.






Resumo

O trabalho aprofunda na aplicacao de conceitos avancados de algebra e geometria
algébrica para entender algumas tentativas de resolver a chamada Conjectura de
Strassen, que consiste em considerar a uniao de dois sistemas bilineares, cada um deles
dependendo de variaveis diferentes, e determinar se a complexidade multiplicativa dessa
uniao é igual a soma das complexidades multiplicativas de ambos os sistemas. Nosso
estudo relaciona esses sistemas bilineares e suas complexidades multiplicativas com os

espagos de tensores e seus postos, respectivamente.

Restringiremos nosso estudo ao caso de espacos de tensores de trés fatores,
desenvolvendo os conhecimentos tedricos necessarios para apoiar as conclusoes atuais e
estabelecer novos rumos de pesquisa. E de conhecimento geral que a Conjectura nao é
verdadeira, no entanto, estudaremos alguns casos especiais nos quais a Conjectura vale,
usando conceitos e resultados relativos aos espacos projetivos, transformacoes lineares e
suas propriedades.

Palavras chaves: Tensores, espagos projetivos, transformacgoes lineares, complexidade

multiplicativa, Conjectura de Strassen.
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Introduction

Man’s greatest asset is an inquisitive mind.

Isaac Asimov

One typical approach to solving mathematical problems is to seek the simplest solution.
However, a more advanced framework is required to tackle seemingly straightforward
issues. In this dissertation, we will get into the application of advanced algebra and
algebraic geometry concepts in attempting to solve a computational problem. Building on
this, we will explore the theoretical development needed to support the current conclusions

and set a path for future research.

The problem of multiplicative complexity of systems of bilinear forms, or in more collo-
quial terms, the fast multiplication of matrices has been a source of work for mathemati-
cians for more than 50 years, more specifically in Modern Computer Theory. In 1969,
Strassen presented an algorithm showing that the multiplication of 2 x 2 matrices can be
done in fewer steps than had been possible up to that point. Four years later, Strassen

proposed the Direct Sum Congecture, or Strassen Conjecture:

Considering the union of two systems of bilinear forms that depend on different
variables, can we say that the multiplicative complexity of this union is equal to the sum

of the multiplicative complexities of both systems?

Since then, efforts have been directed at reducing the number of multiplications needed

to multiply two order n matrices (complexity) further.

Now, given a system of bilinear forms, we could take a look at the set of zeros of the
system, which would lead us down the path of algebraic geometry (Chapter 2 provides
enough context). For now, we will study the correspondence obtained by reinterpreting
the problem in terms of the algebra of tensors. From this, a system of bilinear forms
becomes an arrangement of elements in the form

pzzai@)bi@%

el



Figure 1: Volker Strassen (1936 - )

where [ is a finite set of indexes, and a = (a;),b = (b;), ¢ = (¢;) are vectors over a field K.

After describing the system, the next step is to give an equivalent of complexity in this
new language. In our case, it’s the tensor’s rank, which we will denote by R(p), where p is
a tensor. We define the rank of a tensor after some required context in the next chapter.

For now, we can think about the rank of a tensor as the rank of a matrix.

Definition 0.0.1. We call the union of two bilinear systems depending on different sets
of variables a direct sum. In the language of tensors, this means that if A = A’ & A",
B=B @& B",C=C"&C" are vector spaces andp' € A @ B C'p' e A”® B"® C",
then p/ @p// =p :p/ _|_p//'

With this definition, we can rewrite the direct sum conjecture as follows:
Conjecture 0.0.1. Suppose that A = A @ A" B =B & B",C = C' & C”, where all

A, B,C,...,B",C" are finite-dimensional vector spaces over a field K. Letp € A’ ® B'®
C'p'eA@B"@C" andp=7p +p". Is the equality

R(p) = R(p) + R(p")

satisfied?
Arrangement of Elements
Multilinear system — p= Z a; b; R ¢,
iel
a;, bi, c € KI
Multiplicative complexity <= Rank

A positive answer to this problem was previously known as Strassen’s conjecture until
recent counterexamples were proposed by Shitov (See [18]). The latter are not very

explicit, and they are only known to exist asymptotically for very large tensor spaces.
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We can then draw an analogy between direct sums of tensors and block diagonal
matrices in a multidimensional sense. Knowing that the rank of a block-diagonal matrix
is the sum of the ranks of its diagonal blocks, we can say that Strassen’s conjecture asks

an analog question for tensors.

After reading most of the available literature, we can say that using a tensor point of
view made it possible to do calculations, but including a geometric point of view became
fundamental in obtaining enough conditions for the conjecture to be satisfied. The main
goal of this work is to show how some results and techniques can be mixed to prove the

validity of Conjecture 0.0.1 in some cases.

We base our work mainly on the results and overviews from [6]. Going forward, all
of our spaces will be finite-dimensional, and K will be an arbitrary field unless otherwise
stated. We use V* for the dual space associated with a vector space V', bold type for the

dimensions of the spaces, and e; ® e; ® e, = €.

Having dealt with the problem superficially, in Chapter 1 we will study the issues
relating to tensors and their ranks with more detail. Chapter 2 will be dedicated to
understanding the fundamentals of projective spaces and their connection with border

rank.

Chapter 3 will be dedicated to exploring the relationship between the rank of a ten-
sor and the rank of a subspace of a tensor product and establishing the first theorems
concerning the additivity of the tensor rank. We also recall the concepts of minimal de-
composition, projection, and conciseness to get inequalities related to this additivity. In
the final part of this chapter, we study the Substitution method and go towards algebraic
geometry to explore the concept of hook-shaped space and how in the event of a rank-one

matrix we can guarantee additivity.

In Chapter 4 we will decompose our tensor space into smaller subspaces that allow us
to get the main results of [6] on the additivity of the rank by using projections and their
images. The main results of this chapter will be Theorem 4.3.1, Theorem 4.3.2, Theorem

4.3.3, and the following corollary:

Corollary 0.0.1. (Theorem 4.16, [6]) [ K=C, p e A @B @ C',p" e A”® B"® C",
and R(p") < 6, then independently of p', the additivity of the rank holds.

The final chapter 5 will be about the additivity cases for the border rank of tensors
belonging to product spaces of low dimensions. More specifically, we conclude the follow-

ing:



Theorem 0.0.1. Letpe AR B @C" and p’ € A” ® B” @ C" be concise tensors, with
c+c"<b +b'"<a +a’<A4.
Then the additivity of the border rank holds:

R(p) = R(p') + R(p").



Chapter 1

Additivity of tensor rank:

preliminary concepts

In this first chapter, we start studying tensors, their algebraic properties, and their rela-
tionship to our interests. We will skip some of the basic tensor-related concepts of abstract
algebra, in particular the construction of the tensor product and its universal property.
The reader can find this explained in detail in Sections 10.4 and 11.5 of [7].

Also, we recall that V' is a vector space that can be identified with K" using one basis
e;, © = 1,...,n (n being the dimension of V) and there is an isomorphism of GL(V') in
the group of invertible matrices n x n. Throughout this work, we will seamlessly use the
fact that every linear transformation has an associated matrix, among other typical linear

algebra concepts.

1.1 Tensor products

We present some general aspects of the tensor products and introduce some notation.

Notation 1.1.1. Let us denote by V*QW the vector space of the linear functions V- — W.
Thus, V @ W denotes the linear functions V* — W.

Considering the previous notation, the space V*®W can be seen in four different ways:
1. As the space of linear functions V. — W

2. as the space of linear functions W* — V' (considering the isomorphism of the trans-

pose),
3. as the dual space of V & W*,

4. as the space of bilinear functions V' x W* — K.

5



If we fix a basis and represent f € V*® W as a matrix X = (x;;), the first action is to
multiply it by a column vector v — Xwv. The second is direct multiplication by a row

vector [ —— BX, the third is to take a matrix n x m Y = (y;'-), and do the following:

Y = (y;) — Z$ijy§7

i?j

and the fourth is given by

(U, ﬁ) — Z a:ijviﬂj.

1,J

Definition 1.1.1. Let Vi, ..., V) be vector spaces. The function
fVixVox---xV,—=K (1.1)

is multi-linear if it is linear in each factor V,, ¢ € {1,--- k}. We call the tensor
product of the spaces Vi*, V', ... V¥ the space of multi-linear functions of the form (1.1),
and denote it by V' @ Vi @ --- @ V¥ The integer k is called the order of a tensor
pe VI Vy®---®VF. The sequence of numbers (vi,...,vy), where v; = dim(V;), is
called the sequence of dimensions of p. The definition does not change much if instead
of K we consider a vector space W in (1.1). We will define V¥ @ Vi @ --- @ V@ W as

the space of multilinear functions
fVix--xVp,—=W.

Notation 1.1.2. We consider the space V1 ®---®V,,. Let’s denote V; =VN® --QV,.1®
Vit ®---®@V,. Givenp € Vi®---®V,, we write p(V;") C V5 for the image of the natural
linear application V' — V5. Let’s also denote Ve = V@@V,

k—times
For a better understanding on the tensor product, let us consider vector spaces A, B, C,
each with bases a;,bj,¢c, i =1,....m,j=1,...,.n,k=1,...,f,andlet pc A® B®C.

So, in terms of bases, we have that

p=>Y 1r""a;®b .
ijik
It is then possible to form a rectangular solid arrangement of size m X n x £ whose entries
will be the coefficients p*/*. This solid can be decomposed into slices. Consider the
collection of m matrices of size n x £: (p¥k), ..., (p™%*), which will be the horizontal
slices. Similarly, we can consider the n matrices of size m x £ (p“'*),..., (p*™*), which
will be called side slices, or the collection of ¢ matrices of size m x n, which we will call

front slices. In the case where two indices are fixed, we call the resulting vector a fiber.

6



1.2 The rank of a tensor

In this section, we will define the rank of a tensor and give some examples of tensors we

will use repeatedly. Given o € V", ap € V', ..., a;, € V}*, we define an element
@ Qo eVTRQVy® -V

by
@ @ ag(vr, ., 0k) = aa(vr) - ag(vr) (1.2)

Definition 1.2.1. An element of V" @ V¥ @ --- ® V,* is said to have rank 1 (or be
stmple, decomposable) if it can be written in the form (1.2). In general, we define the
rank of a tensor p € Vi ® - -+ ® Vi, which we denote by R(p), as the minimum number r

T
such that p = Z Z.,, where each Z, is a simple tensor.

u=1

It is important to emphasize that the base field of the vector spaces to be treated
is of paramount importance since the rank of a tensor could change if the entries of
a decomposable tensor are taken from an extension of a field K, as we will see in the

following example:

Example 1.2.1. [3] Let A, B be vector spaces over a non-algebraically closed field K |
and bases {x1,...,x,}, {y1,- - yn}, n > 2, let ¢ be a non-zero scalar of K, and let M be
the subspace of A ® B generated by the elements

=Y 1;®y; and V= @Y1 + Ty @ Y1
=1

i=1

A general element au + fv of M, has the matriz representation

a [ ... 00

g
0 O a f
¢ 0 0 «

Lets suppose that o, f # 0. The determinant of this matriz is o™ — (—f)"c. Therefore, if
we consider ¢ as an element of K which is not an n-th power, all the nonzero elements of
M will have rank n, and therefore R(M) = n, but it could decrease to n—1 if we consider
an extension from K to K(c'/™). It will be smaller than n because the determinant is zero,
but it will also be greater or equal to n — 1 by looking at the smallest (n — 1) x (n — 1)

manor in the top left corner.



It will be handy to study the following three tensors, which are special because they are
invariant under the action of GL(V'), which means they commute with the action of the
group of changes of bases: tensor contraction, matrix multiplication, and the transposition

of a tensor.

1. Contraction of tensors: Let’s consider the bilinear function

(V1@ V) x (VieB® @B, »Vi® -V, 1B ®- - ® B,
(M@ RV, a®Rb R Rby) > (V)1 @+ QU1 Qb @+ R by,

The function @€ (Vi®---@Vy) x (VIQU1®- - -@Up,))* @(V1®- - - @V, 1 QUL ®- - -QUy,)

is called a contraction.

Observation 1.2.1. [fpe Vi ®---®Vy and s € B1 ®---® B,,, and for some fixed
i,J there is an association V; ~ B}, we can contract p® s, and we get an element of

V; ® B5, which is called the modal product (i, j) of p and s.

2. The multiplication of matrices as a tensor: Let A, B, C' be vector spaces of di-

mensions m, n, ¢ and consider the matrix multiplication operator M,, , .. Remember
that every matrix has an associated linear transformation, so the product of matrices
can be seen as a composition of linear transformations. Thus, we have a composition
of a linear transformation of A into B (€ A*® B), with one of B into C' (€ B*® (),
obtaining a transformation of A into C' (€ A*® C). Let Vi = A*® B, Vo, = B*® C,
and Vs = A*® C, 50 My ne € V" @ V5 ® Vs, As we have seen, we can define M, ,, ¢
on the simple elements and linearly extend the definition to obtain the definition of

the tensor for all of the space. On a simple element, we have

Mpne: (A*®@B)x (B*®@C) — A" ®C,

(1.3)
(a®b)x (B@c)— Blbla®ec

As a tensor,
Mpne € (A*@B)"@ (B @C)@(A*"@C)=AB*@BC*"A*®C

It is then possible to see M,, ,, ¢ as any of the three contractions:

A*RBxB*®C —- A*® C,
ARC*x B*(C —- AR B* or
AQC*x A*@B—->C*® B

In the case where A = B = (', we have a symmetry by the action of the group S3 of

permutations of three elements.



3. Transposition of tensors: Now we consider the function

c:VV—VeV (1.4)
aRb—bRa

Note that c € V*@V*@V @V = End(V ® V), and it is an invariant tensor relative
to the action of GL(V).

Observation 1.2.2. Now that we have mentioned GL(V'), we can also recall the following

action: consider the group GL(V'), and its action on a simple tensor, that is, let g €
GL(V) and v @va @ + -+ @ v, € VO™ of rank 1, be defined by

g (@@ Qun) =(g9-01) (g 02) @~ @ (g vn).

The defined action can be extended linearly to obtain an action in V™. Similarly, one

can define the action of GL(Vy) x GL(V3) X -+ x GL(V}) on Vi,..., Vj.

1.3 The Strassen Algorithm

The algorithm that Strassen presented in 1969 consists of constructing, given two matrices

1 1 bl bl
A= 2 anap=| 1™
ary ap by b
the matrix C' = AB,
1 G

using 7 multiplications and 4 sums:
MULTIPLICATIVE STEPS

my = (a; +a3) - (by + b3)

my = (af +a3) - by

ms = aj - (by — b3)

my = a3 - (—bi +b})

ms = (aj +a3) - b3
mg = (—aj +ai) - (b + b)
my = (a3 — a3) - (b + b3)

SUMS

c%:m1+m4—m5+m7

ch = my +my

9



2 =msz+ms

c2 =my + msz — mo + mg

Now let’s write this process in the language of tensors: Let Vi, V5, V3 be V; = Myyo for
all i = 1,2,3. We use for V1, V3, V3 the canonical bases (a}), (b5), (c}) of matrices whose
entries are 1 in the entry (7, ) and 0 elsewhere. So the standard algorithm can look like

this

Mazz=al @b ®@ci+a} @b @ci+ai @b @i+ a3 @b @
+ai @b ®ch+a @3 @ ch+al @by @+ al @b}l

The Strassen Algorithm can be written as:

Moo= (ai+a3) @ (b] +03) ® (cf + 3) + (a? + a3) @ by @ (¢ — 3)
+at @ (W -2 @ (A +A)+a3 (=l +02) @ (3 +cb)+ (al +al) @3 @ (—cl +cb)
+(—al +a?) @ (bl + b)) @ 3 + (ad — a3) @ (b3 +13) @ cf.

The number of simple tensors in the tensor expression will be the number of multiplications
required to develop the algorithm. So the rank gives an lower bound on the number
of multiplications required to apply the corresponding bilinear function using the best

possible algorithm.

1.4 Alternating and symmetric tensors

We will use the o application as in (1.4) to define the spaces of symmetric and alternating
tensors. These spaces will allow us to make an algebraic decomposition (in terms of direct
sums) of a tensor product. Consider the function o : V*@V* — V*®@V*. We also consider
V&2 =V ® V with basis {v; ® v;,1 <i,j < n}. The subspaces

S2Vi=({vi®@uj+v;Qu:1<ij<n})={veuv:veV})
={XeVeV:Xoo=X},
AV = {v;®v; —v;®@v;: 1 <1i,j <n})
={veuw-—wev:v,welV})
={XeVeV:Xoo=-X}

are, respectively, the symmetric and alternating tensors of V2. Note that if p € S?V
and g € GL(V), then g -p € S?V and the same occurs if p € A*V. So S?V and A%V

are invariant under linear-coordinate changes. From two vectors in V', we can define the

vectors
1
VIUy 1= 5(”01 ® vy + vy ® 1) € S*V and
1
V1 N\ Vg 1= 5(1)1 X Vg — V3 X Ul) € A%V,

10



Let’s consider the function

g V®n V®n

1
M- QU —> ] Z%(l)@”}v@)@'”@%(n)’
'yESn

where S,, denotes the group of permutations of n elements. We define
SV = 7T5(V®n)
the n-th symmetric power of V', and
SV =sv
the symmetric algebra of V', where a8 := mg(a ® () for « € S*V and 8 € S'V.

By changing the space from V' to V*, we get what is known as the space of symmetric
n-linear forms on V', but we can also see this as the space of homogeneous polynomials
of degree n on V. Given a multilinear form @, the function z — Q(z,...,z) is a poly-
nomial function of degree k. The process of passing from a homogeneous polynomial to a
symmetric multilinear form is called polarization. For example, if () is a homogeneous

polynomial of degree 2 over V, then the bilinear form @ is defined by the equation

Q) = 510 +9) ~ Q) ~ QW)

In general, the polarization identity is given by the equation

@@1,...,%):% > (= (Zx) (1.5)

T IC T, I#£D iel

where J, = {1,...,n}. Since when we talk about @ and @, we are only dealing with two

interpretations for the same equation, we are not making any distinction between them.

We can see the space of antisymmetric (or alternating) k-tensors as the image A*V of

the following map

A VO — en
1
VI @Up —> U Ar e Ay, 1= o Z (591(0))Vo(1) ® * + @ Vo(n), (1.6)
O’GSn

where sgn(o) = %1 is the sign of the permutation . Note that if n = 2, this definition

agrees with the previous definition of A2V, In general,

A"V ={X e V®: Xoo=sgn(o)X, forall c €8S,}

11



Observation 1.4.1. The properties of SV and A™V can be studied in Section 11.5 of
[7]. There, it is proved that the space of alternating tensors is an algebra, and they called
this algebra of alternating tensors the exterior algebra. For our purposes, it is enough

to remark that
1. A'V =StV = V.

2. The product SV x SV — S*TV  where S™V is the space of homogeneous polyno-

mials over V*, corresponds to the product of polynomials.
It is straightforward to verify that the contraction
V* x Ven — yen-l
(v @ @) > a(v1)(V2 ® -+ R vy)
preserves the subspaces of symmetric and alternating tensors.
Let f:V — W be a linear transformation. It induces the function
fen . yen — pen
U1®"'®Un'—>f®n<vl®"'®vn) :f(U1)®"'®f(Un>‘
f®" can be restricted to obtain the induced functions
fAms ANV — AW and for SV — S"W.
Now let’s look at symmetric tensors: Let S, be the symmetry group of n elements. We
can define an action of S, on V®". For vy,...,v, € V,
o1 @ @ Up) = Vs(1) ® @ Vo(n)
We can linearly extend and redefine the symmetric tensors:
S"W={peV® :g-p=p forall c €8S,}

In summary, S™V is the subspace of V®" whose elements are invariant by the action of
Sh-

Now we will consider homogeneous polynomials in the space of matrices n x m and
how they are affected when changing the bases of K" and K™. Let V = A x B, where
A, B are vector spaces. The idea is to obtain an invariant description (under the change
of bases), which will provide the explicit expression of these polynomials later on. The

following will be to study the quadratic case.

Example 1.4.1. In the case A = B, we know that every M € A®? can be uniquely written

as the sum of two matrices:
M = Ml + MQ;

12



where My is symmetric and M is antisymmetric. In fact, it is enough to take
M; = 3(M + M7T) and My = (M — M7).

Example 1.4.2. We have V = A ® B, the goal will be to find a decomposition for both
S*(A® B) and A*(A® B). Now we move on to S?*(A® B). If we take o € S*A and
B € S?B, a® 3 is defined by

a® B(r1 @y, xe @ y2) = alxy, 22)B(y1, y2),

where x; € A*,y; € B*. The fact that o and 3 are symmetric guarantees that

a®P(r1 @Y1, T2 @ Ys) = a® B2 @ Yo, 1 @ Y1),
soa® e S*(A® B).

On the other hand, if p € S?A ® S*B, then for all g € G = GL(A) x GL(B), g-p €
S2A ® S?B. We then have that S*A ® S?B is an invariant subspace of S*(A ® B) over

G. Now let’s study the dimensions:

GimS2Y — ab;— 1 _ (ab—;l)ab

a+1>(b+1) (ab+a+ b+ 1)ab

dim(S*A ® S*B) :( ) 5 )= 1

We still don’t have all the possible elements of S*V. We then consider o € A2A, 3 € A’°B
and define

a® B(r1 @y, T2 @ y2) = (X1, 22) B(Y2, Y1)
= (—a(r1,22))(=B(Y1,92)) = @ @ B(21 @ Y1, 72 @ Ya).

So a® € S*(A® B) and extending the function linearly, we get an inclusion

AA® A*B C S*(A® B).

(ab—a—b+1)ab

To conclude the decomposition, we note that dim(A*’ARA*B) = 1

, hence

dim(A*A ® A’B) + dim(S?A® S*B) = S*(A® B)
and therefore
S?(A® B) = (AN’A® A*B) @ (S?A ® S?B)
is a decomposition of S*(A® B). Using a similar idea, one can show that
AN (A® B) = (N’A® S?B) @ (S?A® A’B).
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1.5 Generalities on tensor rank

Now that we have seen some relations of polynomials with matrices and tensors, let’s
begin studying a characterization of tensor rank in terms of matrices. We will consider,
as in Section 1.1, tensors as functions A* — B ® C, and see some elementary results,

such as:

Theorem 1.5.1. (Thm. 3.1.1.1, [12]) Let p € A® B® C. Then the tensor rank R(p) is

the number of rank-one matrices needed to span a space containing p(A*) C B® C.

Proof. If p is a rank r tensor, then there exists an expression of the form
T
pzzai®bi®ci7
i=1

where the vectors a; need not to be linearly independent, and the same happens with the
b;, c;. We have

p(A*) C <b1 ®Cl,b2 ®Cg,...,bT®CT>

and then the number of rank-one matrices needed to span p(A*) C B®C' is at most R(p).
On the other hand, if p(A*) is spanned by rank-one elements, let’s say by @ ¢y, ..., b, ® ¢,
we consider the basis of A*, a',... a?®, and the dual basis ay,...,a, (a basis for A). We

obtain some constants x;; such that
T
p(a’) = injbj ® ;.
j=1

Rewriting p, we have

T

=) ai® (wgb®c;) =Y (Z xiﬂz’) ®b; ® ¢
Iyt j 7

Jj=1

and R(p) is at most the number of rank-one matrices needed to span p(A*). O

Proposition 1.5.1. (Corollary 3.1.2.1, [12]) Let a > b > c. Then ifp € A® B® C,
R(p) < bc. In other words, if p € K" @ K @ K*, then R(p) < min{ajas, ajas, asas}.

Theorem 1.5.2. (Thm. 3.1.8.1, [12]) Let n > 2 and let p € A; ®--- ® A,, have rank r.
Assume p € A} ®@--- @ A, where As C Aj, and that there exists at least one j such that

the inclusion A’ C Aj; is proper. Then any expression for p of the form

I
i=1

with some u} ¢ AL has > r.
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Proof. We will complete the spaces A; considering a complement A} such that A, = A} ®

o

Al We put v} = uff +ulf’, where uf € Aj, and uf’ € Af. We can write p = Z u @ - - @ul
i=1

so the terms with double prime involved must cancel (remember that p has no entries in

any of the A;’) As R(p) =r, u > r. Let’s assume p = r and that without lost of generality
exists jo € {1,...,n}, such that u;” # 0 (this can be assumed since A; = A} @ A7). Then

the term

S e e o) =,

j=1

but all the terms (v} ®- - ® u}’) must be linearly independent in Ay ®--- ® A;,, because
1
J

zero, a contradiction because at least one of the inclusions A’ C A; is proper. m

if not, this would contradict the minimality of ». This implies that the u;” must all be

Definition 1.5.1. A tensor p has border rank (or edge rank) r if it is a limit of
tensors of rank r but is not a limit of tensors of rank s for any s < r. Let’s denote R(p)

the border rank of p.

Observation 1.5.1. The rank of a tensor and its border rank are not equal in general.
In fact, R(p) > R(p) for every tensor p.

Example 1.5.1. (Sec. 2.4.5, [12]) We choose the canonical basis {e;}i—12 for A, B and
C,where A=B=C=C? Letp=e,Qe;Qe;+e1 Qe Qe +e1 Qe ®e; +ey Qe ® ey

be a tensor and define

y(t) = % [(t—1)e1 @ er @ eq + (e1 + tex) @ (€1 + tez) @ (e + tea)]

1 2 3
=7 [t(e111 + €112 + €121 + €211) + 7 (€122 + €212 + €221) + tPenns]
= e111 + €112 + €121 + €211 + t(€122 + €212 + €201) + €020

= p+ t(e122 + €212 + €921) + t2e209.

By taking the limit t — 0, we have

limy(t) = p.

t—0

As R(y(t)) = 2 for all t # 0, we conclude by definition that R(p) < 2. Note that R(p) = 3

by Theorem 1.5.1, as the rank-one matrices needed to span a space containing p(A*) are

ool Lt o) eo o]

The last thing we say about p is that its border rank can not be 1 because a sequence p; of

rank-one tensors such that lim p; = p would imply that R(p) = 1, a contradiction.
j—o0
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Definition 1.5.2. Let A;, j € {1,...,n} and V wvector spaces over C, and consider a
FEuclidean structure that induces Fuclidean structures and measures on the spaces Ay ®
- ® A, and S™V. Then any r such that the set of tensors having rank r has a positive
measure is known as a typical rank. We could also consider typical rank as the number
r such that the set of tensors of rank r has a nonempty interior in the topology induced

by the linear structure.

Example 1.5.2. For tensors in C2 @ C? ® C?, we know that their typical rank is 2 (check
Equation 5.1 in Section 5 of [9]). We would like to point out that the context and the

notation in [9] will only be clear after reading the next chapter.

This typical rank we just defined is not the same as the rank for a tensor. Note that in
Example 1.5.1 we saw that p has rank 3 but p lives in a space with typical rank 2, again
by [9]. The last two definitions in this chapter will be recalled mostly in the last part of
this work, which is dedicated to studying cases of affirmative answers for the following

question:

Conjecture 1.5.1. Suppose that A = A @ A", B = B & B",C = C'" & C”, where all
A, B,C,...,B",C" are finite-dimensional vector spaces over C. Let p € A'®@ B'® C" and
p'eA"QB"®C" be p=yp +p". Is the equality

R(p) = R(p') + R(p")
satisfied?

If we want to be more accurate regarding the dimensions of sets that are more com-
plicated than vector spaces, we would need to study some of the fundamental results on

projective spaces. That would be the purpose of the next chapter.
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Chapter 2
Projective space

This chapter’s main goal is to expose the concepts needed to understand the space of
tensors of rank one as a projective variety. For this, we will discuss some generalities
on affine and projective varieties to show how the minors of a given matrix will provide
equations that define the Segre variety. We need to start from the fundamentals: the

concept of affine plane.

2.1 The affine plane

Definition 2.1.1. An affine plane is a set Il endowed with a collection L of subsets of

IT (called lines), whose elements (called points) satisfy the following axioms:
1. Given two points P,Q € I, there is a unique line containing P and Q).

2. Given a line £ and a point P ¢ (, there is a unique line m such that P € m and
Nm=a. .

3. There are three non-colinear points, which means they do not belong to the same line.

Notation 2.1.1. We will denote the affine plane 11, along with the collection of lines L
for (I, £). Sometimes we will refer to (I1, L) as 11, without specifying the collection of

lines.

Definition 2.1.2. Let II an affine plane. Two lines {,m € 11 are called parallels if they

are the same line or if they don’t have any common points.

Example 2.1.1. The set R? = {(z,y) : =,y € R}, along with the collection of lines
(={(z,y) eR*:ax+by+c=0, a,b,c € R, (a,b,c) # (0,0,0)} is an affine plane, called

the real affine plane. It is easy to verify the axioms:

1. Given P = (p1,p2), Q@ = (q1,q2), where P # @Q, the only line passing through them

18 the line with equation
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(@2 —p2)x+ (1 — @)y + (p2 — @2)p1 + (@1 — p1)p2 = 0.

2. Given P = (p1,p2) and { with equation ax + by + ¢ = 0, where a or b are nonzero,

such that P & 0, the only parallel to ¢ passing by P is the line with equation ax +
by — apy — bpa = 0.
3. (0,0),(1,0) and (0,1) are non-colinears points.
Example 2.1.2. In general, if K is a field, the set
K? = {(z,y) : 7,y € K}

along with the lines of equation ax + by + ¢ =0, a,b,c € K, and (a,b,c) # (0,0,0) is an
affine plane, called the affine K-plane.

Now, let II be the Euclidean plane. If we assume the Euclidean line is in bijective
correspondence with the real numbers, then choosing two lines ¢ and m which intersect
in a single point O, we can establish a coordinate system, that is, a bijection between II
and R2.

The point O determines two semi-lines in ¢ and m, and choosing a point (distinct from
O) in each one of them, we set the bijections

xr:m—Randy:{— R

From this, we can associate each point P ¢ ¢Um with the vertices of the parallelogram
determined by P and O, with sides parallel to £ and m (considering the parallels to ¢ and
m passing through P). We call () and S the final points of those sides. Then we have

PYem - I — R2
Pr— ppm(P) = (2(Q),y(5))

is a bijection between II and R?, which depends on the choices of ¢ and m. Given two
lines ¢ and m' such that ¢ N'm’ = {O'}, we can establish the function of change of
coordinates: Let’s assume O" € ¢/ and ¢ has direction (a,b), and m’ has direction (c, d).

Let (zo,%0) = @e v (P) the coordinates of O on the system given by ¢ and m’. Then
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Gm(P) = [ Z ; ] o (P) — < y )

The previous discussion can be summarized in the following result:

Theorem 2.1.1. (Prop. 1.15, [15]) Let (I, L) an affine plane, and let ¢ : 11 — ¢ a
bijection. Then if o(L) = {p(l) : £ € L} denotes the collection of images of lines of 11,
then (¢, (L)) is an affine plane.

Definition 2.1.3. Let (II, £) and (IT', L") be two affine planes. An isomorphism between
IT and 11" is a bijection ¢ : 11 — 11" such that (L) = L'. When we have the case I1 =TI’

in the previous definition, we call ¢ an automorphism.

We denote the set of all automorphisms of IT as Aut(II) and also point out that an
automorphism is an isomorphism that takes co-linear points in co-linear points, as we

comment in the next observation.
Observation 2.1.1. Consider ¢ : I — II an automorphism. Then

1. For every pair of lines £, m C 11, we have
p(tnm) = @(l) Ne(m).

2. For every P,Q €1, P # Q, ¢(PQ) = ¢(P)p(Q).

We could elaborate more on the properties of the automorphisms, but we would restrict

to mention the following:

Proposition 2.1.1. Let Aut(I1) be the set of automorphisms of the affine plane I1. Then
Aut(Il) is a group, with identity element Id : I — TI.

Proof. The identity is an automorphism. If we take ¢, e € Aut(Il), we also have ¢ o ¢ is
also an automorphism. As ¢ € Aut(II) is such that (L) = £, we have £ = o~} (¢(L)) =

0 1(L), so p~! is also an automorphism. This concludes the proof. O
We are going to talk about a special subgroup of Aut(II), the dilations of II.

Definition 2.1.4. A dilation of the affine plane 11 is an automorphism ~ : Il — 11
such that PQ||v(P)v(Q), being P # Q. We denote the set of all dilations of I1 by Dil(IT).

Example 2.1.3. Fiz (p1,p2) € R%. Every linear transformation of the form
R? — R?
(z,y) — (z +p1,y +p2)

is a dilation of R2.
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Example 2.1.4. Fiz A € R. Every linear transformation of the form
R? — R?
(z,y) — (Az, Ay)
is a dilation of R2.
Proposition 2.1.2. Let 1T be an affine plane. Then Dil(I1) C Aut(I1) is a subgroup.

Proof. 1t is clear that Id € Dil(Il). If v, 0 € Dil(11), then PQ||v(P)v(Q) and PQ||0(P)0(Q).
That way,

PQIy(P)v(Q)0(+(P))0(v(Q)) = (6 0v(P))(0 0 7(Q).)
This tells us 0 oy € Dil(II). The fact that

PQ =~y {(P)y(y Q) (P)y Q)

gives us y~! € Dil(II), and we have proved our proposition. O

2.2 Affine varieties

For this part, we state some definitions and results needed to study border rank. We also
study some examples related to the definitions we present. Our main references will be
Chapter 1 of [10] and we support some of the arguments in Chapter 7 of [2]. We will leave

some of the results without proof for brevity reasons.

We define the affine n-space over K, denoted A} or simply A", to be the set of all n-
tuples of elements of K. An element P € A" will be called a point and if P = (a4, ..., a,)
with a; € K, then a; will be called the coordinates of P.

Now consider the ring A = K[z, ..., x,] of polynomials in n variables over the field K.
Since K is infinite, the elements of A can be viewed as functions from the affine n-space
to K by defining f(P) = f(ai,...,a,), where f € A and P € A" (see Theorem 29.18 of
[8]). If f is a polynomial we can talk about the set of zeros of f,

Z(f)y=4{P € A": f(P)=0}.
More generally, for any 7' C A, we define
Z(T)={PecA": f(P)=0 for all feT}.

Note that if [ is the ideal of A generated by T', then Z(T') = Z(I). Now, remember that A
is a Noetherian ring (Theorem 7.5 of [2]), and by definition any ideal is finitely generated,
so there exist fi,..., f. € A such that Z(T) is the set of zeros of fi,..., f..
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Definition 2.2.1. A subset Y of A" is an affine algebraic set if there exists a subset
T C A such that Y = Z(T).

Proposition 2.2.1. (Prop. 1.1, [10]) The union of two algebraic sets is an algebraic set.
The intersection of any family of algebraic sets is also an algebraic set. The empty set

and the whole space are algebraic sets.

Definition 2.2.2. We define the Zariski topology on A™ by taking the closed subsets
to be the algebraic sets. This is a topology, as the previous proposition confirms that the

axioms for a topology are fulfilled.

Example 2.2.1. Consider the space A" with Zariski’s topology, and A = K[z], K alge-
braically closed. We know that in particular, A is a principal ideal domain, then every
algebraic set is the set of zeros of a single polynomial. Moreover, since K is algebraically
closed, any f € A has the form

f=cr—ar)--(r—an)

with ¢,ay,...,a, € K, so Z(f) = {a1,...,a,}. Therefore any proper algebraic subset of

Al is a finite set.

Definition 2.2.3. A nonempty subset Y of a topological space X is irreducible if it
cannot be expressed as the union Y =Y, UY; of two proper subsets, each one of which is

closed in'Y. The empty set is not considered to be irreducible.

Proposition 2.2.2. (Cor. 1.4, [10]) An affine algebraic set is irreducible if and only if

its ideal is a prime ideal.

Example 2.2.2. Let f be an irreducible polynomial in K|z, y]. Then f generates a prime
ideal in A because A is a unique factorization domain. By Proposition 2.2.2, Y = Z(f)
is irreducible. We call this zero set the affine curve defined by equation f(x,y) = 0. If
f has degree d, we say that'Y is a curve of degree d.

Example 2.2.3. Let Y = Z(2? —yz,xz—x). We claim that Y is not irreducible. Indeed,
Y is by definition the set of common zeros of 2> — yz and xz — x = x(z — 1). Note that
this is equivalent to saying that every point of Y is in the set of common zeros of x* — yz

and x, or in the set of common zeros of x* —yz and z — 1. So we have that
Y =Z(* —yz,2)UZ(2? —yz,2 — 1)

Now, to be a zero of x means x = 0, so a point in Z(x*—yz,x) turns out to be in Z(yz,x).
Again, to be a point in Z(yz,x) means that this point must be a common zero of z and x,

or a common zero of y and x. So Z(yz,x) = Z(y,x) U Z(z,x).
Summarizing, we can write Y as

21



Y =Z(y,x) UZ(z,2) U Z(2® —yz,2 — 1)

which is a union of irreducible closed sets in Zariski’s topology. The irreducibility is
granted for Z(y,x) and Z(z,x) by Proposition 2.2.2 as (y,z) and (z,x) are prime ideals of
K[z, y, 2] (remember that K|z, y, 2]/ (z,y) ~ K[z] and K[z, y, z]/(z,x) ~ K[y| are domains)
and for Z(z* —yz,z—1) by Example 2.2.2, since Z(2* —yz,2—1) = Z(2* —y) and 2* —y

18 1rreducible.

Definition 2.2.4. An affine algebraic variety (or simply affine variety) is an irre-
ducible closed subset of A" (with the induced topology).

Definition 2.2.5. For any subset Y C A", let us define the ideal of Y in A by
IY)={fe€eA: f(P)=0 for all P€Y}.
Underlying this definition is the existence of functions
Z:pCA—Zp)=Y
and
I:Y CA"— I(Y).
These functions have the following properties:
Proposition 2.2.3. (Prop. 1.2, [10])
a) If ) C Ty are subsets of A, then Z(T1) 2 Z(T5).
b) If Y1 CY; are subsets of A™, then 1(Yy) 2 I(Y5).
c¢) For any two subsets Y1,Ys of A™, we have that I(Y1 U Ys) = I(Y1) N I(Ys).
d) For any subset Y C A", Z(I(Y)) =Y, the closure of Y.

Example 2.2.4. Consider the variety {(0,0)} consisting of the origin in K? . Then its
ideal 1({(0,0)}) consists of all polynomials that vanish at origin. We claim that

1({(0,0)}) = (z,y).
It 1s clear that any polynomial of the form
Az, y)x + B(z,y)y

vanishes at the origin. On the other side, let
f= Z aijxiyj
2

such that f(0,0) = 0. Then every term of the sum is zero, in particular ago = 0 = f(0,0)

and
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f = ag + (Z (apz' ™' + aijxilyj)> T+ (Z aojyjl> y € (z,y).

i,j>0 §>0
Example 2.2.5. A" is irreducible since it corresponds to the zero ideal in A, which is

prime.

Definition 2.2.6. A topological space X is called Noetherian if it satisfies the descend-
ing chain condition for closed subsets: for any sequence Y1 O Yy D --- of closed subsets,

there is an integer r such that Y, =Y, 1 =---.
Example 2.2.6. A" is a Noetherian topological space. Indeed, if
Yi2Yy D
is a descending chain of closed subsets, then
10h) C I(¥) €+

is an ascending chain of ideals in A = K[zy,...,x,]. Since A is Noetherian as a ring,
this chain is stationary. Moreover, for each i, Y; = Z(1(Y;)), so the chain of the Y;’s is

also stationary.

The importance of being Noetherian is that we can guarantee an expression of every

algebraic set in A™ as a union of varieties no one containing another.

Proposition 2.2.4. (Prop. 1.5, [10]) In a Noetherian topological space X , every nonempty
closed subset Y can be expressed as a finite union Y = UY;- of irreducible closed subsets

=1

Y;. If we require that Y; DY, for i # j then the Y;’s are uniquely determined, and we call

the Y;’s the irreducible components of Y.

Definition 2.2.7. If X is a topological space, we define the dimension of X (denoted

dimX ) to be the supremum of all integers n such that there exists a chain
o C 41 C---C 4,

of distinct irreducible closed subsets of X. We define the dimension of an affine or quasi-

affine variety to be its dimension as a topological space.
Proposition 2.2.5. (Prop. 1.9, [10]) The dimension of A™ is n.
Proposition 2.2.6. (Prop. 1.10, [10]) If Y is an affine variety, then dimY = dimY .

Proposition 2.2.7. A variety Y in A" has dimension n — 1 if and only if it is the zero

set Z(f) of a single nonconstant irreducible polynomial f € A =Klxy, ..., z,].
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2.3 Projective varieties

To get a wide overview (along with additional results) of our study, we would need to
take advantage of the invariance under tensor rescalings of the properties we discussed
in Chapter 1, so we consider a different perspective through an equivalence relation that

allows us to quotient our space V' and obtain a set of lines through the origin in V.

Definition 2.3.1. Let V be a vector space of dimension v. We define the projective
space associated to V', which we denote PV = PV~1  as the set whose points [v] € PV are
equivalence classes of nonzero elements v € V, where [v] = [w] if and only if there exists

a nonzero A € K such that v = \w.

Underlying the previous definition is the existence of a function

7:V\{0} — PV
v — [v]

We call 7 the projection map of V. This new space PV will inherit some aspects of the
linear structure on V. For instance, if U C V is a linear subspace, then PU C PV is called

a linear subspace.

Also, for any two different points in PV, say [z| and [y], there exists a line, which we
are denoting P}, that contains [z] and [y]. For every point (zo,z1,...,x,) € C**1\ {0}
we denote its equivalence class in P by (zg : @y : -+ : x,). We will call these coordinates

the homogeneous coordinates.

If we go back to V', we can see this line as the result of applying the projection map
to a bi-dimensional plane in V' containing the origin and z,y € V. When we look at P?

we see that any two distinct lines will intersect at a point.

Definition 2.3.2. Let Y C PV, and consider Y = 7 1Y), the inverse image of Y by 7.
We call Y the affine cone over Z. If X C V and we want to go back to PV through w,
we call (X)) the projectivization of X and we denote it by PX .

When working with projective spaces, we may need to clarify certain details: In the
projective case, we need to make the polynomial ring S = Klzo,...,z,] into a graded

ring by taking Sy to be the set of all linear combinations of monomials of total degree d

in xg,...,r,. So we get an expression for S in the form
S-@s.
d>0
with
Sq - Se C Save,
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and every element of Sy is an homogeneous element of degree d. The fact that S is a direct
sum implies every element of S can be written uniquely as a finite sum of homogeneous

elements.

In P*, we cannot use f € S to define a function because the lack of uniqueness of the

homogeneous coordinates. However, if f is a homogeneous polynomial of degree d, then

f(ao, ..., a,) = Nf(ag, ..., ay),

and the property of being zero or not will depend on the equivalence class of (aq, ..., a,).

So, the best we have is a function
P" — {0,1}

defined by f(P) =0 if f(ao,...,a,) = 0 and f(P) = 1if f(ap,...,a,) # 0. From this,
we can define the zeros of a homogeneous polynomial f as the set of P € P" such that
f(P) = 0. We can extend this idea to define the set of zeros for a collection of polynomials

W and derive some results.

Definition 2.3.3. Let 7w : V\{0} — PV be the projection map and consider a collection
W of homogeneous polynomials in V. Let Z(W') the set of common zeros of W, that is,

ZW)={2€V :P(z)=0 for all P W}.
We say X is an projective algebraic variety if X = n(Z(W)) C PV for some W.
Definition 2.3.4. For a subset Y C PV, define
I(Y):={PeSV*: P|s=0}
as the tdeal associated to 'Y .

Definition 2.3.5. Let X C PV and Y C PV be two varieties. We say X and Y are

projectively equivalent if there exist linear maps
f:V—Wandg: W —V
such that f()A() =Y and g(?) = X.

Definition 2.3.6. We say that a collection of homogeneous polynomials Py, ..., P, €
S*V* cuts out X in a set-theoretical sense if the set of common zeros of the polyno-
mials Py, ..., P, is the set of points of X. We also define the notion of a generator set for
the ideal of X as a set of polynomials Py, ..., P. such that every P € I(X) can be written

i the form
PIQ1P1+"'+quT
for some polynomials q; € S*V™.
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Observation 2.3.1. This set of generators of the ideal of a variety has equations with
the lowest possible degree. As a matter of example, take the line x = 0 in C?, that is the
set of pairs in the form (0,y) € C2. Note that this line is cut out in a set-theoretical sense
by the homogeneous polynomial x> = 0, but the ideal is generated by v = 0 (the lowest
possible degree). From this, we have in particular that the generators of the ideal cut out

X set-theoretically.

Definition 2.3.7. A wvariety X C PV s said to be reducible if there exist varieties
Y, Z # X such that X =Y UZ. In terms of ideals, this means that there exist nontrivial

wdeals Iy, I; such that I; NIy = Ix. Otherwise, we say X is trreducible.

Example 2.3.1. Let W be the zero set of equation xzyz = 0. As W is the union of
{r =0},{y =0}, and {z = 0}, W is reducible.

Theorem 2.3.1. (Th. 1.15, [14]) Let Y C P™ be a projective algebraic set. Then Y is
irreducible if and only if I(Y) is prime.

Proof. Suppose Y is irreducible. Let f,g € I(Y). Then Z(f) and Z(g) are projective

algebraic sets, so Y can be expressed as
Y=¥nz(f)u ¥ nzy)).

As Y is irreducible, Y = Y N Z(f) or Y = Y N Z(g). But this implies that f € I(Y)
or g € 1(Y) and therefore /(Y') is prime. The other direction is analog to the proof for
affine varieties. See Corollary 1.4 of [10]. O

Example 2.3.2. Consider the set Q of points satisfying the equation x + y? + 22 = 0.
The polynomial is irreducible, so I(z* + y* + 2%) is a prime ideal and by Theorem 2.3.1,

Q is irreducible.

Now let’s focus on examples of varieties more related to our study. We will begin by
studying the rank-one matrices, that is, two-factor tensors. Let (a;) and (bs) be bases of
A and B, respectively, and (a; ® bs) the induced basis of A ® B. We also consider the
dual space of A ® B, A* ® B* and its basis (o' ® $%). We can identify a; ® b, with the

matrix having a 1 in the (¢, s)-entry and zero elsewhere.

Now consider the following quadratic polynomial on A* @ B*, (the space of a x b

matrices) with coordinates z%°, that is,
X = ZIi’SO!i ®5s
2,8

corresponds to the matrix whose (i, s)-entry is 2%, so we define

P (X) = ahtahe — ghtgiu,
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Note that Pjgj, is the two by two minor (jk|tw). In terms of tensors, we have

Pigjeu = (a; @ by)(ax @ b,) — (a, @ by)(a; @ by)

1
:§[aj®bt®ak®bu+ak®bu®aj®bt—ak®bt®aj®bu—aj®bu®ak®bt]

and as we know that A BAA® B~ AR A® B® B, we can rearrange the expression,
getting
1
ij|tu: §[aj®&k®bt®bu+ak®aj®bu®bt—ak®aj®bt®bu—aj®ak®bu®bt]
1 1
= §(aj ® ap — ar ® a;j)(by @ b,) + §(ak ® a; — a; ® ag)(by, ® by)
= (a; N ay) ® b @by, + (ar N aj) @b, @by
= (a; AN ay) @b @by, — (a; A\ ag) @ b, @ by
1
= (a; AN ag) ® (by ® by — b, @ by) :Q(aj/\ak)®§(bt®bu—bu®bt)
= 2(a; AN ag) ® (by Aby).
From this, we conclude that a two-by-two minor, expressed as a tensor in S%(A ® B) is
an element of A’A ® A*’B C S?(A ® B). Note that the zero set of the two by two minors

Pjije is the set of a X b matrices such that every Pj, is zero, that is, the set of rank-one

matrices.

Definition 2.3.8. Define the two-factor Segre variety Seg(PA x PB) to be the zero

set of the ideal generated by the two by two minors as in the previous discussion.

Observation 2.3.2. The rank of a tensor p does not depend on the nonzero rescalings of

p. From this, we can think about the rank as a function of the projective space

PA® --®A,) —N
p— R(p)

The set of rank-one tensors is isomorphic to PA; x PAy x - - - X PA, in P(A; ®---® A,).

Its embedding in the tensor space is also called the Segre variety:

Seg = SegAl’Az Ay = IP)Al X IP)AQ X X IP)Ad C P(Al ®A2 & ®Ad)

-----

Let A; be vector spaces and let V = A} ® Ay ®--- ® A,,. We define the n-factor Segre

variety to be the image of the map

Seg : PA; x PAy x--- x PA, — PV
([U1]7"'7[Un]) — [U1®U2 ®®Un]

This map is called the Segre embedding. To show that Seg(PA; x PA, x--- xPA,) C PV
is a variety, we will see it as the set of common zeros of A*A% ® A2A§, for 1 < j < n,

where
A’j:Al ®®A]71®A3+1 ®®An
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As we did in the two-factor case, note that the zero set of A>A} ® A?A% is
S@g(PAl X ]P)(AQ XX An)),

that is, the tensors of the form a; ® M;, where a; € A; and M; € Ay ®---® A,. The
second fact is that the zero set of AA; ® A*A% is Seg(PAy x PA%). So the set of common
zeros of A*A; @ A2A§ and A?A5 ® AQAS is

Seg(IP’Al X PAQ X ]P)(Ag R R An))

Doing this recursively, we obtain that Seg(PA; x PAy x--- x PA,,) is the set of rank-one
matrices of A; ®---® A, and we denote it by 7 C 4; ®--- ® A,,.

From our previous discussion regarding projective spaces, we can introduce the follow-

ing notation and definitions:
Notation 2.3.1. Let V' a linear subspace of A; ® --- ® A,,, then
Vseg := PV N Sega, a,,..A, -
Vseg 1s (up to projectivization) the set of rank-one tensors in V.

Definition 2.3.9. Forp € A; ® --- ® A,, define R(p), the border rank of p, to be

the minimal v such that (p) € o.(Sega,. . a,), and (p) is the underlying point of p in the

-----

projective space. We will say R(p) = 0 if and only if p = 0.

It can be proven that this definition of border rank coincides with our previous Defini-
tion 1.5.1. The last result we state is related to intersections of varieties and we will use

it in the end of the next chapter:

Theorem 2.3.2. (Ch.1, Sec.7 Th.7.2 [10])(Projective Dimension Theorem) Let Y, Z be
varieties of dimensions r,s in P". Then every irreducible component of Y N Z has a
dimension greater or equal than r + s — n. Furthermore, if r +s—mn >0, then Y N Z is

nonempty.
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Chapter 3
First additivity results

Now we begin the study of the central problem of our work: the additivity of the tensor

rank, discussed in Chapter 1. More specifically, we will approach the following question:

Question 3.0.1. Suppose A=A A" B=B" & B",C =C"®C" where all A,...,C"
are finite dimensional vector spaces over a field K. Choose p' € A ®@ B'® C" and p" €
A" @ B"® C" and let p = p' + p”. Does the following equality hold

R(p) = R(p) + R(p")? (3.1)

Regarding Question 3.0.1, the answer for the case where one of the vector spaces
AVA" B, B",C",C" is at most two dimensional, is that (3.1) holds. This conclusion is
known as the Ja'Ja’-Takche theorem ([11]). We will see several recent approaches to this
question. In [6], Buczynski, Postinghel, and Rupniewski worked with a variety of cases,
more specifically, spaces involved in the tensor product with dimensions less or equal to
4. To address all of those cases, there was a mixture of perspectives and techniques that

we will address in the remainder of this work. The main results for this chapter will be:

Theorem 3.0.1. Let p; € Ay ® By ® Cy and py € Ay @ By @ Cy be such that R(py) can
be determined by the substitution method. Then Strassen’s additivity conjecture holds for
p1 @ pa, that is, R(p1 ® p2) = R(p1) + R(p2).

Theorem 3.0.2. Suppose W' C (z) @ C" + B" @ (y) and W' C B’ ® C" is an arbitrary
subspace. Then the additivity of the rank holds for W' & W".

Theorem 3.0.3. Suppose K is an algebraically closed field, W' C (z) @ C" + B" @ K2,
and W' C B'® C" is an arbitrary subspace. Then the additivity of the rank holds for
w! ® w”.

We first study a couple of results that show how the rank is independent of the choice

of the vector spaces involved and explain the slice technique.
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Lemma 3.0.4. (Lemma 2.7, [6]) Let be p € A\ @ A, ®---® Al for some linear subspaces
AL C A;. Then R(p) (respectively under the condition K = C, R(p)) measured as the rank
(respectively, the border rank) in A} ®---® Al is equal to the rank (resp. the border rank)
measured in Ay @ -+ R A,.

Proof. The reader can check the proof for rank on Theorem 1.5.2. O]

Lemma 3.0.5. (Lemma 2.8, [6]) Suppose p € A’ @ B® C' for a linear subspace A’ C A,
and that we have an expression for p € (s1,...,8,), where s; = a; @ b; ® ¢; are simple

tensors. Then
r > R(p) + dim{ay,...,a,) —dimA’.

Proof. Note that we can replace A with a smaller subspace if needed. Set d = dimA —

dimA’. We reorder the simple tensors s; in such a way that the first d of the a;’s are L.I.
and (A'U{aq,...,aq}) = A. Let A” = (aq,...,aq) so that A= A" @ A” and consider the
quotient map

T:A— A/A".

We also consider the composition

Ay ATy AJA ~ A
which is an isomorphism and denote it by ¢. We can tensorize ¢ by [dp ® Ids and along

with a minor abuse of notation, set

T:A®B®C — (A/A")® B® C and
p: ABRC—A®B®C.

We obtain

b(p) = 7(p) € T((m ® by B cr,. .., @by D))
= <7T(a1) & bl X C1y. .. 77T(ar) & br ® CT>
= <7T(a’d+1) ® bd+1 @ Cdt1; - - - 77T(ar) ® br & CT)

Now we take ¢! to get a presentation of p as a linear combination of (r — d) simple

tensors, that is, R(p) < r — d, as we wanted. ]

3.1 Slice technique and conciseness

Now we will define the conciseness of tensors to replace the calculation of the rank of
three-way tensors with the rank calculation for linear spaces of matrices. For every tensor

peA ®- - ® A, there exists a linear map
p A — AR ® A,
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Definition 3.1.1. The tensor p € A1 ®---® A, is called concise if each map
p:A — AR QA4 -®A,
18 injective.
Example 3.1.1. Let A® B® C ~ C*® C? ® C? with respective basis (a;), (b;), (ck), and
peE AR B®C be the following tensor:
p: A" — BC
a] —— b1 X c1

ag—> by ®c; — by ®cy
a3|—>b2®62

Note that p as defined is not injective because
p(—aj + a3 —a3) =0,
so Ker(p) # 0 and p is not concise, but rewriting p we have

p:a1®b1®cl—|—a2®(b1®cl—b2®02)+a3®b2®02
= (a1 + az) ® (by ® 1) + (—az + a3) ® (b ® c2),

and therefore p = p € A®B® C, where A= (a1 + ag, —ag + az) C A is concise. Note
that we decreased A to get a concise tensor from a non-concise one. This process can be

done in general.

Observation 3.1.1. When p is not concise, we can change p for another concise one by

decreasing the size of some of the spaces involved in the tensor product.

Proposition 3.1.1. (pp. 69, Section 3.1, [12]) If p € A1 ® --- ® A, is concise, then
R(p) > max{a;}.

We assume p being concise, and therefore consider W = p(A}) C Ay ® --- ® A,. Choose
a basis B of Af, and consider p(B). By the injectivity, we have a basis for W. We call the
elements of this basis the slices of p. The key detail is that we can uniquely determine
p from W (up to an action of GL(A;)). This implies that W will capture the geometric
information about p, particularly, its rank and border rank. We can rephrase our rank

definition in terms of linear subspaces.

Definition 3.1.2. We define the rank of a linear subspace W (denoted R(W)) of a prod-
uct tensor space as the minimal number r, such that there exist simple tensors sy, ..., s,
with W C (s1,..., ).

Lemma 3.1.1. (Lemma 2.9, [6]) Lets assume p € A} @ --- ® A,, to be concise and
W = p(A3) as above. Then for simple tensors si,...,8. € Ay @ --- ® A, there exist
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vectors a; € A; for 1 = 1,...,r such that p = a1 ® 1+ -+ + a, ® s, if and only if
W C (s1,...,8.). Moreover, R(p) = R(W) and if K=C R(p) = R(W).

Proof. See Theorem 2.5 of [5]. O
We can also replace A; with any of the A; to define slices as images p(A}). Now we

can use our previous lemmas to prove a statement for higher dimensional subspaces of

the tensor space. We consider the case n = 2, as it is our main interest.
Example 3.1.2. Let
p=e1®e;r®ert+ea®e®ert+ea®e®er +e3& e ® e

and consider its associated subspace, where a,b,c € C

a b

W = .

b ¢
Note that dim(W) = 3, and it can be proved that R(W) = 4, but R(M) < 2 for all
M € W, where R(M) is the usual rank from linear algebra of the matriz M.

Lemma 3.1.2. (Prop. 2.10, [6]) Suppose W C B'®@C" for some linear subspaces B' C B,
C'cC.

i) The numbers R(W') and R(W'), measured as the rank and border rank of W in B'®C’,
are equal to the rank and border rank of W in B @ C (for the border rank, we set
K=C).

ii) Moreover, if we have an expression W C (s1,...,S,) where s; = b; ® ¢; are simple

tensors, then
r > RW)+dim(by,...,b,) —dimB'.

Proof. i) Let k = R(W) measured in B’ ® C’. Then there exist u; = b ® ¢1,...,ux =
by ® cx € B'® C" such that W C {(uy, ..., u;). Consider A = K* and

p=e1RbRci+ -+, ¢, € AR B ® (.

Then W = p(A*).
By Lemma 3.0.4 the rank and border rank of p is the same measured in A ®@ B’ ® C’
or A® B® C. Using Lemma 3.1.1 twice we get:

(a) R(p) =R(W)in A® B ®@C"and B'® C".
(b) R(p) =R(W)in A® B®C and B® C.

Moreover, RW)=R(p) i n A B®C', BeC', A B®C,and B® C.
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ii) As in i), we consider p € A ® B’ ® C' such that W = p(A*) C (s1,...,s,), where
s; = b; ® ¢; are simple tensors. We are now under the hypothesis of Lemma 3.1.1, so
we get R(p) = R(W) and by Lemma 3.0.5 applied to B’,

r > R(p) + dim(by,...,b.) —dimB' = R(W) + dim(by,...,b.) — dimB’

as we wanted.

]

To conclude this section, we will give another definition of conciseness for a tensor and
a linear subspace. We can check that the definitions are equivalent, but we will use our

definitions depending on what we need to deduce.

Definition 3.1.3. Let p € A1 ® ---® A, be a tensor or let W C A1 ® ---® A, be a
linear subspace. We say that p or W is Ai-concise if for all linear subspaces V C Ay, if
peEVRA®- @A, (respectively, W CV & ---® A,) then V = A;. Analogously, we
define A;-concise tensors and spaces for i =2,...,n. We say p or W is concise if it is
A;-concise for alli € {1,...,n}.

Notation 3.1.1. Let A’, A", B, B",C",C" be vector spaces over K with dimensions, re-
spectively, a’, a”, b’, b”, ¢, ¢". Suppose A=A ® A", B=B aB", C=C¢C",
a=dmA=a +a" b=dmB=b +b", andc=dimC =c' + "

We will approach the two-way tensors in B ® C' as matrices in MP*¢. For this, we
choose bases for B and C, but we will refrain from naming the bases explicitly. In this
section we will consider any element w € MP*¢ ~ B®C as a (b’ + b”, ¢’ + ¢”) partitioned
matrix. So when we have a matrix w € MP*¢, we will think of a matrix with four blocks
of size b’ x ¢/, b’ x ¢”,b” x ¢/, and b” x ¢, respectively.

To complete our conventions, we need to introduce another notation:

Notation 3.1.2. As in Notation 1.1, a tensor p € A® B ® C' can be seen as a linear
map p : A* — B ® C; we denote by W = p(A*), the image of A* in the space of
matrices B ® C. Similarly, ifp=p +p" € (A ®A")® (B' @ B")® (C' ® C”) is such
that p € A @ B'® C" and p" € A” @ B" @ C", we set W' := p/(A*) C B'® C" and
W" .= p"(A"™) C B"® C". In such a situation, we will say that p = p' & p" is a direct

sum tensor.
From above, we obtain the following direct sum decomposition:
W: W/@W” C (B/®Cl) @ (B//®C//)

and there exists an induced matrix partition of size (b’ 4+ b” ¢’ +¢”) on every matrix
w € W such that
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w0
w= O w//

where w’ € W’ and w” € W” and the two 0’s denote zero matrices of size b’ x ¢” and

b” x ¢/, respectively.

Proposition 3.1.2. (Prop. 3.3, [6]) Suppose that p and W are as in the notation above.
Then R(p) = R(p") + R(p") if and only if R(W) = R(W') + R(W").

Proof. Immediate from Lemma 3.1.1. O

3.2 Projections and decompositions

We explore decomposition aspects regarding direct sums. Our goal will be to exploit the
concept of decomposition for the spaces involved to be able to analyze its rank and border
rank. The concepts of projections and conciseness play a central role. We will mostly
focus on useful inequalities, and explore additivity of the rank by giving conditions to the

spaces in the decomposition.

Definition 3.2.1. We define a minimal decomposition V for a subspace W C B® C
such that

1. dimV = R(W),
2. PW = (Vsey), and
S WcV.

Example 3.2.1. Let W = (Id,). Note that dim(W) = 1, R(W) = n. A minimal

decomposition for W is the space
V= <€ii:i = 1,...,TL>,

where e;; is the n x n matriz with a 1 in the entry (i,i) and 0 elsewhere. We know that
dim(V) =n=R(W), PW = (Vs.,) (as all of V'’s generators have rank 1), and W C V.

Now consider W = (Id,) + (Ids) > W, where r + s = n. Then the same V is also

a minimal decomposition for W and W has the same rank as W, but dim(ﬁ;) =2 and

dim(W) = 1.
Notation 3.2.1. Under Notation 3.1.1, let m¢r denote the projection
o C — C"
whose kernel is C'. We can also tensorize wer by Idg ® Idy and keep the notation 7wer:
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e :BRC — BC" and mer : AQRBRC — AQ B (C”

with kernels, respectively, BQC" and AQ BRQC". From the projection we obtain a subspace

of C,B®C, or AR B® C, in such a way we can compose the projections, for instance

7TC/7TB//IB®O—>B/®C” or
7TC/7TB//ZA®B®C—>A®BI®C”.

We also choose E' C B’ (respectively E" C B") as the minimal vector subspace such that
e (V') (respectively men (V') ) is contained in (E' @ B") @ C" (respectively (B'® E")@C").
If we swap the roles of B and C, we can define F' C C" and F" C C" analogously. We
denote the dimensions of the subspaces E', E", F', F" by €' ,¢e" ', and f".

We also recall the following result on linear algebra:

Theorem 3.2.1. Let 7 : X — Y a linear projection with Im(w) =Y C X and Z =
Ker(m) C X. Let’s consider T C X with T = (ty,...,t,,t1,...,tr), where &imT =1r +T,
ti,....,t, €Y and ty,...,t- € Z. Then

7(T) = (t1,...,t,) and dim(w(T)) = r.
Now we take a look at the differences R(W') — dim(W’) and R(W") — dim(W"). We

will informally refer to these numbers as the gaps. If the gaps are large, that means the
spaces E', E" F', F" could be large too, in particular, they can coincide with B’, B”, (",
and C”, respectively. These spaces give us an idea of how far a minimal decomposition V
of a direct sum W = W' & W" is from being a direct sum of decompositions of W’ and

W"”. Finally, we present the results for this section.

Lemma 3.2.2. (Lemma 3.5, [6]) In Notation 3.2.1 with W = W' @ W" C B® C, the
following inequalities hold:
RW") +¢€" < R(W) —dim(W"), R(W")+e€ < R(W)—dim(W’),
R(W") + 1" < R(W) —dim(W"),  R(W")+{f < R(W) —dim(W’).
We can assume W' is concise, as Lemma 3.1.2 guarantees there are no changes on

R(W') or R(W) if we choose the minimal subspace B’, and the minimal decomposition

V C B®C of W @ W" cannot involve any tensor from outside of the minimal subspace.

Proof. Since every b; ® ¢; is in Im(men), and the rest of the generators are in Ker(men),

we have
Ten(V) = (1 ®cy,...,0r @cp),

where r = dimmcn (V) (here we are using Theorem 3.2.1). We also know won (W @ W) =
WC//(W/) EB?TCH(WN) = W/@WC//<W”) - (B/@B”) ®C' C WC//(V), so W' C WC//(V). Now
we claim that B’ @ E” = (by,...,b,). To prove this, note that
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1. W’ is concise,
2. W' Cren(V)= (b1 ®cy,...,b,®c.) C (B @E")®C" (by the definition of E”), and
3. W VN (B &)

From the definition of conciseness, we have (by ® ¢1,...,b, ® ¢,) = (B' @ E") ® (', so
the inclusions B’ C (by,...,b.), E” C (by,...,b.), and (by,...,b.) C B’ @ E" are granted.
We can change the notation s; = b; ® ¢;, fori = 1,...,7, to get W' C (sy,...,s,) and by

Lemma 3.1.2.ii), we deduce

r= dim(ﬂcu(v» Z R(W,) + dlm<b1, ce 7br> —b/ = R(W/) + e". (32)
~— ————
b/Jre/l

Since V' contains W and wen (W) C wen(B” @ C") = nen(B") @ men (C") = wen(B”) @
{0} = {0}, we get W” C Ker(mer), and the rank-nulity theorem gives us

r = dimmen(V) < dimV — dimW" 2 R(W) — dimW™.
Combining these two last inequalities, we prove the first inequality of the lemma. The

others follow using the same idea by swapping B and C or ' and ”. ]

Rephrasing the inequalities of Lemma 3.2.2, we obtain

Corollary 3.2.1. (Cor. 3.6, [6]) If ROW) < R(W') + R(W"), then
e < RW")—dim(W"), € < R(W') —dim(W'),
" < ROW") —dim(W"), ' < ROW') — dim(W").

This immediately recovers the known case of additivity of the rank, when the gap is
equal to zero, that is, if R(W') = dim(W’), then R(W) = R(W')+ R(W") (as € > 0). In
addition, it implies that if one of the gaps is equal to 1, for instance, R(W’) = dim(W’)+1,
then either the additivity of the rank holds or both E’ and F” are trivial vector spaces.

The latter assertion cannot occur without additivity of the rank. We end the section with

a clarifying example.

Example 3.2.2. Under Notation 3.1.1, we consider A = C?, A’ = C?, A" = C?, B = C*,
B =C?*=DB",C=C* and C" =C? = C". We fix bases for A, B,C and consider

A®B®C:(A/@A//)®(B/@B//)®(C/@C//)
and

p=(es+e1)®(e1+2e3) ® (e — ey)
=e3®e;1Res+2e3R0e3R ey —e3®e; ®es —2e3Re3® ey
+e1®er Qe —eg Reg ey + 21 Qez3 ey —2e1 ®esg® ey
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Now we take

T AQBRC — AR B®C"
7TB//2A®B®C—>A®B/®C
Tar i AQRBRC — A @B®C

and compute

Tanmpnmer(p) = Tarmpr((€3 + €1) ® (er + 2e3) ® (—es))
= 7TAN((€3 + 61) ®Xe X <—€4)) = —(63 + 61) Rep ey € A/ & B/ & OH.

In addition,

Wy =p(A*) = {(e1 +2e3) ® (e —e4)) C B®C, and
Wy = p(B*) = <(€3 + 61) & (62 — 64)) CA®C.

3.3 The substitution method

In this section, we use the previous results and adopt another perspective to get results
on the additivity of the rank. We explore the substitution method, also known as the
Alexeev—Forbes—Tsimerman method for bounding tensor rank, and show additivity of the
rank for what we will define as hook-shaped spaces using an algorithm mainly consisting

of the recursive use of three lemmas.

We need to clarify the following: Having fixed a basis for a vector space A, let’s say
{ai,...,aa}, and I C {1,..., a}, define {a; : i € I)* := {(a; : i € I°). For example, ai will
denote the subspace (as,...,aa). The symbol L is just a way to simplify the notation,

we never assume our vector spaces as spaces with an inner product.

Proposition 3.3.1. (Prop. 3.1, [13]) Fiz a basis a4, ...,aa of A. Write

p= Zaj @ my,
=1

where mj € B® C for j =1,...,a. Let R(p) =1 > 0 and my # 0. Then there exist

constants A, ..., Aa, such that the tensor
pi=Y a;®(m;—\m)€ay @ B®C
j=2

has rank at most r — 1. Moreover, if R(my) = 1, then for any choice of (Aa, ..., A\a) we
have R(p) > r — 1.

37



Proof. By the first part of Lemma 3.1.1, there exist rank-one tensors s, € B® C, p €

{1,...,r} and scalars z,; such that

m; = mesu. (3.3)
pn=1

As my # 0, we can assume without loss of generality that x1; # 0. More specifically, we

have
my = T1181 + -+ Tr1Sy
Mg = L1281 +- -+ + Tr2Sy
Ma = T1aS1 +** + TraSy

and we can see this as

m= XS5,
where
T11 Tr1 S1
X = : and S =
Lia *°° Lra Sr
axr rx1

Now let’s consider
qg=a; @mq+ Aoag @my +- -+ Aaa @ my

and

Now let’s take a look at m;:

mj = mj — )\jml = (xlj — )\jxn)sl + ($2j — )\jl’gl)Sz -+

$1j

so we have x1; — A\jzp = 0 if and only if \; = —=, and this is always possible because
T11

z11 # 0. Choose the A;’s in the way we just mentioned and consider W = p(A*). By the
final part of Lemma 3.1.1, R(p) = R(W) = R({(ma, m3,...,ma)) < R((s2,...,8,)) =r—1,
as R(s;) = 1 for all 2 < ¢ < r. Note that in the last inequality of this paragraph, we
obtain R(p) < r — 1 and the < means that is possible to get a coefficient of a particular

s; be zero when considering m; = m; — A\;m;.

In the case that R(m;) = 1, my = x1181, so we can ensure that only the coefficient
corresponding to s; is vanished and from this follows that R(m;) = R(m;) — 1 for all
j > 2 and
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R(p) =r —1forall j > 2.

Proposition 3.3.1 can be carried out by following these consecutive steps:

1. Identify A, choose a basis {a;} of A and consider bases {#*} and {7’} of B* and C*
respectively, and represent p as a matrix M with entries that are linear combinations
of the a;: My, = p(B° @ +").

2. Choose a subset of b’ columns and ¢’ rows of M.

3. Inductively, for elements of the chosen columns (resp. rows) remove the nonzero u-th
column (resp. row) and add to all other columns (resp. rows) the u-th column (resp.
row) times an arbitrary coefficient \, regarding the a; as formal variables. This step

is to ensure that each time only nonzero columns or rows are removed.

4. Set all a; that appeared in any of the selected rows or columns to zero, obtaining a
matrix M’. Notice that M’ does not depend on the choice of .

5. The rank of p is at least b’ plus ¢’ plus the rank of the tensor corresponding to M’.
The above steps can be iterated, interchanging the roles of A, B, and C'.

Example 3.3.1. Let

22 0 0 0 0 0 0 0

22 0 0 0 0 0 0

0 24 0 0 0 0 0

) 0 0 21 0 0 0 0
PA)=1 0 0 0 0 & 0 0 0
0 20 0 0 0 a1 0 0

XT3 0 i) 0 0 0 T 0

xg 3 0 290 0 0 0 m

Then R(p) > 15. Indeed, in the first iteration of the method, choose the first four rows
and last four columns. One obtains a 4 X 4 matriz M' and the associated tensor p', so
R(p) > 8+ R(p'). Iterating the method twice yields R(p) > 8+ 4+ 2+ 1 = 15.

Theorem 3.3.1. (Thm 41, /]3]) Let D1 € A1 & B1 X Cl and D2 c AQ (24 BQ & CQ be
such that R(p1) can be determined by the substitution method. Then Strassen’s additivity
conjecture holds for p; @ pa, that is, R(p1 @ p2) = R(p1) + R(p2).

Proof. With each iteration of the substitution method, p; is modified to a tensor of lower
rank living in a smaller space and o0, is unchanged. After all applications, p; has been

modified to zero and ps is still unchanged. O]
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Other examples can be found in [13]. This article suggests that if a’ < 2, then the
rank of p’ can be computed by the substitution method. To show that the substitution
method can calculate the rank of p € K2 ® B’ ® C’, one needs to use the normal forms of
such tensors and understand all of the cases, which turns out to be very demanding. We
now rephrase Proposition 3.3.1 in terms of geometric and algebraic scopes to resume the
discussion on hook-shaped spaces. We will see the same proposition in a coordinate-free

manner, as well as linear spaces of tensors.

Proposition 3.3.2. (Prop. 3.10, [6]) Letp e A BRC, R(p) =r >0, and pick o € A*

such that p(a) € B® C' is nonzero. Consider two hyperplanes in A: the linear hyperplane

at = (a=0) and the affine hyperplane (o = 1). For any a € (a = 1) denote
Pai=p—a®pla) Eat®@BxC.

Then

1. there ezists a choice of a € (v =1) such that R(p,) <r —1;

2. if in addition, R(p(«)) = 1, then for any choice of a € (a = 1) we have R(p,) > r—1.

Proposition 3.3.3. (Prop. 3.11, [6]) Suppose W C B® C' is a linear subspace, R(W) =

r. Assume w € W 1is a nonzero element. Then

1. there exists a choice of a complementary subspace W C W such that W & (w)y =W

—~

and R(W) <r —1, and

2. if in addition R(w) = 1, then for any choice of the complementary subspace such that
W@(uﬁ =W we have R(W) >r—1.

3.4 Hook-shaped spaces

We will now explore another technique for obtaining lower bounds on rank. The term
“hook-shaped” spaces arises from the observation that, with the right choice of basis, the
non-zero coordinates resemble a hook " in the top left corner of the matrix. The integers
(e, f) indicate the width of the hook’s arms. Below, we will present the formal definition

along with a brief example.

Definition 3.4.1. For nonnegative integers e, f, we say that a linear subspace W C B&RC'
is (e, f)-hook shaped, if W C K°® C + B ® K/ for some choices of linear subspaces
K*C B and K c C.

Example 3.4.1. A (1,2)-hook shaped subspace of K*@K?* has the only following possibly

nonzero entries in some coordinates:
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x ok ok X
x % 0 0
x % 0 0
x x 0 0

Proposition 3.3.2 will be useful to prove the additivity of the rank for tensorial product
of vector spaces if one of them is (1,2)-hook shaped. We start by proving a series of
lemmas that we use along the proof of the additivity of the rank in the case where one
of the subspaces is (1, 1)-hook shaped. We will work with a sequence of tensors pg, p1, . . .
in the space A ® B ® C', which are not necessarily direct sums. Nevertheless, for each 1,
we write p, = manmprmen(p;) (that is, the “corner” of p; relative to A’, B’, and C"). We

define p! in the same way.

Lemma 3.4.1. (Lemma 3.13, [6]) Suppose W C A’ @ B'®@ C" and W' C A" @ B" @ C”
are two subspaces. Let " = R(W") and suppose that there exists a sequence of tensors

Doy P1y- - P € A® B ® C satisfying the following:

1. po = p is such that p(A*) =W = W' @ W" (where W, W', and W" are associated to
p.p, and p"),

2. piq = p; for every 0 <i <r”,
3. R(p!.) > R(p) =1 for every 0 < i <r”, and
4. R(piy1) < R(p;) — 1 for every 0 <i < r”,
then the additivity of the rank holds for W/ @W" and for each i < r" we must have p; # 0.
Proof. From (4) we have that
R(po) —1 > R(p1) and R(p1) — 1 > R(p2)
that means
R(po) = R(p1) + 1 and R(p1) = R(p2) + 1
Combining these two inequalities we obtain
R(po) = R(p1) + 1 = R(p2) + 2
We recursively use the same idea to get
R(po) = R(py) + 1"
so we have
R(W’) + R(W") = R(p,) + 1" < R(pr) + 1" < R(po) = R(W).
The other inequality always holds. From (3) we conclude p! # 0. O
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Lemma 3.4.2 tells us how to construct a single step in the sequence above.

Lemma 3.4.2. (Lemma. 3.14, [6]) Suppose = C A® B® C is a linear subspace, p; € ¥
is a tensor, and vy € (C")* is such that

1RGO =1,
2. 7 preserves ¥, that is, 3(v) @ C' C X, where X(y) ={t(y) :t € ¥} C A® B, and
3. X() does not have entries in A’ ® B, that is wanmps(3(7)) = 0.
Consider v+ C C. Then there exists
piy1 €EENAQRB® T
that satisfies
i) p;+1 =P
iW) R(pf.y) > R(p)) — 1 and
i) R(piy1) < R(pi) — 1
(for this fized i).
Proof. For each ¢ € v =1, set
(Pi)e=pi —pi(y) @c€ AR B

as in Proposition 3.3.2 with the roles of A and B® C' changed by C' and A® B. Choosing
¢ properly, we will pick p; ;1 among the (p;).. By Proposition 3.3.2.1, there exists a choice
of ¢ such that p;11 = (p;). has rank less than R(p;), that is, (iii) holds. On the other
hand, since v is in (C”)*, we have

Pl = ) = = pl(1) ® ",
where ¢ = ¢ + ¢ with ¢ € C" and ¢’ € C”. By Proposition 3.3.2.2, as R(p/(v)) = 1
by hypothesis, also (ii) is satisfied. Property (i) follows as 3() (in particular p;(vy)) has

no entries in A’ ® B’ ® C’. Finally, p;y1 € ¥ because v preserves ¥ and X is a linear

subspace. O

Observation 3.4.1. Note that in general is not true that every v € (C")* we choose is
preserving a previously chosen subspace . Let’s consider A ® B ® C, with A’ = A" =
B'= B" = ("= C" = C? and take ¥ = (e111, €121, €292, €333, €314) C A® B® C. Pick
v =¢; € (C")*. Now we look at 3() obtained by applying the corresponding generators
of ¥ to vy, that is

N(v) ={t(y) : t € B} = (ess) CA® B.
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Now we tensorize by C,

X(7) ® C = (esu1, €342, €343, €344) T 2.

This shows that v has to be carefully chosen for the process described in Lemma 3.4.2
to be valid.

Lemma 3.4.3. (Lemma 3.15, [6]) Suppose W' C B"®C" is a (1, f)-hook shaped space for
some integer f and W' C B'®C" is arbitrary. Fizx K' C B” and KI C C" as in Definition
3.4.1 for W". Then there exists a sequence of tensors pg,p1,...,px € AQB®C for some
k that satisfies the properties of Lemma 3.4.1 and in addition pj € A” @ B" @ K/ and for
every i we have p; € (A @ B'®C") @ (A" ® (B" @ K/ + K ® C)). In particular,

1. p!((A")*) is a (1, f)-hook shaped space for every i < k,
2. pY((A")*) is a (0, f)-hook shaped space, and
3. every p; is on the form p; = (p, ® p!) + ¢; where ¢ € A” 9 K' @ C' c A”®@ B" @ C'.

Proof. We construct the sequence p; by a recursive application of Lemma 3.4.2. By
hypothesis, p! € A” ® B K/ + A” ® () @ C for some choice of z € B” and a fixed
K/ cC”" Welet L=A @B C dA"®(B"@K) + (z) @ C).

Now define py corresponding to W’ @ W” by (1) of Lemma 3.4.1. Suppose we have
already constructed py, ..., p; and that p/ is not yet contained in A” ® B” @ K/. Then
there exists a hyperplane 4+ = (y = 0) C C for some v € (C”)* C C* such that K/ C 4+,
but p! ¢ A” ® B” @ v. Equivalently, p!(y) # 0 and p/(y) C A” ® (z). In particular,
R(p!(7)) = 1 and ¥(v) C A” ® (z). That means 7 preserves X as in Lemma 3.4.2 and
Y (7y) has no entries in A’® B’® C’. Thus we construct p;;; using Lemma 3.4.2. Note that
the dimension of the third factor of the tensor space containing p/,, is being gradually

reduced, so we will eventually arrive at the case p/,; € A” ® B” ® K/, as we wanted. [J

Example 3.4.2. We have already discussed how the p;’s are being chosen. Now we study
a concrete example of the existence of this hyperplane y*=. Set AQ BQC' as in Observation
3.4.1, f=1 and

T=A@BoC oA ®(B"® () + (1) ®C)
Rewriting 3 we have

Y= <€111, €112, €121, €122, €211, €212, €221, 6222> S ((6333, €343, €433, 6443> +
<€341, €342, €343, €344, €441, €442, €443, €444>)
In this case, we take v = e; € (C")*. Note that () = (es4, €14) = A” ® (e4), and then

tensorizing by C', we get
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Figure 3.1: A representation of the subspaces W/ and W" (the (e, f)-hook shaped space), where p = pg
as in Lemma 3.4.1.1, and the first k steps of the sequence, granted by Lemma 3.4.3. At each stage, the
rank of one of the hook’s sides is decreasing.

2(7) ®C= <€341, €342, €343, €344, €441, €442, €443, 6444> C X,
as we expected.

Proposition 3.4.1. (Prop. 3.12, [6]) Suppose W" C B" @ C" is (1, 1)-hook shaped and
W' B'®C" is an arbitrary subspace. Then the additivity of the rank holds for W' @ W".

Proof. The idea of the proof is to construct a sequence p; as in Lemma 3.4.1, using Lemmas
3.4.2 and 3.4.3.

The initial elements py,...,pr of the sequence are given by Lemma 3.4.3. By this
lemma and the fact that W” is a (1,1)-hook shaped space, then by definition W” C
K® C" + B” ® K, so we have in particular

pi = mampme(p) € A" @ B" @ (y) + A" @ (z) @ C"

for every i < k and some choices of © € B” and y € C” and as p;, is a (0, 1)-hook shaped

space, then
mEARB RC'®A ®B"®(y).

In the reminder of the proof, we use Lemma 3.4.2 with ¥ = A/@B'@C'¢A"@B&(C'®(y)),
and verify conditions (1)-(3) of the Lemma. Suppose we have constructed py1,. .., p; for
some j > k satisfying (2)-(4) of Lemma 3.4.1 such that

p; € X
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This implies p] € A” ® B" @ (y). If p/ = 0 then by Lemma 3.4.1 we are done, as
j = r". Suppose pj # 0, then there exists 3 € (B")* C B* such that pj(3) # 0. Also,
pj(B) € A" @ (y), so R(pj(B)) = 1.

We have checked the first condition to use Lemma 3.4.2. Let’s check the second con-
dition. Now consider t € ¥ fixed but arbitrary. Note that ¢t = Z t;, where

L=a,,@c+a] V@ +a @b ¢, +a @b, @y +al @b @y,
and a, € A’ al @ al al € A", b)Y € B” bbb, € B, and ¢, ¢, € C'. As B is
a linear transformation, it is enough to check the preservation for ¢; as above, and by
the linearity we can conclude § preserves Y. When calculating ¢;(5), we note that all
summand that has an element from B’ in its second factor goes to zero, and we have

contractions in the ones whose second factor lies in B”, that is,
t(8) = BONa; @2 + BB} ©y € A" @ (C'+ (y), (3.4)

so we checked () ® B C %, and [ preserves .

The third condition is satisfied since ¥(3) does not have entries in A’ ® C’ by equation

3.4). Then p;,q is produced by Lemma 3.4.2 and we stop after having p,» constructed
Pj+ Y gp

(condition (4) grants the end of the process), proving the additivity of the rank for W’ &

WI/' D

To complete our discussion on hook-shaped spaces we will see an analog of the previ-
ous proposition on (1, 1)-hook-shaped spaces concerning (1, 2)-hook-shaped spaces. We
slightly modify our hypothesis regarding the base field, as we cannot go forward with-
out an algebraically closed field. The following lemma guarantees the key condition to
construct the desired sequence to prove additivity for hook-shaped spaces of bigger di-

mensions.

Lemma 3.4.4. (Lemma 3.16, [6]) Suppose K is an algebraically closed field (of any
characteristic) and p € A®@ B®K?, p # 0. Then at least one of the following occurs:

1. there exists a rank-one matriz in p(A*) C B® K2 or

2. for any x € B there exists a rank-one matriz in p(xt) C A ® K2, where x+ C B* is

the hyperplane defined by x.

Proof. Without loss of generality, we may suppose p is concise. We can just replace A

and B with smaller spaces if needed. Then we have the following two cases:

1. dimA > dimB: Consider the linear variety L = P(p(A*)) and the Segre variety
X = Seg(P(B) x P(K?)), both contained in the projective space P(B @ K?). They
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have dimensions dim (L) = dim(A) —1 (as p is concise), dim(X) = 2+dim(B) —2 =
dim(B), and dim(P(B ® K?)) = 2dimB — 1. Now,

dim(P(p(A*))) + dim(Seg(P(B) x P(K?))) = dimA — 1 + dimB > 2dimB — 1.
By Theorem 2.3.2, we obtain
P(p(A7)) N Seg(P(B) x P(K?) # .

2. dimA < dimB: In this case, we take a look at p(B*). Again, as p is concise, Let
r € B. Then L = P(p(z1)) has dimension dim(B) — 2, X = Seg(P(A) x P(K?) has
dimension equal to dim(A) and dim(P(A ® K?)) = 2dimA — 1. Then, using that
dimA+ 1 < dimB, we get

dim(X) + dim(L) = dimA + dimB — 2 > 2dimA — 1 = dim(P(A ® K?)).
That means by Theorem 2.3.2, that P(p(B*)) N Seg(P(A) x P(K?) # @.

[]

Proposition 3.4.2. (Prop. 3.17, [6]) Suppose K is an algebraically closed field, W' C
B" @ C" is a (1,2)-hook shaped space, and W' C B’ ® C" is an arbitrary subspace. Then
the additivity of the rank holds for W' & W".

Proof. We want a sequence py,...,p» € A® B ® C with properties (1)-(4) of Lemma
3.4.1, and the initial elements py, . . ., pp are constructed in such a way that p, € A’® B'®
C'"®d A’ ® ((x) @ C" & B" ® K?). Here v € B” is such that W” C (z) ® C" + B” @ K2

We can clean the part of the hook of size 1 as in Proposition 3.4.1.

Now we work with the remaining space of b” x 2 matrices. We cannot use the same
ideas as in Proposition 3.4.1 for p! because the process could leave some wreck in the
other parts of the tensor, so we need to control the wreck in such a way it does not affect

p; (remember condition 2).

Note that what is left to do is not just the Strassen’s additivity of the rank in the
case ¢” = 2 since pp may have already non-trivial entries in another block, the one
corresponding to A” @ B” ® C" (the small tensor g; in the statement of Lemma 3.4.3).
In other words, for the case of (1,1)-hook shaped spaces, we already know there is no
wreck because the edge of the hook we are not dealing with has already rank one. In the
(1,2)-case, we need to ensure a rank-one tensor to continue with the next term of the

sequence (whose existence is granted by Lemma 3.4.2).

Weset X = A/A@BC®A® (BK?*® () ® C'). To construct pj;; we use
Lemma 3.4.4. Thus either there exists a € (A”)* such that R(pf(a)) = 1, or there exists
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B €z C (B")* such that R(p](8)) = 1. In both cases, we apply Lemma 3.4.2 with the
roles of A and C' swapped or the roles of B and C' swapped (verify the conditions). We stop

after constructing p,~, so the desired sequence exists and this proves the statement. [J

In general, if we have the case of a (1, f)-hook shaped space, we can guarantee the
existence of the rank-one matrix necessary to construct the sequence in Lemma 3.4.1 by
setting Z = P(B ® Kf), X = Seg(P(B) x P(K/)) and L = P(p(A*)), where dim(Z) =
fb—1,dim(X)=(b—-1)+(f—1)=b+ f—2 and dim(L) = a — 1. Using Theorem

2.3.2, we will get additivity of the tensor rank if we guarantee that

dim(X)+dim(L) =a+b+ f > dim(Z) = fb+ 2.
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Chapter 4

Additivity of the tensor rank for

small tensors

In the previous chapter we concluded that if we wanted to prove the additivity of the rank,
we could start by constructing a sequence of tensors satisfying some special conditions.
In every step of the sequence, finding a rank-one matrix in one of the subspaces W or W’
became fundamental to guarantee that the next element of the sequence exists. We will
establish this formally, by proving that in the event of a rank-one matrix in one of the
linear spaces, we have two possibilities: the additivity of the rank holds or there exists a

“smaller” example where the additivity of the rank fails.

4.1 Combinatorial study of the decomposition

Recalling Notation 3.2.1, we now explore a combinatorial splitting of the decomposition

by distinguishing seven types of rank-one matrix in a given vector space V:

Lemma 4.1.1. (Lemma 4.1, [6]) Every element of V.C B&C lies in one of the following
subspaces of B ® C':

i) B®C', B"®C" (Prime, Bis),

i) B'® (C'"® F"), " ® (F'®C") (HL, HR),
(BBeE")Y®F,(E'®B")® F" (VL VR),

iii) (F' ® B")® (F' & F") (Miz).
Proof. Let b ® ¢ € Vg, a rank-one matrix. We set b = b + V', ¢ = ¢ + ¢, where
Ve B,V eB" el " eC” We take the projections

mp(b®c)=b"®ce B"® (F & C") (4.1)
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=% b

brc)=0V®ce B (C'®F") (4.2)
to(b@c)=bxd € (E'®B")2C" (4.3)
men(b@c)=bxd e (BaE)®C (4.4)
As b® c is a rank-one matrix, (¢/,b") # (0,0) # (¢, ¢"). Now we study the following cases:

LIEV, 0", " #0,thenb®ce (E'® E")® (F' @ F") (Mix case). This is because if
for instance ¢’ # 0, we must have by (4.4) that b” € E”, and if ¢ # 0, (4.3) gives us
b € E'. If we use the same argument for &’ # 0 and b” # 0, we realize we are in the

Mix case.
2. If 0,0 #0and ¢ =0, thenb®@c=bx " € (' ® B")® F" (VR case).
3.V, 0 #0and ¢ =0,thenb@c=b® € (B'® E")® F" (VL case).
4. If v/ = 0, then we have two subcases:

(a) ¢ =0 and therefore b® ¢ =" ® ' € B” @ C" (Bis case).

(b) ¢ # 0 and with thisb®@c=0"®ce E" @ (F' & C") (HR case).
5. If b = 0, again we have two subcases:

(a) ¢ =0 and therefore b@ c =V ® ¢/ € B'® C" (Prime case).

(b) " # 0 and with thisb®@c=0 ®ce E'® (C' @ F") (HL case).

This concludes the proof. O

Observation 4.1.1. Note that the spaces Prime and Bis are contained in the original
direct summands, so they can be easily manipulated. It gets complex when we look at the
HR HL, VR, VL, and Mix subspaces because they stick out of the original summands in
one particular direction (in the case of VR,V L, HR,HL) or all directions (Mix case).

The other consideration is that the subspaces generally do not have an empty intersection.
Notation 4.1.1. We choose a basis B of V' with the following conditions:
1. B consists of rank-one matrices only;

2. B=PrimeUdBisUHLUHRUV LUV RUM:ix, where every element of this disjoint

union is a finite set of rank-one matrices of the respective type.
3. B has as many elements of Prime and Bis as possible, under the first two conditions.

4. B has as many elements of HL, HR,V L, and V R as possible, under the previous

conditions.
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We set prime, bis, vl, vr, hl hr, mix as the dimension of the corresponding subspaces.
The choice of B does not need to be unique, but we fix one going forward. We also note
that the numbers prime, bis, mix we just defined are uniquely determined by V', and that
18 because of the way we choose our basis, but there may be some non-uniqueness between
hl, hr, vl, and vr.

Throughout this chapter, we will see how this manner of choosing our simple ten-
sor generator set allows us to deduce some inequalities concerning the additivity of the
rank. After the preliminary discussion, we ended up with seven nonnegative integers

(prime, bis, ..., mix) for each decomposition.
Proposition 4.1.1. (Prop. 4.3, [6]) The following inequalities hold:
i) prime + hl + vl + min{mix, e'f’} > R(W’);
ii) bis + hr + vr + min{e”f” mix} > R(W");
ii) prime + hl + vl + min{mix + hr, (¢’ + e")f'} > R(W’) +¢€”;
iv) prime + hl + vl + min{mix + vr, (f' + {")e'} > R(W') + {”;
v) bis + hr + vr + min{mix + hl, (¢’ + &")f"} > R(W") + ¢/,
vi) bis + hr + vr + min{mix + vl, (f' + {")e"} > R(W") + {'.

Proof. To prove the inequalities we work along with the projections to ensure the spaces

involved contain the W/, W" E’' E” F’' and F” in the respective cases.

We consider mgrmer. From the above notation we have mgrmen (B) span wgrimen(V),
and it contains W’ (remember that W/ @ W” C V and therefore W’ C mgimen (V). From
this we have that

dim(ﬂ'B//ﬂ'C//(V)) Z R(W’)

We also know that the elements of the basis whose components lie in B” and C” are in the
kernel of the composition, so the surviving elements will be the ones from Prime, Mix,V L,
and HL. This gives us

prime + hl + vl + mix > dim(wgrmcn (V) > R(W').

Consider mprmen(Miz) = mprmen((E' @ E") @ (F' @ F")). It is contained in £’ ® F’, so
at most €'f’ linearly independent matrices can be picked up to span wg»men (V). We then

obtain
prime + hl + vl + €'f' > dim(wgumcn(V)) > R(W')
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Combining these two inequalities we get 7). To show i) we use a similar argument,
changing wgmg by o, W' by W”, Prime by Bis, hl by hr, vl by vr, € by €”, and
£ by £,

Now we prove iii). We can assume W’ is concise. In the proof of Lemma 3.2.2 we got
dim(mcn (V) = R(W) — dim(W") > R(W') 4+ €” (3.2)
As men kills all matrices from Bis and VR, we get
prime + hl + vl + hr + mix > dim(wcn (V) > R(W') + €”

Note that 7o (HRU Miz) C (E' @ E") ® F', so we can replace hr + mix by (e’ + e”)f’,
proving iii). The remaining inequalities are analogous to the proved ones swapping the
roles of B,C, ' and ”. O

Proposition 4.1.2. (Prop. 4.4, [6]) If one among E', E", F' or F" is zero, then
R(W) = R(W") + R(W").

Proof. Let’s assume without loss of generality that £’ = {0}, so € = 0. Due to the way
we chose the elements of B, any candidate to become a member of HL, would be first
elected to Prime, in a similar way V' R is consumed by Bis and Mix is consumed by HR.

So hl = vr = mix = 0 and
R(W) = prime + bis + hr + vl.
and when we sum the inequalities 4.1.1.1 and 4.1.1.ii of Proposition 4.1.1, we have
R(W') 4+ R(W") < (prime + hr) + (vl + bis) = R(W),
as we wanted. O

Corollary 4.1.1. (Cor. 4.5, [6]) Assume that the additivity of the rank fails for W' and
W", that is,

d=RW")+ RW")— RW" & W") > 0.
Then the following inequalities hold:
a) mix > d > 1.
b) hl + hr + mix > e + e’ +d > 3.
c) v+ vr + mix > '+ " +d > 3.
Proof. We consider the inequalities ¢) and éi) from Proposition 4.1.1 and their sum
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prime + hl + vl + mix > R(W’)
bis + hr + vr + mix > R(W")
bis + hr + vr + prime + hl + vl + 2mix > R(W") + R(W’)

The way we chose our basis B gives us bis + hr + vr + prime + hl + vl + mix = R(W),

so we have
R(W) + mix > R(W") + R(W")
which implies
mix > R(W') + R(W") — R(IW' e W") =d,

as we wanted. Using a similar idea, we can prove b) starting from inequalities 4.1.1.7i7)

and 4.1.1.v): We sum the two inequalities

prime + hl + vl + mix + hr > R(W’) 4+ ¢€”
bis + hr + vr + mix + hl > R(W") + ¢

to get
bis + hr + vr + prime + hl + vl + 2mix + hl + hr > R(W') + R(W") + €' +¢”
and from this

R(W)+hl+ hr + mix > R(W') + R(W") + €& + ¢,
hl + hr + mix > R(W') + R(W") — R(W) +€ +e" =d+¢€ +¢€"

and as the additivity fails, d > 0 and €’ and €” are non-zero by Proposition 4.1.2, so
hl 4+ hr + mix >d+ € + e’ > 3.
For ¢) we use 4.1.1.iv), 4.1.1.vi) and again Proposition 4.1.2. O

Example 4.1.1. We can take a look at the following subspace W C C* @ C* seen as a

matriz composed by four 2 x 2 blocks, which we can associate to a tensor p € CORC*@C*:

a
Cc

c
0

D =
S T
- & O

Here we can see that the 2 x 2 right bottom corner should be Bis, but is generated by
elements of HL (the e’s), Mix (the f’s), and VR (the d’s). So bis = 0. VL is the
subspace corresponding to the ¢’s and Prime is composed by the a in the left top corner.

From this, we conclude that

prime = vl = vr = hl = hr = mix = 1 and bis = 0.
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4.2 Repletion and Digestion

Definition 4.2.1. Consider a pair of linear spaces W' C B'® C" and W" € B" @ C”
with a fived minimal decomposition V = (Vs.,) C B® C and Prime, ..., Mix as defined
above. We say (W', W") is replete if Prime C W' and Bis C W".

For any fized W', W" (and V) we also denote the repletion of (W', W") as (RW'RW"),

where

RW':= W'+ (Prime), RW" .= W" + (Bis),
and "W =R W' R W".

Proposition 4.2.1. (Prop 4.8, [6]) For any (W', W"), we have

RW") < R(RW') < R(W') + (dim(RW') — dimW"),
R(W”) S R(RW//) S R(W”) + (dzm(RW”) _ dimW”),
R(RW) = R(W).

In particular, if the additivity of the rank fails for (W', W"), then it also fails for (RW' R W").

Moreover,

i) V is a minimal decomposition of W ; in particular, the same distinguished basis
PrimeUd BisU --- U Mix

works for both W and RW ;

i) (RW' RW") is a replete pair;

i) the gaps R(RW') — dim(RW"),R(RW") — dim(RW") and R(RW) — dim(RW) are at
most (respectively) R(W') — dim(W'), R(W") — dim(W") and R(W) — dim(W).

Proof. Since *W"” > W”, the inequality R(W”") < R(RW") comes right away. Also, we
have that ®*W” is spanned by W” and dim(R*W") — dim(W") additional matrices that

are chosen out of Prime (rank-one matrices); That means
R(R*W") < RW") + dim(RW") — dim(W").

The inequality regarding W' is analogous. In addition, since V is a decomposition of ®W
we have *W C V, so R(*W) < dim(V) = R(W), and as *W > W, R(W) < R(RW),
that way we have R(W) = R(RW).

From this we conclude V is also a minimal decomposition for ®*W, and the same basis

works for both W and its repletion. From the inequalities we just showed, we obtain
i11). m
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Lemma 4.2.1. (Lemma 4.9, [6]) If ROW') + " = R(W) — dimW", then W' =R W".
Analogous statements are true for the other equalities coming from replacing < by = in
Lemma 3.2.2.

Proof. By Lemma 3.2.2 applied to ®W =R W' @® W” and by the previous proposition

we have
R(RW) —e' > R(RW’) + dim(RW”) > R(W') +dim(W") = R(W) —e" = R(RW) —e"

and the inequalities are in fact equalities. We also have that dim(RW") = dim(W"), and

as W CR W" we get that W” and its repletion are equal. H

Now we consider the complement of (Prime) in W’ and (Bis) in W where (W', W")

is a replete pair.

Definition 4.2.2. Suppose S’ and S” denote the following linear subspaces:
S'"=(BisUHRUHLUVRUVLU Mix) W' (4.5)

S" =(PrimeUHRUHLUVRUVLU Miz) nW". (4.6)
We call (5", 5") the digested version of (W', W").

Lemma 4.2.2. (Lemma 4.11, [6]) If (W', W") is replete, then W' = (Prime) ® S’ and
W" = (Bis) @ S".

Proof. Note that (Prime) and S’ are contained in W', so (Prime)+S" C W'. As (Prime),
(Bis), (HR), (HL), (VL), (VR), and (Mix) are all linearly independent, and span V/, if
we consider S’ + (Prime) we are adding more elements than the needed to span W' (if
we want exactly W/, we would need to add (Prime) N W’).

That means W' C S’ + (Prime) and therefore W' = S’ 4 (Prime). We also know that
S’ N (Prime) = {0} because they are linearly independent. Then, W' = S' @ (Prime).

The result for W” is analogous. m

Showing the additivity of the rank can be done in the following sense: If the additivity
of the rank does not hold for (W', W"), then it also does not hold for (S’,S”). Suppose
(W' W") is replete, define S” and S” as above and set S = S’ @ S”. Lemma 4.2.2 gives us

W =S & (Prime, Bis), (4.7)

so we must have
R(W) < R(S) + prime + bis
which is the same that

%)



R(W) — prime — bis < R(S).
Again, by (4.7), we have S C (HR, HL,V R,V L, Mizx), so
R(S) < hl+ hr + vl 4+ vr + mix = R(W) — prime — bis,
so we have R(S) = R(W) — prime — bis = hl + hr + vl 4+ vr 4+ mix. Besides,
1. (HR,HL,VR,VL, Miz) ¢ B® C,
2. dim({HR, HL, VR,V L, Miz)) = R(S),

3. P(HR,HL,VR,VL,Mix)) = (HR,HL,VR, VL, Miz)s.,, as the elements of B are

rank-one matrices, and
4. '@ S"=SC(HR,HL,VR, VL, Miz),

that means (HR, HL,V R,V L, Miz) is a minimal decomposition of S = S' & S” (see
Definition 3.2.1). For this minimal decomposition there is no tensor of type Prime or
Bis, so the pair (S’,S") is vacuously replete by definition. In addition, if S” contains a
rank-one matrix, our choice of B would force this rank-one matrix to be in the span of

Prime, a contradiction.

Let’s analyze the additivity of the rank. Suppose that R(S) = R(S’) + R(S”). Then
R(W) = R(S) + prime + bis = (R(S’) 4+ prime) + (R(S”) + bis) > R(W') + R(W")

so we conclude R(W) = R(W’) + R(W"). The previous discussion can be summarized in

the following lemma:

Lemma 4.2.3. (Lemma 4.12, [6]) Suppose (W', W") is replete, define S and S” as above
and let S =5"@®S". Then

i) R(S) = R(W)—prime—Dbis = hl+hr+vl+vr+mix, and the space (HR, HL,V R,V L, Miz)
determines a minimal decomposition of S. In particular (S',S") is replete and both

spaces S’ and S” contain no rank-one matrices.

ii) If the additivity of the rank R(S) = R(S’) + R(S") holds for S, then it also holds for
W, that is, R(W) = R(W') + R(W").

To end this section, we recall our results on additivity of the rank for (1, f)-hook shaped

spaces and combine with the ones for repletion and digestion to get the next corollary:

Corollary 4.2.1. (Cor. /.13, [6]) Suppose that W = W' & W is as in Notation 3.1.2,
and €’ f" as in Notation 3.2.1. If

i) K is an arbitrary field, € <1 and f" <1, or

56



ii) K is an algebraically closed field, € <1 and f" <2
then the additivity of the rank R(W) = R(W') + R(W") holds.

Proof. By Proposition 4.2.1 and Lemma 4.2.3, we can assume W is replete and equal to

its digested version. Then Bis = @ and therefore we must have
W// C EV/ ® C// + B// ® F//'

In particular, W” is either a (1, 1)-hook shaped space or a (1, 2)-hook shaped space. From
Propositions 3.4.1 and 3.4.2 we deduce the corollary. O]

Observation 4.2.1. Note that we have another proof of the additivity of the rank for the
cases we studied in Section 3.4, that is, the (1,1) and (1,2) hook-shaped spaces. It might
seem that our result on (1,1)-hook shaped spaces turns out to be irrelevant, but our first
result on (1,2)-hook shaped spaces involves ideas from algebraic geometry, this forces us to

work under the hypothesis of K being algebraically closed (see the end of the Introduction).

4.3 Three Main Theorems

We summarize our study of the tensor rank’s additivity through the following results:

Theorem 4.3.1. (Thm. 4.1/, [6]) Let K an arbitrary field base, and let p € A’ @ B' @ C’
any tensor, p" € A” @ B" @ C" is a concise tensor, and R(p") < a” + 2. Then

R(p/ ®p1/) — R(p/> + R(p//)
If we swap the roles of A and ' with B,C and”, respectively, we get analogous results.

Proof. The concision of p” implies W = p”(A"™) has dimension a”. Corollary 4.2.1.1)
gives us the additivity in the case € < 1 and f' < 1, so we can assume €” > 2 or f” > 2.
Let’s say that €’ > 2. Then by hypothesis R(p") — dim(W") < a”"+2—a" =2 < ¢€".
That is,

R(p") — dim(W") < €”".
By Corollary 3.2.1 the additivity must hold. m

The next two theorems will be applications of Theorem 4.3.1 along with results from
[19] and [11].

Theorem 4.3.2. (Thm. 4.15, [6]) Suppose the base field is K = C or R, and assume
p € A® B ®C'is any tensor, while p" € A" @ K3 @ K? is concise for any A" such that
a” < 3. Then the additivity of the rank holds: R(p' ® p") = R(p') + R(p").
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Proof. By Theorem 6 of [19], as K = R or C we have that R(p”) < a” + 2 and from
Theorem 4.3.1 the claim is proved. [

Theorem 4.3.3. (Thm. 4.16, [6]) Suppose the base field K is such that the mazimal rank
of a tensor in K3 @ K3 @ K3 is at most 5. Assume R(p") < 6. Then independently of p/,
the additivity of the rank holds.

Proof. Without loss of generality, we may assume p” is concise in A” ® B” @ C”. If any
of a”,b” or ¢” is at most 2, the claim follows by Ja'Ja’-Takche Theorem ([11]).

If any of a”,b” or ¢” is at least 4, say a” > 4, then since R(p") < 6 we have R(p”) <
a” + 2, and therefore the result follows by Theorem 4.3.1.

The remaining case a” = b” = ¢” = 3 is granted by our assumption on the field, again

using Theorem 4.3.1. O

Corollary 4.3.1. (Theorem 4.16, [6]) If K is an algebraically closed field of characteristic
# 2 or R (in particular, if K=C), p e A@B' &C’", p" € A”@B"®C", and R(p") <6,
then independently of p', the additivity of the rank holds.

The reader can check Theorem 5.1 of [4], where Hu and Bremner prove that the
condition of the maximal rank of K® ® K? ® K?* being 5 holds for K = C.

Example 4.3.1. Suppose A’ = A” = C*, B' = B" = C* and C' = C" = C3. Suppose
that both p' € AA@ B @ C" and p” € A” @ B" @ C" are tensors of rank 7, p” being concise
(' € A" ® B" ® C" with dz’m(z’) < 3), and that the additivity of the rank fails for
p=p @p". Then R(p) = 13.

To prove this, note that we cannot have only one of the tensors being concise, because
if that is the case, we would have additivity of the tensor rank by Theorem 4.3.2. So we
will assume that both of the tensors are concise. Corollary 3.2.1 gives us € < R(W") —
dim(W") =7 — 4 = 3, which is the same as € < 2. The same argument works for " ',
and £". If one of them is strictly less than 2, then Corollary 4.2.1.ii is contradicted. From

this we have € =¢€" =f' =f" = 2.

We also have RIW) < R(W') + R(W") = 14, that is, R(W') < 13, but from Lemma
3.2.2 we have

R(W') + " < R(W) — dim(W"),

s013=T7T+2+4 < R(W) and we have R(W) = 13.
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Chapter 5

Additivity of the tensor border rank

In this chapter, we will study the additivity of the border rank restricted to the base field

C. The main question would be, if given
P eEARBRC and p" € A”@ B"®C”
with 4 > a’+a” > b’ +b” > ¢ + ¢”, which conditions allow us to guarantee that
R(p' @ p") = R(p') + R(p")?
In general, the answer is negative; in fact, there exist examples for which R(p’ @ p”) <

R(p') + R(p"). Schonhage [17] proposed a family of counterexamples amongst which the

smallest is

R(1(2,1,3)) =6, R(1(1,2,1)) = 2, R(u(2,1,3) ® p(1,2,1)) =7,
where yi(a, b, ¢) is a general tensor in K@K’ ® K (see also Section 11.2.2 of[12]). Another
interesting question is what is the smallest counterexample to the additivity of the border
rank? The example of Schonhage lives in C?*? @ C3*2 @ C%*+!, that is, it requires using
a seven dimensional vector space. Here we show that if all three spaces A, B, C' have

dimensions at most 4, then it is impossible to find a counterexample to the additivity of
the border rank.

5.1 The variety of tensors of border rank at most r

We recall sections 5.1 and 5.2 of [12] to understand the variety of tensors of border rank
at most r as a secant variety (more specifically, the r-th secant variety of the Segre variety
of tensors of border rank one). We will explore the meaning of this phrase throughout

this section.

Let o<, CP(A; ®---® A,,) denote the projectivization of the set of tensors of rank at
most r. Define o, := 0<,, where the closure is the Zariski’s closure. Then a tensor p has

border rank r, that is, R(p) = r if and only if [p] € o, and [p| ¢ o,_1.
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Consider a curve (i.e., a one-dimensional variety) C' C PV and ¢ € PV a fixed point.
We define

Jq.C) = | P,
z€C, r#q
as the closure of the set of points lying on all lines containing ¢ and a point of C. We can

call in this case J(g,C') the cone over C' with vertex g.

Figure 5.1: The cone over C' with vertex q.

Observation 5.1.1. The need of taking closure is just to guarantee that the case ¢ € C

also includes the points on the tangent line to C at q. We can think of the tangent line

1

gz;) where (x;);en is a sequence of points such that x; — q as

as the limit of secant lines P

J — 0.

We define J(q, Z) in a similar way for Z C PV, where dim(Z) is an arbitrary positive
integer. This previous discussion gives us the idea of dim(J(q, Z)) = dim(Z) + 1. This

intuition is correct, except for the case where Z is a linear space and q € Z.

Observation 5.1.2. When we talk about a cone in the affine space, we are talking about
a set lying in the vector space V' (see Definition 2.53.2). A projective variety which can be
seen as a cone J(q, X) is a set lying in the projective space PV, so they are not the same

thing.

We can extrapolate our definition of J(g, Z) to get a definition of J(Y, Z), considering
this last set as the closure of the union of the cones J(q, Z), that is

Definition 5.1.1. We call

v.z)y=JJe2=JIv.e)= | B,

qeY 2€Z q€Y, 2€Z, q#z
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the join of two varieties Y, Z C PV. In the case Y = Z, we define o(Y) = oo(Y) =
J(Y,Y), the secant variety of Y. The variety o2(Y) contains all points of all secant

and tangent lines to Y. This allows us to generalize the definition.
Definition 5.1.2. The join of k varieties X1, ..., Xy C PV is defined to be
J(Xh B 7X/€) = J(Xla J(X27 B 7X/€))

In the case X1 = Xy =--- = X}, =Y, we define the k-th secant variety of Y as

the join of k copies of Y.

Now we state two theorems that allow us to conclude that the Zariski and Euclidean

closure for our case of study agree.

Theorem 5.1.1. (Th.5.1.1.4.,[12]) Joins and secant varieties of irreducible varieties are

irreducible.

Theorem 5.1.2. If V is a Zariski closed subset of the affine space C™, then V is closed
in the Fuclidean topology.

Proof. 1t is enough to prove the result for a basic of Zarisky’s topology, as every closed
subset is the intersection of basic sets. Let Uy = {z € C" : f(z) = 0}, where f is a
polynomial in C[zy,...,z,]. We know that U by definition is a closed subset. But as
f is continuous as a function C" — C, Uy = f1(0) is a closed subset of Euclidean

topology. O
The projective version of this theorem is also true.

Theorem 5.1.3. If V' is a Zariski closed subset of the projective space P", then V is
closed in the Fuclidean topology.

Theorem 5.1.4. A variety X is irreducible if and only if every Zariski open subset of X

18 dense.

Proof. (=) Suppose X is irreducible and there exists a Zariski open subset U of X such

that U # X. Then (U)¢ C X is a Zariski open subset of X such that (U)c # X (because

no element of U lies in (U)¢). But then (U)cUU D ((U)cUU = X = X. This implies X

is reducible, an absurd.

(<) Now suppose every open Zariski subset U of X is dense, that is, U = X, and
suppose Y, Z C X is a pair of closed subvarieties such that Y U Z = X. We can assume
without loss of generality that Y N Z = @. Then Y° is an open Zariski subset of X and
by hypothesis Y¢ =X = Z. Then Y = @ and Z = X, proving X is irreducible. O]
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Corollary 5.1.1. The definitions of o, in terms of limits and Zariski closure agree.

Proof. Call the closure of a set by taking limits the “Euclidean closure”, and the closure
by taking the common zeros of the polynomial vanishing on the set the “Zariski closure”.
As we already stablished in Theorem 5.1.3, any Zariski closed subset is an Euclidian closet
subset. Now, if Z is an irreducible variety, we know by the previous theorem that U = Z,
in both closure senses. To complete the proof, it is enough to consider Z = 0,(X) and U

the set of elements of rank at most r in X, that is,

]

Now, we begin to study our results on the additivity of the border rank. Let’s start
by taking concise tensors p’ € A’ ® B’ ® C" and p” € A” @ B" @ C" with R(p’) < a’ and
R(p") < a” (the conciseness implies R(p') = a’ and R(p”) = a”). Since p’ and p” are

concise, the linear maps
pi(A)Y— B ®C and p”: (A") — B" @ C"
are injective. From this
p:(A) — B C
is also injective and
R(p) = dim(p(A)*) = dim(p'(A)7) + dim(p"(A")") = B(p') + R(p")-

The other inequality always holds. From the previous discussion, we conclude the follow-

ing lemma:

Lemma 5.1.5. (Lemma 5.1, [6]) Consider concise tensors p' € A’ ®@ B’ ®@ C" and p" €
A" ® B" @ C" with R(p') < a’ and R(p") < a” (Proposition 3.1.1 implies R(p") = a’ and
R(p")=a"). Let p=p @ p". Then the additivity of the border rank holds.

Corollary 5.1.2. (Corollary 5.2, [6]) Suppose that (a’,b’,c’) and (a”,b",c") fall into

one of the following cases:
1. (a,b,1),(a,1,¢),(a,b,2), witha > b > 2,
2. (a,2,¢), witha > ¢ > 2, and
3. (a,b,c), with a > be.

Then for any concise tensors p' € A’ @ B'®@ C" and p” € A” @ B" ® C” the additivity of
the border rank R(p) = R(p') + R(p") is satisfied.
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The reader might think the fact that we included analog cases such as (a,b,2) and
(a,2,c) is weird; we cannot change the order of the factors because we would like to
guarantee that a’+a” > b’ +b” > ¢’ 4+ ¢”. Once this condition holds, there is no way we

could choose the order of the factors in each block.

Proof. Let ¢ € C* ® C* ® C° be a concise tensor with @ > b and ¢ = 1. This ¢ is going to
play the role of p’ or p” depending on the case.

As q is concise, the border rank is R(q) > a by Proposition 3.1.1 Using Observation
1.5.1 we know that R(q) > R(q). By Proposition 1.5.1, R(q) < b. Putting together the

three inequalities above,

a<R(q) <R(q) <b
a<b
a=2»b

Therefore, the only concise tensors in the case (a,b,1) with a > b are in the form (a, a, 1).

Now consider the case (a,1,¢). Using last part of Proposition 1.5.1 and the same

arguments as the previous case we get

max{a,c} < R(q) < R(q) < min{a, c}

a

More generally, using the same ideas, if ¢ € C* ® C* ® C* is concise, then
max{ay, az, a3} < R(q) < R(q) < min{ayas, a1a3, azaz} (5.1)

max{ai, as, az} < min{ajas, a1as, asas}. (5.2)

Case (a,b,2) with a > b > 2:

a < 2b
Case (a,2,¢) with a > ¢ > 2:
a<2c
Case (a, b, c) with bc < a:
be < a < R(q) < R(q) < min{ab, ac, bc} < be, (5.3)

Therefore all the inequalities in Equation 5.3 are in fact equalities and a = bc. The

remaining cases are:
L. (a,a,1),(a,1,a),
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I1. (a,b,2) with 2 < b < a < 2,
1. (a,2,c) with 2 < ¢ <a < 2¢,
IV. (be, b, c)

Now we prove that in each of the cases I-IV we have R(q) = a. After we prove that,

the result follows from Lemma 5.1.5.

We now prove R(q) = a in the case (a, a, 1): From Equation 5.1, we get R(q) = a since

a = b forces the inequalities to be equalities. The case (a, 1, a) is similar and R(q) = a.

Now let ¢ € C*®@C*®C?. Tt corresponds to a two-dimensional subspace W = ¢(C*) C

C* @ C* of squared matrices.

By subsection 3.8.2 of [12] or by the discussion before Lemma 5.6 of [5] in an open
(and dense) Zariski’s set of C* @ C* we have

W ={sld+tF,s,t € C},

where F' is a diagonal matrix. Such subspace W has rank a as in Example 3.2.1, then
R(q) = a for ¢ € C* ® C* ® C? general.

Now, as a general tensor of C* ® C* ® C? has rank a, then the border rank of any
tensor in C* ® C* @ C? is less or equal than a, where every Zariski’s open is dense (by
Theorems 5.1.1 and 5.1.4) and therefore every tensor living there can be aproximated by
generic tensors. From this, we prove that R(q) < a, and R(q) = a, for ¢ € C* ® C* @ C2.

After proving R(p) = a for the auxiliar case (a,a,2), we work with the case (a,b,2)
with 2 < b <a <2b. If ¢ € C*® C’ ® C? is concise, then considering ¢ € C* ® C* @ C?,
q is still concise and by the auxiliar case (a,a,2) its border rank is a. Case (a,2,¢) is

analogous.

For the case (bc, b, ¢) the border rank is bc by the same argument in the case (a,a,1).
Remember that the inequalities in Equation (5.3) are equalities. This concludes the

proof. O]

The main objective of this chapter is to proof additivity of the border rank for all the

cases a, b, c < 4, that is,

Theorem 5.1.6. Let p' € A Q@ B'® C" and p” € A” ® B" ® C” be concise tensors, with
d+c"<b +b'"<a +a" <4

Then the additivity of the border rank holds:

R(p) = R(p') + R(p")
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(a/’ ]:)/7 C/) (a//7 'b//7 c//)
1,1,1) 1,1,1)
(2.2,2) | (1,11
(2.2,1) | (1,1,2)
(2,1,2) (1,2,1)
(2,1,1) (1,2,2)
(2,2,1) (1,1,1)
(2,1,1) (1,2,1)
(2,1,1) (1,1, 1)
(3,3,3) (1,1,1)
(3,3,2) (1,1,2)

Table 5.1: Some cases with a,b,c < 4.

(a/,bl,c/) (a//,b”,c//)

Table 5.2: Cases after using the Corollary 5.1.2.

Proof. We can assume that (a’,b’,c’) > (a”,b”,c”) (with respect to the lexicographic
order). Satisfying this condition, we have 47 pairs of triples. Some of them are listed on
Table 5.1. With the help of Lemma 5.1.5 and Corollary 5.1.2, it remains the cases listed
in Table 5.2.

Note that in Table 5.2 there are two isomorphic cases, the third and the fourth, it is
enough to permute the second and the third factor. Besides, the second and the last cases

in Table 5.2 have no concise tensors (recall Equation (5.2)).

After changing the order of the factors, to finish the proof of the current Theorem, it
remains to prove the cases (3+ 1,24+ 2,2+ 2) and (3+ 1,3+ 1,3+ 1). This will follow
from Propositions 5.3.1 and 5.4.1.

O

Definition 5.1.3. Let p,g € A® B ® C be two tensors. We say that p is more degen-
erated than q if p € GL(A) x GL(B) x GL(C) - q.

We stress here that GL(A) x GL(B) x GL(C') - q denotes the closure of the orbit of

the extended usual action of the group GL(V') on a vector of V|, more specifically

(GL(A) x GL(B) x GL(C)) x (A® B&C) — A@ B® C
((My, My, M3), q) — MiTpac(q) ® Mamagc(q) ® Msmags(q),

where Tpgo, Tage, and magp are the projections with kernel B@ C, A® C and A @ B,

respectively.
Lemma 5.1.7. If p,q are tensors and p is more degenerated than q, then R(p) < R(q).
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Proof. Let r = R(q). Then ¢ = lim p,, where the p,’s are tensors of rank less or equal
n—oo

than 7. As p is more degenerated than ¢, then p € GL(A) x GL(B) x GL(C) - q. Note
that

p€ GL(A) x GL(B) x GL(C) - q=GL(A) x GL(B) x GL(C) - lim p,

n—oo
= lim GL(A) x GL(B) x GL(C) - p, = lim g,
n—o0 n—o0
where each ¢, has rank at most r, therefore R(p) < r. O

Example 5.1.1. Let
P=a1 Q@b ®c1+aa®(ba®@c1+b @) +a3 @by ®cy € CP @ C*®C2.
We claim that p is more degenerated than the tensor
(= b ®c1+ a3 @b ®cy+ a3 by cy.
To prove this, we check the definition. Consider the respective action

(GL3 x GLy x GLy) X (C3@C?®C?) — C}*® C?® C?
(My, My, M3, t; @ ta @ t3) — Mty @ Moty @ Msts.

Now, p and q can be seen as A* — B ® C' linear transformations defined by

p: A*— BC
aj — by ® ¢,
ay —> by ®c; + by @ ca,
az — by ® ¢y,
q: A*— B C
aj — by ® ¢,
as — by @ ca,
aj — by ®cy.

Note that p(a}) = q(a}), so in this case the action is the trivial one. The required action
to get p(a}) from q(a3) is to take the associated matriz and add the transposed. As the
identity and the linear transformation that consists on taking the transposed of a matriz
are linear and invertible, we can conclude that the action is invertible and therefore, p(a3)

belongs to the orbit of q(a3). The last action will consist on elementary rows and columns

operations, again invertible. This proves that p € GL3 X GLy x GLsy - q.

Lemma 5.1.8. (Lemma 5.6, [6]) Suppose p' € A’ @ B’ ® C' is an arbitrary tensor and
P, q" € A”® B"® C" are such that R(p") = R(¢") and p” is more degenerated than ¢".
If the additivity of the border rank holds for p’ @ p”, then it also holds for p' & ¢".
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Proof. Since p” is more degenerated than ¢”, p’ @ p” is more degenerated than p’ & ¢”.

Then, by Lemma 5.1.7 we have
R(p' @ q") = R @ p") = R(p') + R(p") = R(p') + R(¢").

The other inequality always holds. O]

5.2 Strassen’s equations of secant varieties

Saying that a tensor is or is not of a given border rank is often the same as saying that
the tensor satisfies the corresponding secant variety equations. In the small cases we are
considering, studying one type of these equations will be enough. We will set b = ¢, so

we are considering B ® C' as a space of square matrices. Let f;, be the map

fb:(BC)® — B®C
(z,y, 2) > wadj(y)z — zadj(y)x

where adj(y) denotes the adjoint matrix of y. Now consider a tensor p = Zai ® w,
i=1
where w; € W := p(A*) C B C fori € {1,...,a} are b x ¢ matrices and {ay,...,a,}

is a basis of A.

Proposition 5.2.1. (Prop. 5.7, [6]) Let p € A® B® C be a tensor.

i) Suppose a = b = ¢ = 3. Then R(p) < 3 if and only if fs(z,y,z) = 0 for every
x,y,z € W.

ii) Suppose a =b =c and R(p) < a. Then fa(x,y,z) =0 for every z,y,z € W.

So one way to determine if a tensor p has border rank at most a (in the casea = b = ¢),
is to check that every triple (z,y, z) lies in the kernel of f,. Another way comes from the

following discussion:

Consider the tensor p : B* — A ® C', and the contraction operator
PA: AR B* — AN2A®C
obtained as a composition of
Idy®@p: AR B* — A®?2 @ C
and
A @ Ide: A®? @ C — N2A® C,
with 7, defined as in equation (1.6).
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Proposition 5.2.2. (Prop. 5.8, [6]) Assume 3 < a < b,c. If R(p) <r, thenrank(pa) <
r(a—1).

Now, let’s think a bit more about this p4 function. Suppose a = b = ¢ = 3, and
choose basis for A, B, C'. We write

p =01 @ wy + by ® wy + by @ ws,
3

w; = E aj X Cji;
Jj=1
3
Cj; = E )\jz'écf
=1

Considering p as a linear transformation
p:B"— AR C,
3
b;k — Z a; X Cji
j=1
we get
PA: AR B — AN2A®C
3
ap ® by — Z(ak A aj) & cji.
j=1

Calculating the associated matrix of this linear transformation, we get

3
> (asAaj) ® ez ) :
j=1

(a1 A\ aj) X le
1

s -

J

3

where every Z(ai Aaj) ®c;jis a9 x 1 matrix. In terms of the basis (we list the basis in
j=1
this particular order to make easy for the reader to identify the images of the a; ® bY)

a1 ® by, a1 @ b3, a1 ® b3, as @ b}, as ® b, as @ b3, a3 @ b}, a3 @ b5, a3 @ b} for A ® B*
and

(ag VAN CL3) X cq, (ag A ag) X Co, (CLQ A CL3) & Cs, ((Il VAN ag) X cq, (CLl A (13) ® Co, (a1 N (13) &
cs, (a1 A as) @ cr, (a1 A ag) @ ¢, (ay A as) @ c3 for A2A® C

we have
3

Pala ®@b) = (a1 Aaj) ® e,
j=1
= (a1 N ag) ® co1 + (a1 A ag) ® ez

(remember that a; A a; = 0). We know that ¢s; and 31 can be expressed in terms of the

basis {c1, c2,c3} of C, therefore
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3 3
Co1 = E Aorecy and c3; = E A310C.
=1 =1

So

(a1 A az) @ co1 = (a1 A az) ® (Z )\zucz) = Aore((ar A az) @ ¢p)
=1

and

3 3
(a1 ANag) ® cs1 = (a1 A az) @ (Z )\31€0Z> = Z Asre((ar A az) @ cp),

and from this

Palar @) = dowe((a1 Aag) @ cr) + Y Asiel(a1 Aag) ® cy).

=1 =1
Since the order we listed the basis is: (asAag)®cy, (azAaz)@co, (agNaz)Rcs, (a1 ANaz)Rcy,
(a1 N ag) ® ¢, (a1 A ag) ® cs, (a1 A az) ® cq, (a1 A ag) ® ca, (a1 A az) & c3, the coordinates of

pala; @ b}) in the basis are
(0,0,0, As11, Asi2, Agi3, A211, A212, A2is).

Using the same process to calculate pa(a; ® b3) and pa(a; ® b}) we get the coordinates

for them in the basis ordered as above:

(0,0,0, As21, As22, Az23, Ao21, Aooa, Azas)
and

(0,0,0, A331, Az32, A333, A2s1, A2sa, A2s3)
respectively. Following this process, the matrix ends up being

0 0 0 —Asi1 —As21 —Aszr —Aair —Aoar —Aaz

0 0 0 —Az12 —Asz2 —Azzz —Aoiz —Agap —Aozp
0 0 0 —A313 —Asz3 —Azzz —Aoiz —Azez —Aozs
Asir Az2r Az O 0 0 =X —Ai2r A
M(pa) = | Xsi2 Az Az 0 0 0 —A2 —A2 Az
A313 Azpz Aszzz 0 0 0 —Auz —Az —Ass
Aotr o2t Aezt Atin o A A 0 0 0
Ao12 Azez Aoz Az Az iz 0 0 0
Ao13 A223 Aazz Atz Aez Az 0 0 0
0 w3z  —Ws2
M(ﬁ) = —Ws 0 w1
Wy  —UW1 0



Proposition 5.2.3. (Prop. 5.9, [6]) If a=b = c = 3, the degree nine equation
det(pa) =0

defines the variety o4,(PA x PB x PC) CP(A® B® C).

4

Fora=4andp = Z a;Qw; € AQ BC with w; € BQC, then the matrix representation
i=1

of p4 in block matrices is the 4b x 6¢ partitioned matrix (we just need to follow the same

reasoning as above):

0 ws —wy wy 0 0
— 0 0 - 0
M4(U)1, Ce ,U}4) = s - b - wa -
Wy Wi 0 0 0 Wy
0 0 0 -—w wy —ws

5.3 Case (3+1,2+2,2+2)

Proposition 5.3.1. (Prop. 5.10, [6]) For any p' € C3 @ C*®@ C? and p” € C' @ C? @ C?
the additivity of the border rank holds.

Proof. We can assume p” is concise since p” is just a matrix. From this, R(p") = R(p") = 2.
If p’ is not concise, then we grant additivity of the border rank by Corollary 5.1.2. The
case (3,2,2) is a particular case of case (a,b,2) with 2 < b < a < 2b discussed in the proof
of Corollary 5.1.2. In that situation we concluded that R(p') = R(p') = a = 3. We write

P =a; @ wy + ay ® we + a3 ® ws, and

/"
p —CL4®UJ4,

where wy, ws, and ws are 2 X 2 matrices and as p” is concise, wy is an invertible 2 x 2

matrix.

We now use Lemma 5.1.8 and Table 10.3.1 of [12] and choose a tensor that is more

degenerated than p’. This more degenerated tensor has the form a; @ w] +as @w)+az@ws,

, 10 , 0 1 , 0 0
w; = , Wo = , Wo = .
! 0 0 2 0 0 3 10

Being that said, p would have the following form:

4
p= Zai®wi7
=1

where w; are the following 2 + 2 x 2 4 2 partitioned matrices

where
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w; 0\ . 0 0
w; = 0 =1,2,3 and wy =
00 0 wy

Now we are going to use Proposition 5.2.2 to show additivity of the border rank in this
case. Recall the contraction operator py4, defined above. As R(p) < R(p') + R(p”) always

holds, we want to prove the other inequality, that would be
R(p) > R(Y)+R(P')=3+b"=3+2=5.

To do this, by Proposition 5.2.2, it is enough to show that rank(pa) > r(a—1) = 3r, from
this we would have R(p) > r = 4 which implies R(p) > 5 and we conclude additivity.
So in this case, r = 4. In other words, the additivity of the border rank in this case is

reduced to prove rank(ps) > 12. We consider the associated matrix for pa:

0 w3 —wy; wy 0 0
— 0 0 — 0
M4(w17w27w37w4) == s N b - 0 N
wy wyp 0 0 0 Wy
0 0 0 -—w 1w —ws

With all we know so far about w;, the matrix My (wy, ws,ws,w,) can be transformed by
swapping rows and columns into the following (6 +3b”+2+b" 6+3b"+2+42+2+3b") =
(6+6+2+2,6+6+2+2+ 2+ 6) partitioned matrix

M(w),wy,wy) 0 0 0 0 0
0 N 0 0 0 ©0
0 0 —w; wh —wy 0 |
0 6 0 0 0 O
where
wy 0 0
N=| 0 wl o
0 0 wy
is a 6 x 6 invertible matrix (note that w/ is invertible) and
0 0 0 00 -1
0 01 00 O
, o oo o0 o010
Malwiwa s} =400 g g g0 o
1 =100 0
0 0 00 O

has rank 5, NV has rank 3b” = 6 and the block corresponding to

/ /

/
Wy
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has rank 2. So My(w;,ws, w3, wy) has rank equal to 5 + 2 4+ 3b” = 5+ 2 + 6, then
rank(pa) = 13 > 12 and we have proved the additivity of the border rank in this case. []

5.4 Case (3+1,3+Db",3+c")

Proposition 5.4.1. (Prop. 5.11, [6]) For any p' € C* ® C* @ C*® concise, and any
p" € C'® B"® C", we have that R(p) = R(p') ® R(p").

Proof. By the proof of Corollary 5.1.2, b” = ¢” and R(p") = R(p") .

Now, we have p/ € C?* ® C* ® C3, that means its projectivization 1/97 lies in X =
Seg(P? x P? x P?) C P?*. Now, by the last part of the proof of Lemma 3.16 of [1],
we know dim(o4(X)) = 25. In addition, by Proposition 1.2.2 of [16], as 04(X) is a
hypersurface of P?°, dim(c5(X)) = 26, and this implies the maximum border rank for a
tensor in C3 ® C3 ® C3 is 5. That is, R(p') < 5.

To prove the border rank additivity, we will need to prove it in the two subcases:
R(p') = 4 and R(p’) = 5. Before doing that, we choose a basis {ai, as,az} of C3, {as} a
basis for C. We have then

P =a1 @ w4+ az @ W) + az @ wh

where w}, wh, wy € W' := p((C*)*) C C* ® C? are 3 x 3 matrices. We write p in a similar

way
P=a1 QW+ a2 Q@ wy + a3 @ ws + aq @ wy

where wy, wy, w3, wy € W :=p(A*) C B® C are 3+ b” x 3+ b” partitioned matrices:

w; 0| 0 0
w; = ,1=1,2,3, and w; = ,
00 0 wy

where w] is a b” x b” invertible matrix. We are now ready to analyze our two cases:

1. R(p') = 4. By contradiction, suppose that R(p’) = 4 but the additivity is not
satisfied. Then R(p) < R(p') + R(p”) — 1 = 3+ b”. Using Proposition 5.2.1.ii), we

obtain
forpa(@'sy +y" 7)) = 2'adj(y +y")2" — Zadj(y +y")a" =0,

where 2/, y', 2 € W = p((A")*) and 0 # y" € W" = p"((A”)*). Note that

"0 det(y")adj(y' 0
adit + ) —adi | Y0 _ | det(y")adj(y) 0
d 0 det(y')adj(y")
and therefore we have
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g]adjy+y ZQS]

2 0 'MW) 0 0
_[Q Q] 0 detly >adj(y”)] [Q Q]
__[dd@)xa@@)z Q]

0 0

Since p” is concise, det(y”) # 0. As forys(2’,y' + 3", 2') is zero, we must have that

0 Z 0 Z 0 0
= | adi /+ " = | “ N adi(v/ + " A4
[QQ]J@ y") QQ] [QQ]J@ y') QQ]
det(y")z'adj(y’)z" 0 | | det(y”)z'adj(y’)z’" 0
0 0] 0 0

and this implies 2'adj(y')z’ — Z'adj(y’ )2’ = 0 = f3(«',y/,2"), then by Proposition
5.2.1.i) we conclude R(p') < 3, a contradiction.

. R(p') = 5. For this case, consider the projection

T ARBRC — ARBxC
a; — a;, for i = 1,2, 3,
ay — a1 + as + as.

Consider p = m(p) € A’ ® B ® C. We obtain the following expression for p:

P=a QW+ a; @W; + az @ ws,

where

0 wj

w0
Wi:[ ’ _/]forz—123
Now, consider p as a linear transformation
p:B*— AxC

and construct the map

Py AQB — A2A ®C.

Counsider its associated matrix
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wy  —w
0
—wr 0
—wh 0 ]
0 —uf
w) 0
0wl
0 0
0 0

Now, by swapping rows and columns appropriately, we obtain

0w
—wsy 0
wy  —w)
0 0
0 0
0 0

o 1o 1o 1o

~
N

§g||o|o|o|o

"

N

o 1o 1o

g
ISS

0

—w!!

N
=3I

& gl [SIISHISS

0

(e}

M3(w2{a wZ? U)Z)

Since p’ is concise, ;3’ 4 has rank 9, as it is and invertible 9 x 9 matrix. On the other

hand, M;(wj,w],w}) has rank 2b” since wj has rank b”. So

and by Proposition 5.2.2, R(p) > 5+b”

rank(@y) =9+ 2b" > 8+ 2b" = (4+ b3 1) = (r — 1)(a— 1),

R(p')+R(p"). Note that in the calculation

of rank:(]_;\A,), we have no tensor or associated subspace, we are talking about the

rank of the associated matrix to the linear transformation ]_;;,. So we are not using

additivity of the tensor rank. To conclude the proof, remember that p = mw(p), so

R(p) > R(p). The other inequality always holds.



Bibliography

[1]

2]

3]

[7]

8]

[9]

[10]

ABO, H., OTrTAVIANI, G. AND PETERSON, C., Induction for secant varieties of
Segre varieties, Trans. Amer. Math. Soc., 361 (2009), pp. 767792,
https: //doi.org/10.1090/S0002-9947-08-04725-9.

ATivAH, M. F. AND MACDONALD, I. G., Introduction to Commutative Algebra,
ISBN 9780201003611, Basic Books. 1969.

BERGMAN, G., Ranks of Tensors and Change of Base Field, Journal of Algebra 11,
613-621 (1969), Department of Mathematics, University of California, Berkeley,
California 94720.

BREMNER, M. AND Hu, J., On Kruskal’s theorem that every 3x3x3 array has
rank at most 5, Linear Algebra and its Applications, Vol. 439, No.2, pp 401-421,
ISSN 0024-3795, 2013.

BuczyNski, J., AND LANDSBERG, J. M., Ranks of tensors and a generalization of
secant varieties, Linear Algebra Appl., (2013), pp 668-689,
https:/ /doi.org/10.1016/.laa.2012.05.001.

Buczynski, J., POSTINGHEL, E., AND RUPNIEWSKI, F.. On Strassen’s rank
additivity for small three-way Tensors, STAM J. MATIX ANAL. APPL. 2020
Society for Industrial and Applied Mathematics. Vol. 41, No. 1, pp. 106-133.

Dumwmir, D.S. AND FOOTE, R.M., Abstract Algebra, Third Edition, ISBN
9780471433347, LCCN 2003057652, John Wiley and Sons. 2003.

FRrRALEIGH, J.B. AND KA1z, V.J., A First Course in Abstract Algebra,
Addison-Wesley series in mathematics, 2003. ISBN 9780201763904.

FRIEDLAND, S., On the generic and typical ranks of 3-tensors, Linear Algebra and
its Applications, Vol 436, pp 478-497. Department of Mathematics, Statistics and
Computer Science, University of Illinois at Chicago. 2012.

HARTSHORNE, R., Algebraic Geometry, ISBN 9780387902449, Graduate Texts in
Mathematics. Springer. 1977.

(0]



[11] JA” JA’, J. AND TAKCHE, J., On the Validity of the Direct Sum Conjecture, STAM
Journal on Computing, Vol.15, No. 4, pp 1004-1020, 1986.
https://doi.org/10.1137/0215071.

[12] LANDSBERG, J.M., Tensors: Geometry and Applications. (Graduate Studies in
Mathematics Volume 128). American Mathematical Society. 2011.

[13] LANDSBERG, J. M. AND MICHALEK, M., Abelian tensors, J. Math. Pures Appl.
(9), 108 (2017), pp. 333-371, https://doi.org/10.1016/j.matpur.2016.11.004.

[14] MOONEN, B., Introduction to Algebraic Geometry, Radboud Universiteit, 2014.
[15] RITATTORE,A., Geometria Proyectiva - Notas de Curso. 2018.

[16] Russo, F., Tangents and Secants of Algebraic Varieties, IMPA Monographs in
Mathematics, Rio de Janeiro, Brazil. 2003.

[17] SCHONHAGE, A., Partial and total matriz multiplication, STAM J. Comput., 10
(1981), pp. 434-455, https://doi.org/10.1137/0210032.

[18] SHrTOv, Y., Counterexamples to Strassen’s direct sum conjecture, Acta Math., 222
(2019), 363-379. DOI: 10.4310/ACTA.2019.v222.n2.a3

[19] Sumr, T., M1vAzAKI, M., AND SAKATA, T., About the mazximal rank of 3-tensors
over the real and the complex number field, Ann. Inst. Statist. Math., 62 (2010), pp.
807-822, https://doi.org/10.1007/s10463-010-0294-5.



	List of Symbols
	List of Figures
	List of Tables
	Introduction
	Additivity of tensor rank: preliminary concepts
	Tensor products
	The rank of a tensor
	The Strassen Algorithm
	Alternating and symmetric tensors
	Generalities on tensor rank

	Projective space
	The affine plane
	Affine varieties
	Projective varieties

	First additivity results
	Slice technique and conciseness
	Projections and decompositions
	The substitution method
	Hook-shaped spaces

	Additivity of the tensor rank for small tensors
	Combinatorial study of the decomposition
	Repletion and Digestion
	Three Main Theorems

	Additivity of the tensor border rank
	The variety of tensors of border rank at most r
	Strassen's equations of secant varieties
	Case (3+1,2+2,2+2)
	Case (3+1,3+b'',3+c'')

	Bibliography

