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Abstract
For decades, the numerical solution of network analysis applications has invariably oc-
curred in the real number domain. However, the phasor nature of electrical quantities al-
lows these problems to be formulated directly in the complex domain. This thesis proposes
a comprehensive framework for Dynamic State Estimation (DSE) in complex-conjugate
coordinates, leveraging Wirtinger calculus to linearize functions involving complex and
conjugate variables. The algebraic-differential modeling of network dynamics is presented,
incorporating classical and two-axis synchronous machine models with voltage and speed
regulators. The work evaluates the Extended Kalman Filter (EKF) and the Unscented
Kalman Filter (UKF) in complex-conjugate coordinates, introducing structural optimiza-
tions such as the Decoupled EKF (D-EKF) to mitigate the computational burden of
augmented complex statistics. Furthermore, robust versions of these algorithms are de-
veloped to handle gross errors, bad leverage points, and communication failures, ensuring
high reliability in adverse operational scenarios. The methodology also integrates real-time
frequency estimation, which is critical for the operational security of low-inertia systems.
Numerical simulations conducted on the IEEE 3-bus system for detailed validation, fol-
lowed by scalability analyses on the IEEE 39-bus, IEEE 118-bus, and a 340-bus equivalent
of the Brazilian Interconnected Power System (SIN-340), demonstrate that while the D-
EKF significantly reduces execution times, making complex-domain linearization-based
filters computationally viable, the complex-domain UKF achieves superior computational
performance in large-scale systems.

Keywords: Dynamic state estimation; Complex-conjugate coordinates; Wirtinger Cal-
culus; Decoupled Extended Kalman Filter; Unscented Kalman Filter; Robust estimation;
Computational efficiency.
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1 Introduction

1.1 Motivation
In recent decades, the increasing demand for electrical energy has fueled the search

for more reliable and efficient energy generation, transmission, and distribution systems.
Enhancing real-time monitoring of electrical power systems is crucial for the continu-
ous and safe supply of energy to various applications, e.g., industrial, commercial, and
residential.

However, ensuring the reliable real-time operation of these systems is a complex
challenge, especially given the ongoing transformations in the electrical grid. The existence
of Distributed Energy Resources (DERs), FACTS (Flexible AC Transmission Systems)
devices, responsive loads, and microgrids introduces uncertainty into the dynamic char-
acteristics of electrical power systems [1].

In addition to these factors, the increasing adoption of power electronics implies
faster system response to disturbances, requiring a control and monitoring infrastructure
capable of operating at the same speed. In this scenario, protection functions based on
conventional characteristics, such as high fault currents, may not be the most appropriate
[2, 3]. This transition requires constant updating of real-time operation and monitoring
applications for electrical systems.

Another relevant point is that the modern wide-area measurement systems are
transitioning to obtaining synchronized phasor measurements via PMUs (Phasor Mea-
surement Units) [4, 5]. In contrast to SCADA (Supervisory Control and Data Acquisition)
measurements, PMU measurements are obtained at a high sampling rate, providing vital
information such as the local frequency and the Rate of Change of Frequency (ROCOF)
[6]. Such particularities enable more reliable, robust real-time monitoring of transient phe-
nomena. However, the effective use of these measurements requires estimation frameworks
that can integrate high-rate data with dynamic system models.

1.1.1 Real-time Control and Monitoring Centers for Transmission Systems

Currently, in operational control centers, the monitoring and operation of electrical
power systems are typically carried out using static state estimators [7]. Fred Schweppe
introduced the concept of a state estimator in 1970 [8], and since then, it has been widely
developed and refined in the academic literature. The primary method applied in these
estimators is the Weighted Least Squares (WLS), which minimizes the error between the
actual and estimated measurements [9].
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These static applications use measurements from the SCADA system as the pri-
mary source of information. The premise of static estimation is that the system operates
in a steady state, allowing the algebraic states of the network to be estimated, such as
the magnitude and angle of the bus voltage. In exceptional cases, it is also possible to cal-
culate the position of transformer taps and the firing angle of converters. However, given
the increasing dynamism of the power grid due to the increase in FACTS devices and dis-
tributed networks, estimates based on steady-state operation are not the best alternatives
for monitoring and controlling the power grid [10].

The measurement rate in a SCADA system varies depending on the type of data
acquisition. Traditional SCADA systems typically sample measurements only once per
interval greater than 1 second, providing a steady-state view of the power system’s be-
havior [11]. In contrast, PMUs offer higher sampling frequencies, typically 30-60 samples
per second, thereby enabling more accurate and dynamic power grid monitoring [12].

These different sampling rates are critical to accurate state estimation in power
systems, as measurement errors may lead to misleading economic dispatch decisions, faulty
contingency analyses, and other important calculations [13]. Integrating data from both
low-sampling-rate SCADA systems and high-sampling-rate PMUs through multi-sensor
multi-rate data fusion techniques can increase the reliability and efficiency of power system
operation, especially during transient events [14]. In this context, hybrid measurement-
based estimation approaches have demonstrated improved numerical conditioning and
enhanced robustness when combining conventional SCADA data with synchronized pha-
sor measurements [15, 16].

Static estimators must be able to identify and suppress erroneous measurements
that often result from failures in measurement equipment or errors in model parameteriza-
tion. In the literature, the term robust estimator [17, 18, 19] is used to describe estimators
capable of handling gross errors, even in measurements classified as leverage points. This
concept is important throughout this thesis and is discussed in Chapter 3.

The points raised summarize some of the main aspects of the traditional method-
ology for monitoring and control in operational centers. However, as the network’s dy-
namism increases, it becomes necessary to use tools that can operate within transient time
windows. In addition, improving the traditional state estimation methodology is required
to enable operators to make more assertive, proactive decisions in control centers. In this
context, the dynamic state estimator is an essential application for the future of control
centers and remote monitoring of electrical systems.



Chapter 1. Introduction 16

1.2 Dynamic State Estimator: Literature Review
The dynamic state estimator (DSE) has emerged as a powerful tool to meet the

operational need for real-time monitoring of increasingly fast functionalities and controls.
Although it was initially proposed in the 1970s [20, 21], much of the progress in the aca-
demic literature has occurred in recent decades. This type of estimator allows monitoring
operational oscillations and estimating dynamic parameters, such as machine speed and
transient voltages. In addition, it is also possible to identify unknown control variables
and detect operational anomalies [22].

The structure of a DSE seeks to encompass all the dynamic particularities of
a power system, including parameter and control variability. In this context, the time
derivatives of a set of algebraic and differential equations describe the network’s dynam-
ics. For synchronous machines, these equations represent the electromagnetic and elec-
tromechanical processes associated with their respective controls [23]. In addition, DSE
allows modeling generators with voltage and speed regulators and turbine models, captur-
ing slow dynamics for more accurate system monitoring compared to static methods [22].
Understanding the process and control complexities of synchronous machines is crucial
to devising a practical dynamic state estimator capable of overcoming the challenges of
those power systems.

Today, as renewable energy sources are increasingly integrated into the electrical
system, grid inertia is decreasing, potentially compromising frequency stability. Despite
this, system inertia is not yet routinely monitored or predicted in real time in most oper-
ational control centers. This aspect is relevant when evaluating the impact of integrating
these renewable resources asynchronously into the grid. In this sense, the dynamic esti-
mator can estimate the frequency of the buses, ROCOF (Rate of Change of Frequency),
and the frequency of the center of inertia (COI - Center of Inertia) of the system [22].

In addition, dynamic state estimators primarily use synchronized phasor measure-
ments. PMUs provide accurate, highly synchronized measurements at sampling rates of
30-60 samples per second. The increased sampling rate enables detailed capture of the
system’s inherent oscillations and transients, providing more accurate and dynamic mod-
eling of electrical system behavior. The scope of the measuring instruments of a DSE also
covers smart meters [24] and micro PMUs [25].

In this context, dynamic state estimation—historically rooted in the Forecasting-
Aided State Estimation (FASE) framework [26]—has evolved to exploit synchronized
measurements better. While traditional FASE-type estimators were initially developed
for slow-sampled SCADA data, modern formulations leverage PMU data to provide im-
proved numerical robustness and enhanced tracking of electromechanical dynamics [27].
More recently, the literature has provided a comprehensive overview of these dynamic
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techniques, encompassing both phasor- and Kalman-filter-based approaches, and has out-
lined the ongoing challenges in the field [28, 29].

Typically, engineers implement DSEs based on the Kalman filter algorithm, which
uses a series of time-observed data, along with noise and other imprecision, to estimate the
states of a dynamic system [30]. In this context, the DSE has two classes of algorithms:
algorithms with and without linearizations. In the first class, expansions in the Taylor
series are made to circumvent the nonlinearity of the evaluated functions. In contrast, for
the second class, sampling points are chosen to be propagated by the nonlinear model,
promoting the estimation of the posterior state [1].

In this scenario, the EKF (Extended Kalman Filter) is the main linearization-
based algorithm used for the DSE. Academic literature presents several applications of
this filter. Fan and Wehbe demonstrate the application of the EKF for estimating states
and parameters by decoupling measurements [31]. In [32], the authors report using parallel
computing to optimize the filter’s computational cost. In this context, the comparative
study in [33] shows that the EKF achieves faster execution time than its peers, the UKF
(Unscented Kalman Filter), PF (Particle Filter), and EnKF (Ensemble Kalman Filter).
However, this type of algorithm has some limitations because it is sensitive to the accuracy
of the system model, the initial conditions, and the nature of the noise present in the
measurements. The performance of the EKF can be significantly impaired, especially
when there is a high nonlinear relationship in the evaluated model, that is, when it is
impossible to neglect higher-order terms of the Taylor series expansion [30].

On the other hand, UKF is an alternative method that addresses the drawbacks
of linearization. This algorithm uses the propagation of sigma points, a set of sample
points. The nonlinear model determines the mean and covariance of these samples using
a procedure called the unscented transformation [34]. For example, Qi et al. [35] show
an improved version of the UKF to deal with numerical instability. In [36], the authors
demonstrate the applicability of the UKF for distribution systems. Despite compensating
for the EKF’s weaknesses and avoiding linearizations, the Unscented Kalman filter may
have its computational performance compromised by sigma-point propagation, depending
on the process’s scale.

Another aspect to consider during implementation is the network monitoring struc-
tural hierarchy. In this context, centralized or decentralized structures are the traditional
hierarchical framework of dynamic state estimators. The centralized form indicates that a
central system processes all measurements or observations. Thus, a global view of the sys-
tem forms the basis for all operational decisions [1]. However, this methodology requires
knowledge of all system parameters and controls and relies on centralized communication,
which, in turn, is vulnerable to failures, potentially compromising the estimation process.

In this context, several applications of centralized DSE have been reported in the
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academic literature. In [37], the performance of the EKF algorithm with unknown input
data is demonstrated using PMU measurements, while in [38], the authors demonstrate
superior performance and robustness with the UKF algorithm. On the other hand, Paul
et al. [39] evaluate the vulnerabilities of centralized estimation under interruptions and
communication delays in a DSE.

On the other hand, in the decentralized approach, measurements are processed
locally in different nodes or agents of the system. This type of implementation can be
helpful when centralized communication is difficult, costly, or vulnerable. In addition, it
is only necessary to know the parameters and controls locally, thereby improving com-
putational efficiency during implementation. However, the lack of local redundancy, as
found in telemetry systems, can compromise the quality of the estimation and monitoring
processes [1].

Researchers study this type of estimator for applications with unknown input vari-
ables [40], transmission lines [41], renewable energy [42, 43], protection [3, 44], among oth-
ers. In [45], the authors show estimates with non-Gaussian noise using Particle Filtering
(PF) and process outliers based on the measurement history. However, this decentralized
methodology is complex in terms of data communication and coordination, which creates
security risks, such as cyberattacks.

In addition to the aspects raised, implementing an effective and reliable dynamic
state estimator requires improving the tool’s robustness against gross errors in measure-
ments, parameters, or estimates [46]. In [47], the authors present the implementation
of the Extended Kalman Filter (EKF) with robustness against errors originating from
measurement processes (Observation outliers) and against errors related to the state pre-
diction model (Innovation outliers). Analogously, the Unscented Kalman filter based on
the Generalized Maximum-Likelihood approach [48] is capable of dealing with unknown
statistics of the noises involved in the estimation processes [49], and also with unknown
input variables [50].

1.3 Network Analysis Applications in the Complex Domain
Given the initial considerations addressed, it is essential to emphasize that, since

the beginning (approximately seven decades), the numerical solution of network analysis
applications has invariably occurred in the real number domain; power flow and state
estimation applications stand out among others. However, such a procedure is not natural,
since the solution of alternating current (AC) networks is performed in the frequency
domain, that is, via the voltage- and current-phasor system introduced by Steinmetz [51].

In this context, researchers have begun developing power-flow applications in the
complex domain in recent years. Pires et al. [52] report the efficiency of these applications
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in solving the power flow of ill-conditioned systems, in addition to explaining the exact
solution of the problem based on the property of the Hessian matrix of the load flow [53].
This formulation has recently been extended to include FACTS devices by incorporating
direct current networks and HVDC links [54]. The numerical migration of power flow
applications has led to mathematical simplification in implementation, while providing
more efficient results and computational gains.

The academic literature also illustrates applications of state estimation in complex-
conjugate coordinates. These estimators use the Wirtinger Calculus [55] to enable the
numerical analysis of the problem. The classical static state estimator WLS (Weighted
Least Squares) in the complex number domain stands out for its ease of implementation
[56], its efficiency in processing gross errors and zero injections [57], and has also been
studied for applications in distribution systems [58].

In addition to the classic formulation (WLS), Pires et al. [59] proposed the robust
static estimation SHGM (Schweppe-type Huber Generalized Maximum-likelihood) in this
new numerical domain based on the theory expressed in [60] and [18]. Such estimators
demonstrate efficiency against gross errors, including leverage points. Furthermore, im-
plementation within the complex-domain framework becomes more advantageous as the
inclusion of synchronized phasor measurements increases.

However, given the global trend towards hybrid networks, dynamic state estimation
is a necessary evolution for the future of network analysis applications present in control
centers [1]. The presence of distributed energy resources, FACTS devices, responsive loads,
and microgrids implies that electrical networks exhibit diverse dynamics; therefore, the
applicability of various remote monitoring methodologies must be studied. In this con-
text, dynamic estimation in the complex-conjugate coordinate system has not yet been
developed. Considering the demonstrated flexibility and efficiency of network applications
formulated in the complex domain, dynamic estimation in complex-conjugate coordinates
is a promising avenue for investigation.

Signal processing studies apply the EKF and UKF algorithms in this new numerical
domain. In [61], the authors present the equations of the primary Kalman filters for
complex-valued signals. Mandic et al. [62] demonstrate the use of the Augmented Complex-
Valued Extended Kalman Filter (ACEKF) for neural networks. Conversely, the authors
in [63] propose a generalization of the Unscented Kalman Filter algorithm to deal with
statistical particularities of complex signals, including non-circular and improper complex
signals [64, 65].



Chapter 1. Introduction 20

1.3.1 General Objective

The general objective of this thesis is to develop, formulate, and validate a dynamic
state estimation framework for electrical power systems in complex-conjugate coordinates.
The proposed framework exploits the phasor nature of electrical quantities to provide a
mathematically consistent alternative to conventional real-valued formulations. It assesses
its accuracy, robustness, and computational scalability under both normal and adverse
measurement conditions.

1.3.2 Specific Objectives

To achieve this general objective, the following specific objectives are pursued:

1. To formulate algebraic-differential models of synchronous machines directly in complex-
conjugate coordinates, including both the classical model and the ninth-order two-
axis model equipped with excitation and turbine-governor controls.

2. To derive state-transition and measurement models in the complex domain using
Wirtinger calculus, allowing nonlinear functions involving complex variables and
their conjugates to be handled consistently.

3. To extend the Extended Kalman Filter (EKF) and the Unscented Kalman Filter
(UKF) to the complex-domain DSE problem. These two algorithms are selected
because they represent complementary classes of Kalman-filter-based estimators:
the EKF is a computationally efficient linearization-based method widely used in
power system DSE, whereas the UKF is a derivative-free alternative that better
handles nonlinear transformations at the cost of propagating sigma points.

4. To propose a Decoupled Complex-Valued EKF (CV-D-EKF) that exploits the struc-
tural symmetry of the augmented complex formulation to reduce redundant opera-
tions, especially in the covariance propagation and update stages.

5. To extend SHGM-based robust dynamic state estimation to the complex domain,
enabling the proposed estimators to handle gross errors, communication failures,
observation outliers, innovation outliers, and bad leverage points.

6. To evaluate the use of the proposed DSE framework for frequency-security appli-
cations, including the estimation of the center-of-inertia frequency, ROCOF, and
disturbance-size indicators as byproducts of the estimated dynamic states.

7. To validate the proposed formulations through numerical simulations on the IEEE
3-bus, IEEE 39-bus, IEEE 118-bus, and a 340-bus equivalent of the Brazilian In-
terconnected Power System (SIN), hereafter referred to as the SIN-340 system,
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comparing real-valued and complex-valued implementations in terms of accuracy,
robustness, computational cost, and scalability.

1.4 Thesis Contributions
Dynamic state estimation methods reported in the power systems literature are

traditionally formulated in the real-valued numerical domain. Although this representa-
tion is well established, it does not directly exploit the phasor nature of voltages and
currents, which are inherently complex-valued quantities. Previous complex-domain for-
mulations in power systems have been mainly restricted to static applications, such as
power flow and static state estimation. Therefore, a complete dynamic state estimation
framework in complex-conjugate coordinates, including dynamic modeling, Kalman fil-
tering, robust estimation, computational analysis, and frequency-security assessment, has
not yet been fully established.

To address this gap, this thesis develops a complex-valued DSE framework for
electrical power systems. The main and original contributions are summarized as follows:

1. Formulation of dynamic models in complex-conjugate coordinates. This
thesis develops the algebraic-differential models of synchronous machines directly
in the complex domain, including the classical model and the ninth-order two-axis
model with excitation and turbine-governor controls. This formulation provides a
phasor-native representation of the dynamic estimation problem and enables the use
of Wirtinger calculus for functions involving complex variables and their conjugates.

2. Extension of EKF and UKF algorithms to complex-valued DSE. The
Extended Kalman Filter and the Unscented Kalman Filter are extended to the
complex-domain formulation. These algorithms were selected because they represent
two complementary estimation strategies: the EKF is a widely used linearization-
based estimator with relatively low computational cost, whereas the UKF is a
derivative-free alternative that better handles nonlinear transformations but requires
sigma-point propagation. This comparison allows the advantages and limitations of
the complex-domain formulation to be assessed for both estimator classes.

3. Proposal of the Decoupled Complex-Valued EKF. A Decoupled Complex-
Valued EKF (CV-D-EKF) is proposed to reduce the computational burden of the
standard augmented CV-EKF. The method exploits the mirror symmetry of the
complex-conjugate formulation to avoid redundant operations without introducing
additional approximations. Numerical results show execution-time reductions of up
to 68% compared with the full augmented CV-EKF, making linearization-based
complex-domain estimation computationally viable for large-scale systems. Its main
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limitation is that, even after decoupling, complex-valued covariance propagation
may still be more demanding than in the real-valued EKF.

4. Demonstration of the computational cross-over of complex-valued UKF
estimators. For sigma-point-based estimators, the complex-domain formulation
reduces the effective state dimension and, consequently, the number of propagated
sigma points and nonlinear function evaluations. In large-scale systems, this di-
mensional reduction outweighs the overhead of complex arithmetic. In the SIN-340
system, the complex-valued UKF achieved execution times approximately 29% lower
than the real-valued UKF. However, the non-robust UKF is more sensitive to bad
data and measurement inconsistencies, indicating that robustification is required for
adverse operating conditions.

5. Extension of SHGM-based robust filtering to the complex domain. This
thesis extends the SHGM-based robust EKF and UKF formulations to complex-
valued dynamic state estimation. The proposed robust estimators use projection
statistics and IRLS-based weighting to reduce the influence of gross errors, commu-
nication failures, observation outliers, innovation outliers, and bad leverage points.
The main advantage is improved reliability in the presence of corrupted PMU data,
while the main drawback is the additional computational effort required by the
robust weighting procedure.

6. Frequency-security indicators as byproducts of DSE. The proposed frame-
work also enables the estimation of center-of-inertia frequency, ROCOF, and in-
dicators of disturbance size directly from the estimated dynamic states, without
requiring a dedicated frequency-estimation module. This contribution connects dy-
namic state estimation with real-time frequency monitoring, which is particularly
relevant for wide-area monitoring, under-frequency load shedding, and fast correc-
tive control in low-inertia power systems.

7. Comprehensive validation on benchmark and large-scale systems. The
proposed methods are validated on the IEEE 3-bus, IEEE 39-bus, IEEE 118-bus,
and SIN-340 systems. The results show that the complex domain is not automati-
cally superior for all estimators; its advantages depend on the estimator structure.
For EKF-based methods, decoupling is necessary to reduce computational burden,
whereas for UKF-based methods, dimensionality reduction yields clear scalability
gains in large-scale systems. For adverse measurement conditions, SHGM-based ro-
bustification is essential to preserve estimation accuracy.

Overall, this thesis shows when and how complex-conjugate coordinates can be
advantageous for dynamic state estimation in power systems. The main contribution
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is therefore not only the use of complex arithmetic, but the development of estimator
structures that exploit the benefits of the complex domain while explicitly addressing its
computational and robustness limitations.

1.5 Thesis Organization
This thesis is organized as follows. Chapter 2 presents the algebraic-differential

modeling of synchronous machines in the complex domain, including the classical and
two-axis models, and establishes the mathematical basis for the proposed phasor-based
dynamic representation. Chapter 3 develops the complex-valued Kalman filtering frame-
work, including the EKF, UKF, Decoupled EKF, and their robust SHGM-based versions.
Chapter 4 discusses frequency estimation and shows how center-of-inertia frequency, RO-
COF, and disturbance-size indicators can be obtained from the dynamic state estimator.
Chapter 5 presents the numerical results, beginning with the IEEE 3-bus system for de-
tailed validation and then extending the analysis to the IEEE 39-bus, IEEE 118-bus, and
SIN-340 bus systems to assess robustness and computational scalability. Finally, Chap-
ter 6 summarizes the main conclusions of the thesis and outlines possible directions for
future research.

1.6 Notation Definitions
In this thesis, vectors are denoted by lowercase bold Roman letters (e.g., 𝑦𝑦𝑦) or

lowercase bold Greek letters (e.g., 𝜓𝜓𝜓).

On the other hand, matrices are denoted with Roman letters (e.g., 𝑌𝑌𝑌 ) or Greek
letters (e.g., ΨΨΨ) in uppercase bold letters.

Vectors, by definition, are column vectors unless transposition is indicated.

𝑦𝑦𝑦 =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑦1

𝑦2

𝑦3
...

⎤⎥⎥⎥⎥⎥⎥⎦ , 𝑦𝑦𝑦𝑇 = [𝑦1, 𝑦2, 𝑦3, . . . ] .
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2 Algebraic-Differential Model of Syn-
chronous Machines in the Complex
Domain

This chapter presents the algebraic-differential model of synchronous machines
formulated in the complex domain. This modeling is the first step in developing a dy-
namic state estimator in the complex-conjugate coordinate system. This work evaluates
two synchronous machine models, the classical model and the two-axis model [66]. The
proposed formulation aims to reduce the number of state and control variables. Further-
more, it satisfies the differentiability criteria of functions of complex variables proposed by
Cauchy-Riemann [55], through the Wirtinger calculus or CR-Calculus [67]. The Appendix
A briefly explains the holomorphism of complex variable functions.

2.1 Classical Model
Synchronous machines are vital for the creation and operation of electrical power

systems that generate most of the world’s electricity. It is essential to understand the dy-
namic behavior of synchronous machines to control these systems effectively. The classical
model of a synchronous machine provides a simplified representation of the electromag-
netic and mechanical phenomena within the machine [68].

The representation of the classical model of a synchronous machine is a set of
differential equations expressed in the equations (2.1) and (2.2) [66].

𝑑𝛿

𝑑𝑡
= 𝜔 − 𝜔𝑠, (2.1)

𝑑𝜔

𝑑𝑡
= 𝜔𝑠

2 ·𝐻 · (𝑇𝑀 − 𝑇𝑒 −𝐷 · (𝜔 − 𝜔𝑠)) . (2.2)

where 𝛿, 𝜔, 𝑇𝑀 , and 𝑇𝑒 are the angle of the internal voltage of the machine, the angular
speed of the rotor, the mechanical torque, and the electrical torque of each synchronous
machine, respectively. The constant 𝐻 represents the inertia of each machine, and the
coefficient 𝐷 represents the mechanical damping. The synchronous angular velocity of
the rotor is expressed by 𝜔𝑠.

The electrical power is defined as

𝑃𝑒 = 𝜔 · 𝑇𝑒. (2.3)
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As 𝜔 remains close to the synchronous speed 𝜔𝑠 = 1 [pu], the approximation
𝑇𝑒 ≈ 𝑃𝑒 is usually adopted in (2.2).

The equation (2.4) expresses the internal voltage, and the (2.5) expresses each
synchronous machine’s electrical power.

𝐸̄𝑖 = 𝐸𝑖∠𝛿𝑖 = 𝑉𝑖 +
(︁
𝑅𝑎𝑖

+ 𝑗 ·𝑋 ′

𝑑𝑖

)︁
· 𝐼𝑖, (2.4)

𝑃𝑒𝑖
= R{𝐸̄𝑖 · 𝐼*

𝑖 } = R{𝐸̄𝑖 ·
(︁
𝑌

𝑟𝑒𝑑 · 𝐸̄𝑖

)︁*
}

= 𝐸2
𝑖 ·𝐺

𝑟𝑒𝑑

𝑖𝑖 +
𝑛∑︁

𝑗=1
𝐸𝑖 · 𝐸𝑗 ·

⃒⃒⃒
𝑌

𝑟𝑒𝑑

𝑖𝑗

⃒⃒⃒
· 𝑐𝑜𝑠 (𝛿𝑖𝑗 − 𝜙𝑖𝑗) , (2.5)

where 𝐸̄ and 𝐼 represent the excitation voltage and current phasors; 𝑉 represents the
terminal voltage phasor; 𝑅𝑎 and 𝑋

′
𝑑 represent the armature resistance and direct-axis

transient reactance; 𝐺𝑟𝑒𝑑

𝑖𝑖 and
⃒⃒⃒
𝑌

𝑟𝑒𝑑

𝑖𝑗

⃒⃒⃒
represent the absolute value of the elements of the

conductance and admittance matrices originating from the reduction of the passive net-
work via the Kron’s reduction method; 𝜙 represents the angular value of the element of
the reduced admittance matrix, respectively [68].

To begin modeling in the complex-conjugate coordinate system, equation (2.6)
expresses a complex variable 𝛼̄.

𝛼̄ = 𝛿 + 𝑗 · (𝜔 − 𝜔𝑠) = 𝛿 + 𝑗 ·Δ𝜔. (2.6)

This formulation aims to simplify the proposed problem by grouping the real
variables in pairs. During the model’s development, several types of complex variables
were tested, including phasors, trigonometric functions, and nonlinear functions. However,
grouping real variables in rectangular coordinates was the most straightforward way. This
approach easily generalizes to all models evaluated in this study.

Although the variable 𝛼̄ has no direct physical meaning—since it combines rotor
angle and speed deviation—it provides a convenient mathematical representation within
the complex-conjugate framework. By grouping 𝛿 and Δ𝜔 into a single complex state,
the swing equations are expressed compactly, enabling the direct application of Wirtinger
calculus for linearization-based methods such as the Extended Kalman Filter (EKF).
This guarantees analytical Jacobian derivation in the complex domain while preserving
the consistency of the unified formulation. Then, deriving (2.6) in time, results:

𝑓1 = 𝑑𝛼̄

𝑑𝑡
= 𝑑𝛿

𝑑𝑡
+ 𝑗 · 𝑑𝜔

𝑑𝑡
. (2.7)
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Now, considering 𝛿 and Δ𝜔 expressed as a function of 𝛼̄:

𝛿 = (𝛼̄ + 𝛼̄*) · 0.5, (2.8)

Δ𝜔 = 𝑗 · (𝛼̄* − 𝛼̄) · 0.5, (2.9)

and substituting (2.8) and (2.9) into (2.1) and (2.2), the equation (2.7) becomes:

𝑓1 = 𝑑𝛼̄

𝑑𝑡
=

𝒜1⏞  ⏟  
−0.5 ·

(︂
𝐷 · 𝜔𝑠

2 ·𝐻 + 𝑗
)︂
·𝛼̄ + 0.5 ·

(︂
𝐷 · 𝜔𝑠

2 ·𝐻 + 𝑗
)︂
· 𝛼̄* (2.10)

+ 𝑗 · 𝜔𝑠

2 ·𝐻⏟  ⏞  
𝒜2

·𝑇𝑀 − 𝑗 ·
𝜔𝑠

2 ·𝐻 · 𝑃𝑒,

in compact form:

𝑓1 = 𝑑𝛼̄

𝑑𝑡
= 𝒜1 · 𝛼̄−𝒜1 · 𝛼̄* +𝒜2 · 𝑇𝑀 −𝒜2 · 𝑃𝑒. (2.11)

The electrical power, in turn, is calculated as a byproduct of the apparent power,

𝑆𝑒𝑖
= 𝐸̄𝑖 · 𝐼*

𝑖 = 𝐸̄𝑖 ·
(︁
𝑌

𝑟𝑒𝑑 · 𝐸̄𝑖

)︁*
, (2.12)

𝑃𝑒𝑖
= 0.5 ·

(︁
𝑆𝑒𝑖

+ 𝑆*
𝑒𝑖

)︁
. (2.13)

Replacing (2.13) in (2.11) results in the dynamic equation formulated in the com-
plex domain for the classical model of a synchronous machine:

𝑓1 = 𝑑𝛼̄

𝑑𝑡
= 𝒜1 · 𝛼̄−𝒜1 · 𝛼̄* − 0.5 · 𝒜2 · 𝑆𝑒 − 0.5 · 𝒜2 · 𝑆*

𝑒 +𝒜2 · 𝑇𝑀 . (2.14)

In this initial model, there are no speed or turbine governors, and therefore, the
mechanical torque is constant, making the previous equation dependent solely on complex
variables.

This work will present formulations based on Jacobian matrices for constructing
a dynamic state estimator. Thus, in the Appendix B, the derivatives for assembling each
Jacobian matrix are shown based on the formulation detailed in this chapter.

Summarizing the presented formulation, Table 1 compares the formulations of the
algebraic-differential model in the domain of real and complex numbers.
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𝑟
𝑒
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·𝐸
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𝑒 𝑖
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𝐸

𝑖
·𝐼

* 𝑖
=
𝐸

𝑖
·(︁ 𝑌

𝑟
𝑒

𝑑
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2.2 Two-Axis Model
The two-axis model, also known as the d-q model, is widely used to analyze the

dynamic characteristics of synchronous machines. It is a model that uses mathematical
representations to convert the equations of the three-phase system into a rotating coor-
dinate system. This, in turn, simplifies the analysis of the dynamic phenomena and their
interrelation. This model uses the Park transformation, which converts the current, volt-
age, and magnetic flux variables of a three-phase system into direct (d) and quadrature
(q) axis components [68].

Thus, consider the 9𝑡ℎ order two-axis model expressed by the differential equations
(2.15)-(2.23) [69]. This model implements the IEEE DC1A voltage regulator [70] and the
TGOV1 turbine speed regulator [71].

𝑑𝛿

𝑑𝑡
= 𝜔 − 𝜔𝑠, (2.15)

𝑑𝜔

𝑑𝑡
= 𝜔𝑠

2 ·𝐻 · (𝑇𝑀 − 𝑇𝑒 −𝐷 · (𝜔 − 𝜔𝑠)) , (2.16)

𝑑𝐸
′
𝑞

𝑑𝑡
= 1
𝜏

′
𝑑0

·
[︁
−𝐸 ′

𝑞 −
(︁
𝑋𝑑 −𝑋

′

𝑑

)︁
· 𝐼𝑑 + 𝐸𝑓𝑑

]︁
, (2.17)

𝑑𝐸
′
𝑑

𝑑𝑡
= 1
𝜏 ′

𝑞0

·
[︁
−𝐸 ′

𝑑 +
(︁
𝑋𝑞 −𝑋

′

𝑞

)︁
· 𝐼𝑞

]︁
, (2.18)

𝑑𝐸𝑓𝑑

𝑑𝑡
= 1
𝑇𝐸

·

⎡⎢⎣−
⎛⎜⎝𝐾𝐸 + 𝑆𝐸 (𝐸𝑓𝑑)⏟  ⏞  

𝑈𝑥

⎞⎟⎠ · 𝐸𝑓𝑑 + 𝑉𝑅

⎤⎥⎦ , (2.19)

𝑑𝑉𝑅

𝑑𝑡
= 1
𝑇𝐴

· [−𝑉𝑅 +𝐾𝐴 · (𝑉𝑟𝑒𝑓 − 𝑉𝐹 − 𝑉 )] , (2.20)

𝑑𝑉𝐹

𝑑𝑡
= 1
𝑇𝐹

·
[︂
−𝑉𝐹 + 𝐾𝐹

𝑇𝐸

· 𝑉𝑅 −
𝐾𝐹

𝑇𝐸

· (𝐾𝐸 + 𝑆𝐸 (𝐸𝑓𝑑)) · 𝐸𝑓𝑑

]︂
, (2.21)

𝑑𝑇𝑀

𝑑𝑡
= 1
𝑇𝐶𝐻

· (−𝑇𝑀 + 𝑃𝑆𝑉 ) , (2.22)

𝑑𝑃𝑆𝑉

𝑑𝑡
= 1
𝑇𝑆𝑉

·
[︂
−𝑃𝑆𝑉 + 𝑃𝐶 −

1
𝑅𝐷 · 𝜔𝑠

· (𝜔 − 𝜔𝑠)
]︂
. (2.23)

In the previous expressions, 𝜏 ′
𝑑0 and 𝜏

′
𝑞0 represent the direct and quadrature axis

time constants; 𝑇𝐸, 𝑇𝐹 , 𝑇𝐴, 𝑇𝐶𝐻 and 𝑇𝑆𝑉 are time constants related to the regulators; 𝐾𝐸,
𝐾𝐹 , 𝐾𝐴 are the regulator gains; 𝑆𝐸 (𝐸𝑓𝑑) = 𝑈𝑥 = 𝐴𝑒𝑥 · 𝑒(𝐵𝑒𝑥·𝐸𝑓𝑑) is a voltage saturation
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function with constants 𝐴𝑒𝑥 and 𝐵𝑒𝑥; 𝑉𝑟𝑒𝑓 and 𝑃𝐶 are known input variables; 𝐸 ′
𝑑, 𝐸 ′

𝑞, 𝐸𝑓𝑑,
and 𝑉 represent the direct-axis and quadrature transient voltages, the field voltage, and
the terminal voltage magnitude of the machine; 𝑉𝑅 and 𝑉𝐹 are the step-down outputs
of the amplifier and the stabilizing transformer; 𝑇𝑀 and 𝑃𝑆𝑉 are the mechanical torque
and the steam valve position; 𝑅𝐷 is the amount of speed regulation; 𝑋𝑑, 𝑋 ′

𝑑, 𝑋𝑞 and 𝑋
′
𝑞

represent the steady-state and transient reactances of the direct and quadrature axes; 𝐼𝑑

and 𝐼𝑞 represent the direct and quadrature axis currents, respectively [69].

On the other hand, equations (2.24)-(2.29) show the algebraic variables of this
model.

𝑉𝑑 = 𝑉 · sin (𝛿 − 𝜃) , (2.24)

𝑉𝑞 = 𝑉 · cos (𝛿 − 𝜃) , (2.25)

𝐼𝑑 =
𝐸

′
𝑞 − 𝑉𝑞

𝑋
′
𝑑

, (2.26)

𝐼𝑞 = 𝑉𝑑 − 𝐸
′
𝑑

𝑋 ′
𝑞

, (2.27)

𝑃𝑒 = 𝑉𝑑 · 𝐼𝑑 + 𝑉𝑞 · 𝐼𝑞, (2.28)

𝑄𝑒 = −𝑉𝑑 · 𝐼𝑞 + 𝑉𝑞 · 𝐼𝑑, (2.29)

where 𝑉𝑑 and 𝑉𝑞 represent the direct and quadrature axis voltage; 𝜃 the terminal voltage
angle of the machine; 𝑃𝑒 and 𝑄𝑒 the active and reactive power generated, respectively.

To begin the migration of the two-axis model to the complex domain, consider the
variable conversion shown in Table 2. The idea behind the formulation is to pair the state
variables of the conventional model to form a new complex variable. However, since this
model has an odd number of state variables, the variable 𝛾 now depends exclusively on
the field voltage (𝐸𝑓𝑑).

Consider initially the terminal-voltage expression for each machine in (2.30) [69].

𝑉 = 𝑉 ∠𝜃 =
[︁(︁
𝐸

′

𝑑 + 𝑗 · 𝐸 ′

𝑞

)︁
+
(︁
𝑋

′

𝑞 −𝑋
′

𝑑

)︁
· 𝐼𝑞 − 𝑗 ·𝑋

′

𝑑 · (𝐼𝑑 + 𝑗 · 𝐼𝑞)
]︁
· 𝑒𝑗·(𝛿− 𝜋

2 ). (2.30)

The conversion of algebraic variables (2.24)-(2.29) for the domain of complex num-
bers begins with the joining of the direct and quadrature axis voltages. Rewriting 𝛿 as a
function of 𝛼̄ as proposed in Table 2 and substituting in the expressions (2.24) and (2.25),
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Table 2 – Conversion of variables for the two-axis model

Real → Complex Complex → Real

𝛼̄ = 𝛿 + 𝑗 ·Δ𝜔
𝛿 = 0.5 · (𝛼̄ + 𝛼̄*)
Δ𝜔 = 𝑗 · 0.5 · (𝛼̄* − 𝛼̄)

𝛽 = 𝐸
′
𝑞 + 𝑗 · 𝐸 ′

𝑑

𝐸
′
𝑞 = 0.5 ·

(︁
𝛽 + 𝛽*

)︁
𝐸

′
𝑑 = 𝑗 · 0.5 ·

(︁
𝛽* − 𝛽

)︁
𝛾 = 𝐸𝑓𝑑 𝐸𝑓𝑑 = 0.5 · (𝛾 + 𝛾*)

𝜆̄ = 𝑉𝑅 + 𝑗 · 𝑉𝐹

𝑉𝑅 = 0.5 ·
(︁
𝜆̄+ 𝜆̄*

)︁
𝑉𝐹 = 𝑗 · 0.5 ·

(︁
𝜆̄* − 𝜆̄

)︁
𝜇̄ = 𝑇𝑀 + 𝑗 · 𝑃𝑆𝑉

𝑇𝑀 = 0.5 · (𝜇̄+ 𝜇̄*)
𝑃𝑆𝑉 = 𝑗 · 0.5 · (𝜇̄* − 𝜇̄)

one arrives at the expression (2.31).

𝑉𝑞𝑑 = 𝑉𝑞 + 𝑗 · 𝑉𝑑 = 𝑉 · 𝑒𝑗·(𝛿−𝜃) = 𝑉 · 𝑒𝑗·(0.5·(𝛼̄+𝛼̄*)−𝜃), (2.31)

or:

𝑉𝑞 = 0.5 ·
(︁
𝑉𝑞𝑑 + 𝑉 *

𝑞𝑑

)︁
, (2.32)

𝑉𝑑 = 𝑗 · 0.5 ·
(︁
𝑉 *

𝑞𝑑 − 𝑉𝑞𝑑

)︁
. (2.33)

Considering 𝐸
′
𝑑 and 𝐸

′
𝑞 as a function of 𝛽, according to Table 2 and replacing

(2.32) and (2.33) in (2.27) and (2.26), one gets the expressions:

𝐼𝑑 = 0.5
𝑋

′
𝑑

·
(︁
𝛽 + 𝛽* − 𝑉𝑞𝑑 − 𝑉 *

𝑞𝑑

)︁
, (2.34)

𝐼𝑞 = 𝑗 · 0.5
𝑋 ′

𝑞

·
(︁
𝛽 − 𝛽* + 𝑉 *

𝑞𝑑 − 𝑉𝑞𝑑

)︁
. (2.35)

This way, the expression for 𝐼𝑞𝑑 = 𝐼𝑞 + 𝑗 · 𝐼𝑑 will be:

𝐼𝑞𝑑 = 𝑗 · 0.5 ·
(︃

1
𝑋 ′

𝑞

+ 1
𝑋

′
𝑑

)︃
⏟  ⏞  

𝒦̄1

·
(︁
𝛽 − 𝑉𝑞𝑑

)︁
+ 𝑗 · 0.5 ·

(︃
−1
𝑋 ′

𝑞

+ 1
𝑋

′
𝑑

)︃
⏟  ⏞  

𝒦̄2

·
(︁
𝛽* − 𝑉 *

𝑞𝑑

)︁
. (2.36)
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Rewriting in a compact form,

𝐼𝑞𝑑 = 𝒦̄1 · 𝛽 + 𝒦̄2 · 𝛽* − 𝒦̄1 · 𝑉𝑞𝑑 − 𝒦̄2 · 𝑉 *
𝑞𝑑. (2.37)

Similarly, (2.38) express 𝐼*
𝑞𝑑.

𝐼*
𝑞𝑑 = −𝒦̄2 · 𝛽 − 𝒦̄1 · 𝛽* + 𝒦̄2 · 𝑉𝑞𝑑 + 𝒦̄1 · 𝑉 *

𝑞𝑑. (2.38)

Thus, equations (2.39) and (2.40) present the direct and quadrature axis currents,
respectively.

𝐼𝑑 = 𝑗 · 0.5 ·
(︁
𝐼*

𝑞𝑑 − 𝐼𝑞𝑑

)︁
, (2.39)

𝐼𝑞 = 0.5 ·
(︁
𝐼𝑞𝑑 + 𝐼*

𝑞𝑑

)︁
. (2.40)

Finally, the terminal voltage of each machine expressed in (2.30) becomes:

𝑉 = 𝑉 ∠𝜃 =
[︁
𝑗 · 𝛽* +

(︁
𝑋

′

𝑞 −𝑋
′

𝑑

)︁
· 0.5 ·

(︁
𝐼𝑞𝑑 + 𝐼*

𝑞𝑑

)︁
+𝑋

′

𝑑 · 𝐼*
𝑞𝑑

]︁
· 𝑒𝑗·(0.5(𝛼̄+𝛼̄*)− 𝜋

2 )

=
[︁
𝑗 · 𝛽* + 0.5 ·

(︁
𝑋

′

𝑞 −𝑋
′

𝑑

)︁
· 𝐼𝑞𝑑 + 0.5 ·

(︁
𝑋

′

𝑞 +𝑋
′

𝑑

)︁
· 𝐼*

𝑞𝑑

]︁
· 𝑒𝑗·(0.5(𝛼̄+𝛼̄*)− 𝜋

2 )

=

⎡⎢⎢⎢⎣𝛽* − 𝑗 · 0.5 ·
(︁
𝑋

′

𝑞 −𝑋
′

𝑑

)︁
⏟  ⏞  

𝒦̄3

·𝐼𝑞𝑑 − 𝑗 · 0.5 ·
(︁
𝑋

′

𝑞 +𝑋
′

𝑑

)︁
⏟  ⏞  

𝒦̄4

·𝐼*
𝑞𝑑

⎤⎥⎥⎥⎦ · 𝑒𝑗·(0.5(𝛼̄+𝛼̄*))

=
[︁
𝛽* − 𝒦̄3 · 𝐼𝑞𝑑 − 𝒦̄4 · 𝐼*

𝑞𝑑

]︁
· 𝑒𝑗·(0.5(𝛼̄+𝛼̄*)). (2.41)

On the other hand, equations (2.42) and (2.43) represent the complex and complex-
conjugate electrical powers, respectively.

𝑆𝑒 = 𝑉 *
𝑞𝑑 · 𝐼𝑞𝑑 = (𝑉𝑞 − 𝑗 · 𝑉𝑑) · (𝐼𝑞 + 𝑗 · 𝐼𝑑)

= (𝑉𝑑 · 𝐼𝑑 + 𝑉𝑞 · 𝐼𝑞) + 𝑗 · (−𝑉𝑑 · 𝐼𝑞 + 𝑉𝑞 · 𝐼𝑑) ,

= 𝑃𝑒 + 𝑗 ·𝑄𝑒, (2.42)

𝑆*
𝑒 = 𝑉𝑞𝑑 · 𝐼*

𝑞𝑑 = (𝑉𝑞 + 𝑗 · 𝑉𝑑) · (𝐼𝑞 − 𝑗 · 𝐼𝑑) ,

= (𝑉𝑑 · 𝐼𝑑 + 𝑉𝑞 · 𝐼𝑞)− 𝑗 · (−𝑉𝑑 · 𝐼𝑞 + 𝑉𝑞 · 𝐼𝑑)
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= 𝑃𝑒 − 𝑗 ·𝑄𝑒. (2.43)

The conversion of the differential equations (2.15)-(2.23) can be done in a manner
analogous to the classical model by following the Table 2 for variable conversion. The
equation of 𝑑𝛼̄/𝑑𝑡 is expressed by (2.10). Assuming the approximation 𝑇𝑒 ≈ 𝑃𝑒 introduced
in (2.3) and rewriting the mechanical torque as a function of 𝜇̄ and 𝜇̄* and the active power
as a function of 𝑆𝑒, one has:

𝑓1 = 𝑑𝛼̄

𝑑𝑡
= 𝒜1 · 𝛼̄−𝒜1 · 𝛼̄* +𝒜2 · 𝜇̄+𝒜2 · 𝜇̄* −𝒜2 · 𝑆𝑒 −𝒜2 · 𝑆*

𝑒 , (2.44)

where 𝒜1 = −0.5 ·
(︂
𝐷 · 𝜔𝑠

2 ·𝐻 + 𝑗
)︂

and 𝒜2 = 𝑗 · 0.5 · 𝜔𝑠

2 ·𝐻 .

Then, the second differential equation in the complex-conjugate domain, 𝑑𝛽/𝑑𝑡,
will be expressed by (2.45).

𝑓2 = 𝑑𝛽

𝑑𝑡
=
𝑑𝐸

′
𝑞

𝑑𝑡
+ 𝑗 · 𝑑𝐸

′
𝑑

𝑑𝑡
, (2.45)

Replacing (2.39) and (2.40) in (2.17) and (2.18), the (2.45) becomes:

𝑓2 = 1
𝜏

′
𝑑0

·
[︁
−0.5 ·

(︁
𝛽 + 𝛽*

)︁
−
(︁
𝑋𝑑 −𝑋

′

𝑑

)︁
· 𝑗 · 0.5 ·

(︁
𝐼*

𝑞𝑑 − 𝐼𝑞𝑑

)︁
+ 0.5 · (𝛾 + 𝛾*)

]︁
(2.46)

+ 𝑗

𝜏 ′
𝑞0

·
[︁
−𝑗 · 0.5 ·

(︁
𝛽* − 𝛽

)︁
−
(︁
𝑋𝑞 −𝑋

′

𝑞

)︁
· 0.5 · (𝐼𝑞𝑑 + 𝐼*

𝑞𝑑)
]︁
.

Rearranging the terms,

𝑓2 =

ℬ̄1⏞  ⏟  
−0.5 ·

(︃
1
𝜏

′
𝑑0

+ 1
𝜏 ′

𝑞0

)︃
·𝛽 +

ℬ̄2⏞  ⏟  
0.5 ·

(︃
− 1
𝜏

′
𝑑0

+ 1
𝜏 ′

𝑞0

)︃
·𝛽* +

ℬ̄3⏞ ⏟ 
0.5
𝜏

′
𝑑0

·𝛾 + 0.5
𝜏

′
𝑑0

· 𝛾* (2.47)

+ 𝑗 · 0.5 ·
⎡⎣
(︁
𝑋𝑑 −𝑋

′
𝑑

)︁
𝜏

′
𝑑0

+

(︁
𝑋𝑞 −𝑋

′
𝑞

)︁
𝜏 ′

𝑞0

⎤⎦
⏟  ⏞  

ℬ̄4

·𝐼𝑞𝑑 + 𝑗 · 0.5 ·
⎡⎣−

(︁
𝑋𝑑 −𝑋

′
𝑑

)︁
𝜏

′
𝑑0

+

(︁
𝑋𝑞 −𝑋

′
𝑞

)︁
𝜏 ′

𝑞0

⎤⎦
⏟  ⏞  

ℬ̄5

·𝐼*
𝑞𝑑,

in a simplified form results,

𝑓2 = ℬ̄1 · 𝛽 + ℬ̄2 · 𝛽* + ℬ̄3 · 𝛾 + ℬ̄3 · 𝛾* + ℬ̄4 · 𝐼𝑞𝑑 + ℬ̄5 · 𝐼*
𝑞𝑑. (2.48)
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In sequence, (2.49) presents the third differential equation 𝑑𝛾/𝑑𝑡.

𝑓3 = 𝑑𝛾

𝑑𝑡
= 𝑑𝐸𝑓𝑑

𝑑𝑡
. (2.49)

Making the variable substitutions according to Table 2 and substituting in (2.19),
it follows that,

𝑓3 = 1
𝑇𝐸

·
[︁
− (𝐾𝐸 + 𝑈𝑥) · 0.5 · (𝛾 + 𝛾*) + 0.5 ·

(︁
𝜆̄+ 𝜆̄*

)︁]︁
, (2.50)

which, simplifying, comes,

𝑓3 =
(︂
−0.5 ·𝐾𝐸

𝑇𝐸

)︂
⏟  ⏞  

𝒞1

·𝛾 +
(︂
−0.5 ·𝐾𝐸

𝑇𝐸

)︂
𝛾* +

(︂
−0.5
𝑇𝐸

)︂
⏟  ⏞  

𝒞2

·𝑈𝑥 · 𝛾 +
(︂
−0.5
𝑇𝐸

)︂
· 𝑈𝑥 · 𝛾* (2.51)

+ 0.5
𝑇𝐸

· 𝜆̄+ 0.5
𝑇𝐸

· 𝜆̄*.

Written in a compact form, results:

𝑓3 = 𝒞1 · 𝛾 + 𝒞1 · 𝛾* + 𝒞2 · 𝑈𝑥 · 𝛾 + 𝒞2 · 𝑈𝑥 · 𝛾* − 𝒞2 · 𝜆̄− 𝒞2 · 𝜆̄*, (2.52)

where 𝑈𝑥 is a saturation function of the field voltage [69], given by:

𝑈𝑥 = 𝐴𝑒𝑥 · 𝑒𝐵𝑒𝑥·𝐸𝑓𝑑 = 𝐴𝑒𝑥 · 𝑒𝐵𝑒𝑥·0.5·(𝛾+𝛾*). (2.53)

Next, equation (2.54) evidences the fourth differential equation 𝑑𝜆̄/𝑑𝑡 in the com-
plex domain.

𝑓4 = 𝑑𝜆̄

𝑑𝑡
= 𝑑𝑉𝑅

𝑑𝑡
+ 𝑗 · 𝑑𝑉𝐹

𝑑𝑡
. (2.54)

Rewriting 𝑉𝑅 and 𝑉𝐹 in terms of 𝜆̄ and 𝐸𝑓𝑑 in terms of 𝛾 in the equations (2.20)
and (2.21), the equation (2.54) results in (2.55).

𝑓4 = 1
𝑇𝐴

·
[︁
−0.5 ·

(︁
𝜆̄+ 𝜆̄*

)︁
+𝐾𝐴 ·

(︁
𝑉𝑟𝑒𝑓 − 𝑗 · 0.5 ·

(︁
𝜆̄* − 𝜆̄

)︁
− 𝑉

)︁]︁
(2.55)

+ 𝑗

𝑇𝐹

·
[︂
−𝑗 · 0.5 ·

(︁
𝜆̄* − 𝜆̄

)︁
+ 𝐾𝐹

𝑇𝐸

· 0.5 ·
(︁
𝜆̄+ 𝜆̄*

)︁
− 𝐾𝐹

𝑇𝐸

· (𝐾𝐸 + 𝑈𝑥) · 0.5 · (𝛾 + 𝛾*)
]︂
.
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After algebraic simplification of the terms, it leads to

𝑓4 =
(︂
−𝑗 · 0.5 ·

(︂
𝐾𝐸 ·𝐾𝐹

𝑇𝐸 · 𝑇𝐹

)︂)︂
⏟  ⏞  

𝒟̄1

·𝛾 +
(︂
−𝑗 · 0.5 ·

(︂
𝐾𝐸 ·𝐾𝐹

𝑇𝐸 · 𝑇𝐹

)︂)︂
· 𝛾* (2.56)

+
(︂
−𝑗 · 0.5 ·

(︂
𝐾𝐹

𝑇𝐸 · 𝑇𝐹

)︂)︂
⏟  ⏞  

𝒟̄2

·𝑈𝑥 · 𝛾 +
(︂
−𝑗 · 0.5 ·

(︂
𝐾𝐸 ·𝐾𝐹

𝑇𝐸 · 𝑇𝐹

)︂)︂
· 𝑈𝑥 · 𝛾*

+ 0.5 ·
[︂(︂
− 1
𝑇𝐴

+ 𝑗 · 𝐾𝐹

𝑇𝐸 · 𝑇𝐹

)︂
+
(︂
− 1
𝑇𝐹

+ 𝑗 · 𝐾𝐴

𝑇𝐴

)︂]︂
⏟  ⏞  

𝒟̄3

·𝜆̄

+ 0.5 ·
[︂(︂
− 1
𝑇𝐴

+ 𝑗 · 𝐾𝐹

𝑇𝐸 · 𝑇𝐹

)︂
−
(︂
− 1
𝑇𝐹

+ 𝑗 · 𝐾𝐴

𝑇𝐴

)︂]︂
⏟  ⏞  

𝒟̄4

·𝜆̄* +
(︂
−𝐾𝐴

𝑇𝐴

)︂
⏟  ⏞  

𝒟̄5

·𝑉 + 𝐾𝐴

𝑇𝐴

· 𝑉𝑟𝑒𝑓 .

Thus, the fourth differential equation of the model in complex-conjugate coordi-
nates will be:

𝑓4 = 𝒟̄1 · 𝛾 + 𝒟̄1 · 𝛾* + 𝒟̄2 · 𝑈𝑥 · 𝛾 + 𝒟̄2 · 𝑈𝑥 · 𝛾* + 𝒟̄3 · 𝜆̄+ 𝒟̄4 · 𝜆̄* + 𝒟̄5 · 𝑉 (2.57)

− 𝒟̄5 · 𝑉𝑟𝑒𝑓 ,

where 𝑉𝑟𝑒𝑓 is a known input variable [69] and 𝑉 is the magnitude of the terminal voltage
of the machine. Equation (2.58) expresses the voltage magnitude of each machine.

𝑉 =
√︁
𝑉𝑞𝑑 · 𝑉 *

𝑞𝑑. (2.58)

Finally, equation (2.59) shows the two-axis model’s fifth and final differential equa-
tion in the complex domain.

𝑓5 = 𝑑𝜇̄

𝑑𝑡
= 𝑑𝑇𝑀

𝑑𝑡
+ 𝑗 · 𝑑𝑃𝑆𝑉

𝑑𝑡
. (2.59)

Replacing (2.22) and (2.23) with complex variables, results:

𝑓5 = 1
𝑇𝐶𝐻

· [−0.5 · (𝜇̄+ 𝜇̄*) + 𝑗 · 0.5 · (𝜇̄* − 𝜇̄)] (2.60)

+ 𝑗

𝑇𝑆𝑉

·
[︂
−𝑗 · 0.5 · (𝜇̄* − 𝜇̄) + 𝑃𝐶 −

1
𝑅𝐷 · 𝜔𝑠

· 𝑗 · 0.5 · (𝛼̄* − 𝛼̄)
]︂
.
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Rearranging the equation, it follows that,

𝑓5 =
(︂ 0.5
𝑇𝑆𝑉 ·𝑅𝐷 · 𝜔𝑠

)︂
⏟  ⏞  

ℰ̄1

·𝛼̄ +
(︂ −0.5
𝑇𝑆𝑉 ·𝑅𝐷 · 𝜔𝑠

)︂
· 𝛼̄* + 0.5 ·

[︂
−
(︂ 1
𝑇𝐶𝐻

+ 1
𝑇𝑆𝑉

)︂
− 𝑗 · 1

𝑇𝐶𝐻

]︂
⏟  ⏞  

ℰ̄2

·𝜇̄

+ 0.5 ·
[︂
−
(︂ 1
𝑇𝐶𝐻

− 1
𝑇𝑆𝑉

)︂
+ 𝑗 · 1

𝑇𝐶𝐻

]︂
⏟  ⏞  

ℰ̄3

·𝜇̄* + 𝑗

𝑇𝑆𝑉⏟  ⏞  
ℰ̄4

·𝑃𝐶 . (2.61)

Therefore, equation (2.62) is the last differential equation in the complex domain.

𝑓5 = ℰ̄1 · 𝛼̄− ℰ̄1 · 𝛼̄* + ℰ̄2 · 𝜇̄+ ℰ̄3 · 𝜇̄* + ℰ̄4 · 𝑃𝐶 , (2.62)

where 𝑃𝐶 is a known input variable [69].

The resulting set of complex-domain algebraic-differential equations provides a uni-
fied framework for representing the dynamics of synchronous machines. By reformulating
the real-valued 𝑑-𝑞 model into complex-conjugate coordinates, the non-analytic nature of
power system functions is effectively managed. This provides the necessary mathematical
foundation for the Jacobian derivations presented in Appendix B and the robust estima-
tion strategies detailed in the subsequent chapter. In summary, Tables 3, 4, and 5 show
the comparison between the algebraic-differential models formulated in the domain of real
and complex numbers.
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3 Formulation of Kalman Filters in the Com-
plex Domain

This chapter presents the theoretical foundation and formulation of Kalman filter
algorithms commonly used for state estimation, extending these concepts to the com-
plex domain. Initially, this chapter presents the structures of the Extended Kalman Filter
(EKF) and the Unscented Kalman Filter (UKF) in this new numerical domain. Mandic
and Goh [72] proposed the theory of these structures based on complex signal process-
ing algorithms. Next, this chapter presents the robust versions of the EKF and UKF
algorithms in complex-conjugate coordinates, based on the theory presented in [47] and
[48].

3.1 Complex-Valued Extended Kalman Filter (CV-EKF)
The Extended Kalman filter (EKF) is widely used to study state dynamics in non-

linear systems. Its application in these systems is crucial given the complex and dynamic
nature of the components and processes involved in electrical power systems.

In this context, equations (3.1) and (3.2) illustrate the algebraic-differential model
that represents the dynamics of an electrical system over time [66].

𝑑𝑥̄ (𝑡)
𝑑𝑡

= 𝑓 (𝑥̄(𝑡), 𝑢̄(𝑡), 𝑤̄(𝑡)) , (3.1)

𝑦 (𝑡) = ℎ̄ (𝑥̄ (𝑡) , 𝑣 (𝑡)) , (3.2)

or, in discretized form,

𝑥𝑥𝑥
𝑘

= 𝑓𝑓𝑓
𝑘−1

(︁
𝑥𝑥𝑥

𝑘−1
,𝑢𝑢𝑢

𝑘−1
, 𝑤̄𝑤𝑤

𝑘−1

)︁
, (3.3)

𝑦𝑦𝑦
𝑘

= ℎ̄ℎℎ
𝑘

(︁
𝑥𝑥𝑥

𝑘
, 𝑣𝑣𝑣

𝑘

)︁
, (3.4)

where,

∙ 𝑥𝑥𝑥
𝑘
: 𝑛× 1 vector of state variables

∙ 𝑦𝑦𝑦
𝑘
: 𝑚× 1 vector of output variables (measurements)

∙ 𝑓𝑓𝑓
𝑘

and ℎ̄ℎℎ
𝑘
: 𝑛× 1 and 𝑚× 1 vectors of nonlinear functions
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∙ 𝑢𝑢𝑢
𝑘
: p× 1 vector of known inputs

∙ 𝑣𝑣𝑣
𝑘

and 𝑤̄𝑤𝑤
𝑘
: 𝑚 × 1 and 𝑛 × 1 white Gaussian noises with zero mean and known

covariance matrices, 𝑅̄𝑅𝑅
𝑘

and 𝑄̄𝑄𝑄𝑘, respectively.

The EKF extends the classical Kalman filter to nonlinear systems by linearizing
the equations around the current operating point using a Taylor series. In the domain
of complex numbers, this expansion is made possible by using the Wirtinger Calculus or
CR-Calculus [55], which enables the analysis of functions of complex variables, as detailed
in the Appendix A.

Thus, consider the vector of state variables 𝑥𝑥𝑥𝑘, composed of complex and conjugate
variables,

𝑥𝑥𝑥
𝑘

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥̄1𝑘

...
𝑥̄𝑛𝑘

𝑥̄*
1𝑘...

*̄
𝑛𝑘

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝑥𝑥𝑥𝑘 ∈ C2𝑛×1, (3.5)

where,

𝑥̄𝑖𝑘
= 𝑎𝑖𝑘

+ 𝑗 · 𝑏𝑖𝑘
, 𝑥̄*

𝑖𝑘
= 𝑎𝑖𝑘

− 𝑗 · 𝑏𝑖𝑘
, 𝑖 = 1, 2, 3, . . . 𝑛, (3.6)

with 𝑎𝑖 and 𝑏𝑖 ∈ R. The nonlinear functions in complex conjugate coordinates are:

𝑓𝑓𝑓
𝑘−1

(︁
𝑥𝑥𝑥

𝑘−1
,𝑢𝑢𝑢

𝑘−1
, 𝑤̄𝑤𝑤

𝑘−1

)︁
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑓1
𝑘−1...

𝑓𝑛
𝑘−1

𝑓 *
1

𝑘−1...
𝑓 *

𝑛
𝑘−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ℎ̄ℎℎ

𝑘

(︁
𝑥𝑥𝑥

𝑘
, 𝑣𝑣𝑣

𝑘

)︁
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ℎ̄1
𝑘...

ℎ̄𝑚
𝑘

ℎ̄*
1

𝑘...
ℎ̄*

𝑚
𝑘

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.7)

Applying a first-order Taylor series expansion around the estimate 𝑥𝑥𝑥
𝑘−1

= ^̄𝑥𝑥𝑥
𝑘−1|𝑘−1 ,

where ^̄𝑥𝑥𝑥
𝑘−1|𝑘−1 denotes the a posteriori state estimate at time 𝑘−1, (3.3) can be rewritten
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as (3.8) [73].

𝑥𝑥𝑥
𝑘

= 𝑓𝑓𝑓
𝑘−1

(︁
^̄𝑥𝑥𝑥

𝑘−1|𝑘−1 ,𝑢𝑢𝑢𝑘−1

)︁
+
𝜕𝑓𝑓𝑓

𝑘−1

𝜕𝑥𝑥𝑥

⃒⃒⃒⃒
⃒⃒
^̄𝑥𝑥𝑥

𝑘−1|𝑘−1⏟  ⏞  
𝐹𝐹𝐹

𝑘−1

·
(︁
𝑥𝑥𝑥

𝑘−1
− ^̄𝑥𝑥𝑥

𝑘−1|𝑘−1

)︁
+
𝜕𝑓𝑓𝑓

𝑘−1

𝜕𝑤̄𝑤𝑤

⃒⃒⃒⃒
⃒⃒
^̄𝑥𝑥𝑥

𝑘−1|𝑘−1⏟  ⏞  
𝐿̄𝐿𝐿

𝑘−1

· 𝑤̄𝑤𝑤
𝑘−1

= 𝐹𝐹𝐹
𝑘−1
· 𝑥𝑥𝑥

𝑘−1
+
[︁
𝑓𝑓𝑓

𝑘−1

(︁
^̄𝑥𝑥𝑥

𝑘−1|𝑘−1 ,𝑢𝑢𝑢𝑘−1

)︁
−𝐹𝐹𝐹

𝑘−1
· ^̄𝑥𝑥𝑥

𝑘−1|𝑘−1

]︁
⏟  ⏞  

˜̄𝑟𝑟𝑟
𝑘−1

+ 𝐿̄𝐿𝐿
𝑘−1
· 𝑤̄𝑤𝑤

𝑘−1⏟  ⏞  
˜̄𝑤𝑤𝑤

𝑘−1

= 𝐹𝐹𝐹
𝑘−1
· 𝑥𝑥𝑥

𝑘−1
+ ˜̄𝑟𝑟𝑟

𝑘−1
+ ˜̄𝑤𝑤𝑤

𝑘−1
. (3.8)

Repeating the Taylor series expansion process for the discovery (3.4), around the
point 𝑥𝑥𝑥

𝑘
= ^̄𝑥𝑥𝑥

𝑘|𝑘−1 , results:

𝑦𝑦𝑦
𝑘

= ℎ̄ℎℎ
𝑘

(︁
^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁
+
𝜕ℎ̄ℎℎ

𝑘

𝜕𝑥𝑥𝑥

⃒⃒⃒⃒
⃒⃒
^̄𝑥𝑥𝑥

𝑘|𝑘−1⏟  ⏞  
𝐻̄𝐻𝐻

𝑘

·
(︁
𝑥𝑥𝑥

𝑘
− ^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁
+
𝜕ℎ̄ℎℎ

𝑘

𝜕𝑣𝑣𝑣

⃒⃒⃒⃒
⃒⃒
^̄𝑥𝑥𝑥

𝑘|𝑘−1⏟  ⏞  
𝑉𝑉𝑉

𝑘

· 𝑣𝑣𝑣
𝑘

= 𝐻̄𝐻𝐻
𝑘
· 𝑥𝑥𝑥

𝑘
+
[︁
ℎ̄ℎℎ

𝑘

(︁
^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁
− 𝐻̄𝐻𝐻

𝑘
· ^̄𝑥𝑥𝑥

𝑘|𝑘−1

]︁
⏟  ⏞  

^̄𝑟𝑟𝑟𝑦
𝑘

+𝑉𝑉𝑉
𝑘
· 𝑣𝑣𝑣

𝑘⏟  ⏞  
˜̄𝑣𝑣𝑣

𝑘

= 𝐻̄𝐻𝐻
𝑘
· 𝑥𝑥𝑥

𝑘
+ ˜̄𝑟𝑟𝑟𝑦

𝑘
+ ˜̄𝑣𝑣𝑣

𝑘
. (3.9)

The matrices 𝐹𝐹𝐹
𝑘−1

, 𝐿̄𝐿𝐿
𝑘−1

, 𝐻̄𝐻𝐻
𝑘
, 𝑉𝑉𝑉

𝑘
are Jacobian matrices of the linearization pro-

cess. In the domain of complex numbers, Jacobian matrices have a mirroring property
between the submatrices corresponding to the partitions of the diagonals of the Jacobian
matrix [55]. This property simplifies the modeling of the problem in complex-conjugate
coordinates. In practice, the upper partitions of the Jacobian matrix are calculated, and
the others are the complex conjugate of these partitions. Equations (3.10) and (3.11)
demonstrate this property.

𝐹𝐹𝐹
𝑘−1

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕𝑓𝑓𝑓
(︁
𝑥𝑥𝑥

𝑘−1

)︁
𝜕𝑥𝑥𝑥

𝑘−1

𝜕𝑓𝑓𝑓
(︁
𝑥𝑥𝑥

𝑘−1

)︁
𝜕𝑥𝑥𝑥

*

𝑘−1

𝜕𝑓𝑓𝑓
* (︁
𝑥𝑥𝑥

𝑘−1

)︁
𝜕𝑥𝑥𝑥

𝑘−1

𝜕𝑓𝑓𝑓
* (︁
𝑥𝑥𝑥

𝑘−1

)︁
𝜕𝑥𝑥𝑥

*

𝑘−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎣
𝐹𝐹𝐹 1

𝑘−1
𝐹𝐹𝐹 2

𝑘−1

𝐹𝐹𝐹
*

2
𝑘−1

𝐹𝐹𝐹
*

1
𝑘−1

⎤⎥⎥⎥⎥⎦ , (3.10)
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𝐻̄𝐻𝐻
𝑘

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕ℎ̄ℎℎ
(︁
𝑥𝑥𝑥

𝑘

)︁
𝜕𝑥𝑥𝑥

𝑘

𝜕ℎ̄ℎℎ
(︁
𝑥𝑥𝑥

𝑘

)︁
𝜕𝑥𝑥𝑥

*

𝑘

𝜕ℎ̄ℎℎ
* (︁
𝑥𝑥𝑥

𝑘

)︁
𝜕𝑥𝑥𝑥

𝑘

𝜕ℎ̄ℎℎ
* (︁
𝑥𝑥𝑥

𝑘

)︁
𝜕𝑥𝑥𝑥

*

𝑘

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎣
𝐻̄𝐻𝐻1

𝑘
𝐻̄𝐻𝐻2

𝑘

𝐻̄𝐻𝐻
*

2
𝑘

𝐻̄𝐻𝐻
*

1
𝑘

⎤⎥⎥⎥⎥⎦ . (3.11)

After linearizations shown in the equations (3.8) and (3.9), traditional Kalman
filter equations are applied to estimate the states. Finally, the Extended Kalman Filter
in the complex domain is summarized by the following equations [72].

∙ Initialize the filter:

^̄𝑥𝑥𝑥
0|0

= E{𝑥𝑥𝑥
0
}, (3.12)

𝑃𝑃𝑃
0|0

= E
{︂(︁
𝑥𝑥𝑥

0
− E

{︁
𝑥𝑥𝑥

0

}︁)︁
·
(︁
𝑥𝑥𝑥

0
− E

{︁
𝑥𝑥𝑥

0

}︁)︁𝐻
}︂
, (3.13)

where 𝑃𝑃𝑃
0|0

is the covariance matrix a priori of estimation error.

∙ Prediction: State update and calculation of the estimation error matrix
(︁
𝑃𝑃𝑃

𝑘|𝑘−1

)︁

𝐹𝐹𝐹
𝑘−1

=
𝜕𝑓𝑓𝑓

𝑘−1

𝜕𝑥𝑥𝑥

⃒⃒⃒⃒
⃒⃒
^̄𝑥𝑥𝑥

𝑘−1|𝑘−1

, (3.14)

𝐿̄𝐿𝐿
𝑘−1

=
𝜕𝑓𝑓𝑓

𝑘−1

𝜕𝑤̄𝑤𝑤

⃒⃒⃒⃒
⃒⃒
^̄𝑥𝑥𝑥

𝑘−1|𝑘−1

, (3.15)

^̄𝑥𝑥𝑥
𝑘|𝑘−1 = 𝑓𝑓𝑓

(︁
^̄𝑥𝑥𝑥

𝑘−1|𝑘−1

)︁
, (3.16)

𝑃𝑃𝑃
𝑘|𝑘−1 = 𝐹𝐹𝐹

𝑘−1
·𝑃𝑃𝑃

𝑘−1|𝑘−1 ·𝐹𝐹𝐹
𝐻

𝑘−1
+ 𝐿̄𝐿𝐿

𝑘−1
· 𝑄̄𝑄𝑄

𝑘−1
· 𝐿̄𝐿𝐿𝐻

𝑘−1
, (3.17)

∙ Filtering: Update of estimated measurements
(︁
ℎ̄ℎℎ
(︁
^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁)︁
, the estimated state vari-

ables
(︁
^̄𝑥𝑥𝑥

𝑘|𝑘

)︁
and the estimation covariance error matrix

(︁
𝑃𝑃𝑃

𝑘|𝑘

)︁

𝐻̄𝐻𝐻
𝑘

=
𝜕ℎ̄ℎℎ

𝑘

𝜕𝑥𝑥𝑥

⃒⃒⃒⃒
⃒⃒
^̄𝑥𝑥𝑥

𝑘|𝑘−1

, (3.18)

𝑉𝑉𝑉
𝑘

=
𝜕ℎ̄ℎℎ

𝑘

𝜕𝑣𝑣𝑣

⃒⃒⃒⃒
⃒⃒
^̄𝑥𝑥𝑥

𝑘|𝑘−1

, (3.19)
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𝐺̄𝐺𝐺
𝑘

= 𝑃𝑃𝑃
𝑘|𝑘−1 · 𝐻̄𝐻𝐻

𝐻

𝑘
·
(︂
𝐻̄𝐻𝐻

𝑘
·𝑃𝑃𝑃

𝑘|𝑘−1 · 𝐻̄𝐻𝐻
𝐻

𝑘
+ 𝑉𝑉𝑉

𝑘
· 𝑅̄𝑅𝑅

𝑘
· 𝑉𝑉𝑉 𝐻

𝑘

)︂−1
, (3.20)

^̄𝑥𝑥𝑥
𝑘|𝑘 = ^̄𝑥𝑥𝑥

𝑘|𝑘−1 + 𝐺̄𝐺𝐺
𝑘
·
(︁
𝑦𝑦𝑦

𝑘
− ℎ̄ℎℎ

(︁
^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁)︁
, (3.21)

𝑃𝑃𝑃
𝑘|𝑘 =

(︁
𝐼𝐼𝐼 − 𝐺̄𝐺𝐺

𝑘
· 𝐻̄𝐻𝐻

𝑘

)︁
·𝑃𝑃𝑃

𝑘|𝑘−1 , (3.22)

where 𝐺̄𝐺𝐺 is known as the gain of Kalman.

Although EKF performs well for processes with Gaussian noise, linearization pro-
motes errors in the estimation process. In addition, this method requires superior compu-
tational performance because it uses iterative Jacobian matrices. In some cases, calculating
the Jacobian matrices may not be possible, making this method unfeasible [30].

The framework proposed by Mandic and Goh [72] utilizes augmented complex
statistics to generalize filtering algorithms for improper complex signals. Within this con-
text, the augmented covariance matrices for the state (𝑃𝑃𝑃 ), process noise (𝑄̄𝑄𝑄), and mea-
surement noise (𝑅̄𝑅𝑅) are composed of both conventional covariance and pseudo-covariance
partitions. The latter are essential to characterize the statistical coupling between the
complex variables and their conjugates.

In this work, based on empirical characterizations of PMU data [74], the process
(𝑄̄𝑄𝑄) and measurement (𝑅̄𝑅𝑅) noise processes are modeled as proper (circular) complex ran-
dom variables. Consequently, the pseudo-covariance partitions of these noise covariance
matrices are assumed to vanish, which simplifies the modeling of the uncertainty sources
affecting the system.

However, for the Extended Kalman Filter (EKF) implementation, the augmented
state-space formulation remains a structural requirement. Given that power system dy-
namic and algebraic equations are inherently non-analytic, the linearization process ne-
cessitates the application of Wirtinger calculus. This mathematical framework treats the
state and its conjugate as independent variables to define the complex Jacobian matri-
ces. Even under the assumption of circular noise, the non-analytic nature of the system
functions induces a deterministic coupling between the errors of the state and its conju-
gate during the prediction step. Therefore, to ensure mathematical consistency with the
analytical derivatives and numerical stability, the EKF maintains an augmented state-
covariance structure (𝑃𝑃𝑃 ) that preserves its pseudo-covariance partition throughout the
estimation process.

3.1.1 Decoupled Complex-Valued Extended Kalman Filter (CV-D-EKF)

This section presents an alternative formulation of the Extended Kalman Filter
in the complex domain, aiming to reduce the dimension of the matrices involved in the
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algorithm while preserving estimator consistency.

In many practical implementations, the Jacobian matrices 𝐿̄𝐿𝐿
𝑘−1

and 𝑉𝑉𝑉
𝑘−1

are as-
sumed to be identity matrices, which corresponds to modeling the process and measure-
ment noises as additive terms. This assumption is commonly employed to reduce compu-
tational complexity and does not compromise the estimation performance when additive
noise models are appropriate. Under this hypothesis, the prediction covariance matrix in
(3.17) can be rewritten as:

𝑃𝑃𝑃
−
𝑘|𝑘−1

= 𝐹𝐹𝐹
𝑘−1
𝑃𝑃𝑃

𝑘−1|𝑘−1𝐹𝐹𝐹
𝐻

𝑘−1
+ 𝑄̄𝑄𝑄

𝑘−1
. (3.23)

In widely linear filtering, covariance and Jacobian matrices naturally appear in
augmented form, since an accurate second-order statistical description of complex signals
requires jointly accounting for both the variables and their conjugates [72]. In the CV-
EKF, this augmented form arises from applying Wirtinger calculus during linearization,
yielding mirrored block structures in which the lower partitions are conjugate counter-
parts of the upper ones. Exploiting this property, the prediction stage requires explicit
computation only of the upper Jacobian blocks, 𝐹𝐹𝐹 1 and 𝐹𝐹𝐹 2, while the remaining parti-
tions are implicitly determined. Here, the subscripts “1” and “2” are used solely to identify
the upper-left and upper-right matrix partitions, respectively. Consequently, block opera-
tions involve submatrices whose dimensions are one-quarter of those of the full augmented
matrices, providing substantial computational savings, particularly in large-scale systems.

Partitioning the previous matrices leads to

𝑃𝑃𝑃
𝑘−1|𝑘−1 =

⎡⎢⎢⎢⎣𝑃𝑃𝑃 1
𝑘−1|𝑘−1

𝑃𝑃𝑃 2
𝑘−1|𝑘−1

𝑃𝑃𝑃
*

2
𝑘−1|𝑘−1

𝑃𝑃𝑃
*

1
𝑘−1|𝑘−1

⎤⎥⎥⎥⎦ , 𝑄̄𝑄𝑄
𝑘−1

=

⎡⎢⎢⎢⎣𝑄̄
𝑄𝑄1

𝑘−1
𝑄̄𝑄𝑄2

𝑘−1

𝑄̄𝑄𝑄
*

2
𝑘−1

𝑄̄𝑄𝑄
*

1
𝑘−1

⎤⎥⎥⎥⎦ , (3.24)

𝐹𝐹𝐹
𝑘−1

=

⎡⎢⎢⎢⎣𝐹𝐹𝐹 1
𝑘−1

𝐹𝐹𝐹 2
𝑘−1

𝐹𝐹𝐹
*

2
𝑘−1

𝐹𝐹𝐹
*

1
𝑘−1

⎤⎥⎥⎥⎦ , 𝐹𝐹𝐹
𝐻

𝑘−1
=

⎡⎢⎢⎢⎣𝐹
𝐹𝐹

𝐻

1
𝑘−1

𝐹𝐹𝐹
𝑇

2
𝑘−1

𝐹𝐹𝐹
𝐻

2
𝑘−1

𝐹𝐹𝐹
𝑇

1
𝑘−1

⎤⎥⎥⎥⎦ . (3.25)

where

𝑃𝑃𝑃
𝑘−1|𝑘−1 , 𝑄̄𝑄𝑄𝑘−1

, 𝐹𝐹𝐹
𝑘−1
, 𝐹𝐹𝐹

𝐻

𝑘−1
∈ C2𝑛×2𝑛,

and each submatrix

𝑃𝑃𝑃 1, 𝑃𝑃𝑃 2, 𝑄̄𝑄𝑄1, 𝑄̄𝑄𝑄2, 𝐹𝐹𝐹 1, 𝐹𝐹𝐹 2 ∈ C𝑛×𝑛.
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After matrix multiplication, (3.23) will be of the form,

𝑃𝑃𝑃
𝑘|𝑘−1 =

⎡⎢⎢⎢⎣𝑃𝑃𝑃 1
𝑘|𝑘−1

𝑃𝑃𝑃 2
𝑘|𝑘−1

𝑃𝑃𝑃
*

2
𝑘|𝑘−1

𝑃𝑃𝑃
*

1
𝑘|𝑘−1

⎤⎥⎥⎥⎦ , (3.26)

where,

𝑃𝑃𝑃 1
𝑘|𝑘−1

=
(︂
𝐹𝐹𝐹 1

𝑘−1
·𝑃𝑃𝑃 1

𝑘−1|𝑘−1
+𝐹𝐹𝐹 2

𝑘−1
·𝑃𝑃𝑃

*

2
𝑘−1|𝑘−1

)︂
·𝐹𝐹𝐹

𝐻

1
𝑘−1

(3.27)

+
(︂
𝐹𝐹𝐹 1

𝑘−1
·𝑃𝑃𝑃 2

𝑘−1|𝑘−1
+𝐹𝐹𝐹 2

𝑘−1
·𝑃𝑃𝑃

*

1
𝑘−1|𝑘−1

)︂
·𝐹𝐹𝐹

𝐻

2
𝑘−1

+ 𝑄̄𝑄𝑄1
𝑘−1

,

𝑃𝑃𝑃 2
𝑘|𝑘−1

=
(︂
𝐹𝐹𝐹 1

𝑘−1
·𝑃𝑃𝑃 1

𝑘−1|𝑘−1
+𝐹𝐹𝐹 2

𝑘−1
·𝑃𝑃𝑃

*

2
𝑘−1|𝑘−1

)︂
·𝐹𝐹𝐹

𝑇

2
𝑘−1

(3.28)

+
(︂
𝐹𝐹𝐹 1

𝑘−1
·𝑃𝑃𝑃 2

𝑘−1|𝑘−1
+𝐹𝐹𝐹 2

𝑘−1
·𝑃𝑃𝑃

*

1
𝑘−1|𝑘−1

)︂
·𝐹𝐹𝐹

𝑇

1
𝑘−1

+ 𝑄̄𝑄𝑄2
𝑘−1

.

Similarly, in the correction stage of the estimator, consider the expression for the
Kalman gain (3.20) rewritten as:

𝐺̄𝐺𝐺
𝑘

= 𝑈𝑈𝑈
𝑘
· 𝑇𝑇𝑇−1

𝑘
, (3.29)

where,

𝑈𝑈𝑈
𝑘

= 𝑃𝑃𝑃
𝑘|𝑘−1 · 𝐻̄𝐻𝐻

𝐻

𝑘
, (3.30)

𝑇𝑇𝑇
𝑘

= 𝐻̄𝐻𝐻
𝑘
·𝑈𝑈𝑈

𝑘
+ 𝑅̄𝑅𝑅

𝑘
, (3.31)

𝑈𝑈𝑈
𝑘

=

⎡⎢⎢⎢⎣𝑈𝑈𝑈 1
𝑘

𝑈𝑈𝑈 2
𝑘

𝑈𝑈𝑈
*

2
𝑘

𝑈𝑈𝑈
*

1
𝑘

⎤⎥⎥⎥⎦ , 𝑇𝑇𝑇
𝑘

=

⎡⎢⎢⎢⎣𝑇𝑇𝑇 1
𝑘

𝑇𝑇𝑇 2
𝑘

𝑇𝑇𝑇
*

2
𝑘

𝑇𝑇𝑇
*

1
𝑘

⎤⎥⎥⎥⎦ , (3.32)

𝐻̄𝐻𝐻
𝑘−1

=

⎡⎢⎢⎢⎣𝐻̄𝐻𝐻1
𝑘

𝐻̄𝐻𝐻2
𝑘

𝐻̄𝐻𝐻
*

2
𝑘

𝐻̄𝐻𝐻
*

1
𝑘

⎤⎥⎥⎥⎦ , 𝐻̄𝐻𝐻
𝐻

𝑘−1
=

⎡⎢⎢⎢⎣𝐻̄𝐻𝐻
𝐻

1
𝑘

𝐻̄𝐻𝐻
𝑇

2
𝑘

𝐻̄𝐻𝐻
𝐻

2
𝑘

𝐻̄𝐻𝐻
𝑇

1
𝑘

⎤⎥⎥⎥⎦ , (3.33)
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𝑅̄𝑅𝑅
𝑘

=

⎡⎢⎢⎢⎣𝑅̄𝑅𝑅1
𝑘

𝑅̄𝑅𝑅2
𝑘

𝑅̄𝑅𝑅
*

2
𝑘

𝑅̄𝑅𝑅
*

1
𝑘

⎤⎥⎥⎥⎦ . (3.34)

where the submatrices of𝑈𝑈𝑈
𝑘

are of dimension (𝑛×𝑚), the partitions of 𝐻̄𝐻𝐻
𝑘

are of dimension
(𝑚× 𝑛), and the submatrices of 𝑇𝑇𝑇

𝑘
and 𝑅̄𝑅𝑅

𝑘
are of dimension (𝑚×𝑚).

Putting (3.30) and (3.31) in block form, yields the submatrices

𝑈𝑈𝑈 1
𝑘

= 𝑃𝑃𝑃 1
𝑘|𝑘−1

· 𝐻̄𝐻𝐻
𝐻

1
𝑘

+𝑃𝑃𝑃 2
𝑘|𝑘−1

· 𝐻̄𝐻𝐻
𝐻

2
𝑘

, (3.35)

𝑈𝑈𝑈 2
𝑘

= 𝑃𝑃𝑃 1
𝑘|𝑘−1

· 𝐻̄𝐻𝐻
𝑇

2
𝑘

+𝑃𝑃𝑃 2
𝑘|𝑘−1

· 𝐻̄𝐻𝐻
𝑇

1
𝑘

, (3.36)

𝑇𝑇𝑇 1
𝑘

= 𝐻̄𝐻𝐻1
𝑘
·𝑈𝑈𝑈 1

𝑘
+ 𝐻̄𝐻𝐻2

𝑘
·𝑈𝑈𝑈

*

2
𝑘

+ 𝑅̄𝑅𝑅1
𝑘
, (3.37)

𝑇𝑇𝑇 2
𝑘

= 𝐻̄𝐻𝐻1
𝑘
·𝑈𝑈𝑈 2

𝑘
+ 𝐻̄𝐻𝐻2

𝑘
·𝑈𝑈𝑈

*

1
𝑘

+ 𝑅̄𝑅𝑅2
𝑘
. (3.38)

Due to the linearization process of the EKF, the state vector of the dynamic
estimator in the complex domain has redundant equations, since the problem is solved for
both the complex part and its conjugate. It aims to meet the Cauchy-Riemann criterion for
the analyticity of functions of complex variables. Thus, the updated state vector in (3.21)
will be an augmented vector, with complex and conjugate parts, and can be rewritten as
(3.39), considering Δ^̄𝑥𝑥𝑥

𝑘|𝑘 = ^̄𝑥𝑥𝑥
𝑘|𝑘 − ^̄𝑥𝑥𝑥

𝑘|𝑘−1 and Δ𝑦𝑦𝑦
𝑘

= 𝑦𝑦𝑦
𝑘
− ℎ̄ℎℎ

(︁
^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁
.

⎡⎢⎢⎢⎣ Δ^̄𝑥𝑥𝑥
𝑘|𝑘(︁

Δ^̄𝑥𝑥𝑥
𝑘|𝑘

)︁*

⎤⎥⎥⎥⎦ = 𝑈𝑈𝑈
𝑘
· 𝑇𝑇𝑇−1

𝑘
·

⎡⎢⎢⎢⎣ Δ^̄𝑦𝑦𝑦
𝑘(︁

Δ^̄𝑦𝑦𝑦
𝑘

)︁*

⎤⎥⎥⎥⎦ . (3.39)

Instead of explicitly computing 𝑇𝑇𝑇−1

𝑘
, the correction step is performed by first solv-

ing the linear system

⎡⎢⎢⎢⎣𝑇𝑇𝑇 1
𝑘

𝑇𝑇𝑇 2
𝑘

𝑇𝑇𝑇
*

2
𝑘

𝑇𝑇𝑇
*

1
𝑘

⎤⎥⎥⎥⎦ ·
⎡⎢⎢⎢⎣
˜̄𝑏𝑏𝑏1

𝑘

˜̄𝑏𝑏𝑏2
𝑘

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣ Δ^̄𝑦𝑦𝑦
𝑘(︁

Δ^̄𝑦𝑦𝑦
𝑘

)︁*

⎤⎥⎥⎥⎦ . (3.40)
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Expanding (3.40) yields the block equations

𝑇𝑇𝑇 1
𝑘
· ˜̄𝑏𝑏𝑏1

𝑘
+ 𝑇𝑇𝑇 2

𝑘
· ˜̄𝑏𝑏𝑏2

𝑘
= Δ^̄𝑦𝑦𝑦

𝑘
, (3.41)

𝑇𝑇𝑇
*

2
𝑘

· ˜̄𝑏𝑏𝑏1
𝑘

+ 𝑇𝑇𝑇
*

1
𝑘

· ˜̄𝑏𝑏𝑏2
𝑘

=
(︁
Δ^̄𝑦𝑦𝑦

𝑘

)︁*
. (3.42)

Solving (3.42) for ˜̄𝑏𝑏𝑏2
𝑘

gives

˜̄𝑏𝑏𝑏2
𝑘

=
(︂
𝑇𝑇𝑇

*

1
𝑘

)︂−1
·
(︂(︁

Δ^̄𝑦𝑦𝑦
𝑘

)︁*
− 𝑇𝑇𝑇

*

2
𝑘

· ˜̄𝑏𝑏𝑏1
𝑘

)︂
. (3.43)

Substituting (3.43) into (3.41) leads to

(︂
𝑇𝑇𝑇 1

𝑘
− 𝑇𝑇𝑇 2

𝑘
·
(︂
𝑇𝑇𝑇

*

1
𝑘

)︂−1
· 𝑇𝑇𝑇

*

2
𝑘

)︂
· ˜̄𝑏𝑏𝑏1

𝑘
= Δ^̄𝑦𝑦𝑦

𝑘
− 𝑇𝑇𝑇 2

𝑘
·
(︂
𝑇𝑇𝑇

*

1
𝑘

)︂−1
·
(︁
Δ^̄𝑦𝑦𝑦

𝑘

)︁*
. (3.44)

Defining the Schur complement of 𝑇𝑇𝑇
*

1
𝑘

as

SC
(︂
𝑇𝑇𝑇

*

1
𝑘

)︂
= 𝑇𝑇𝑇 1

𝑘
− 𝑇𝑇𝑇 2

𝑘
·
(︂
𝑇𝑇𝑇

*

1
𝑘

)︂−1
· 𝑇𝑇𝑇

*

2
𝑘

, (3.45)

the first solution vector is obtained as

˜̄𝑏𝑏𝑏1
𝑘

=
(︂
SC

(︂
𝑇𝑇𝑇

*

1
𝑘

)︂)︂−1
·
(︃

Δ^̄𝑦𝑦𝑦
𝑘
− 𝑇𝑇𝑇 2

𝑘
·
(︂
𝑇𝑇𝑇

*

1
𝑘

)︂−1
·
(︁
Δ^̄𝑦𝑦𝑦

𝑘

)︁*
)︃
. (3.46)

Finally, ˜̄𝑏𝑏𝑏2
𝑘

follows by back-substitution into (3.43). The solution vectors ˜̄𝑏𝑏𝑏1
𝑘

and
˜̄𝑏𝑏𝑏2

𝑘
are then employed to obtain the state increment without explicitly forming the Kalman

gain matrix, resulting in

Δ^̄𝑥𝑥𝑥
𝑘|𝑘 = 𝑈𝑈𝑈 1

𝑘
· ˜̄𝑏𝑏𝑏1

𝑘
+𝑈𝑈𝑈 2

𝑘
· ˜̄𝑏𝑏𝑏2

𝑘
. (3.47)

Therefore, the updated state estimate becomes

^̄𝑥𝑥𝑥
𝑘|𝑘 = ^̄𝑥𝑥𝑥

𝑘|𝑘−1 + Δ^̄𝑥𝑥𝑥
𝑘|𝑘 . (3.48)

Similarly, the covariance update can be written without explicitly forming the
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Kalman gain matrix. From the standard EKF correction in augmented form (3.22),

𝑃𝑃𝑃
𝑘|𝑘 = 𝑃𝑃𝑃

𝑘|𝑘−1 − 𝐺̄𝐺𝐺𝑘
·𝑈𝑈𝑈𝐻

𝑘
, (3.49)

and using 𝐺̄𝐺𝐺
𝑘

= 𝑈𝑈𝑈
𝑘
· 𝑇𝑇𝑇−1

𝑘
, one obtains

𝑃𝑃𝑃
𝑘|𝑘 = 𝑃𝑃𝑃

𝑘|𝑘−1 −𝑈𝑈𝑈 𝑘
· 𝑇𝑇𝑇−1

𝑘
·𝑈𝑈𝑈𝐻

𝑘
. (3.50)

Instead of explicitly computing 𝑇𝑇𝑇−1

𝑘
, the product 𝑇𝑇𝑇−1

𝑘
·𝑈𝑈𝑈𝐻

𝑘
is obtained by solving

linear system in (3.51). Using the mirrored structure in (3.32), define the auxiliary matrix
𝐵̄̄𝐵𝐵

𝑘
as the solution of

𝑇𝑇𝑇
𝑘
· 𝐵̄̄𝐵𝐵

𝑘
= 𝑈𝑈𝑈

𝐻

𝑘
. (3.51)

It is worth noting that 𝐵̄̄𝐵𝐵
𝑘

is equivalent to the Hermitian of the Kalman gain
matrix, since 𝑇𝑇𝑇

𝑘
= 𝑇𝑇𝑇

𝐻

𝑘
and 𝐵̄̄𝐵𝐵

𝑘
= 𝑇𝑇𝑇

−1

𝑘
· 𝑈𝑈𝑈𝐻

𝑘
= 𝐺̄𝐺𝐺

𝐻

𝑘
. In partitioned form, (3.51) can be

written as

⎡⎢⎢⎢⎣𝑇𝑇𝑇 1
𝑘

𝑇𝑇𝑇 2
𝑘

𝑇𝑇𝑇
*

2
𝑘

𝑇𝑇𝑇
*

1
𝑘

⎤⎥⎥⎥⎦ ·
⎡⎢⎢⎢⎣𝐵̄̄𝐵𝐵1

𝑘
𝐵̄̄𝐵𝐵2

𝑘

𝐵̄̄𝐵𝐵
*

2
𝑘

𝐵̄̄𝐵𝐵
*

1
𝑘

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣𝑈𝑈𝑈
𝐻

1
𝑘

𝑈𝑈𝑈
𝑇

2
𝑘

𝑈𝑈𝑈
𝐻

2
𝑘

𝑈𝑈𝑈
𝑇

1
𝑘

⎤⎥⎥⎥⎦ . (3.52)

Since 𝐵̄̄𝐵𝐵
𝑘

preserves the augmented mirrored structure, only the upper partitions
𝐵̄̄𝐵𝐵1

𝑘
and 𝐵̄̄𝐵𝐵2

𝑘
are required to update the covariance in (3.50). To compute these quantities

without explicitly forming 𝑇𝑇𝑇−1

𝑘
, the block system in (3.52) is solved for the first column

partition as

𝑇𝑇𝑇
𝑘
·

⎡⎢⎢⎢⎣𝐵̄̄𝐵𝐵1
𝑘

𝐵̄̄𝐵𝐵
*

2
𝑘

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣𝑈𝑈𝑈
𝐻

1
𝑘

𝑈𝑈𝑈
𝐻

2
𝑘

⎤⎥⎥⎥⎦ . (3.53)

Following the same procedure adopted to compute ˜̄𝑏𝑏𝑏1
𝑘

and ˜̄𝑏𝑏𝑏2
𝑘
, the solution in
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(3.53) is obtained via the Schur complement of 𝑇𝑇𝑇
*

1
𝑘

. Define

𝐵̄̄𝐵𝐵1
𝑘

=
(︂
SC

(︂
𝑇𝑇𝑇

*

1
𝑘

)︂)︂−1
·
(︃
𝑈𝑈𝑈

𝐻

1
𝑘

− 𝑇𝑇𝑇 2
𝑘
·
(︂
𝑇𝑇𝑇

*

1
𝑘

)︂−1
·𝑈𝑈𝑈

𝐻

2
𝑘

)︃
, (3.54)

𝐵̄̄𝐵𝐵
*

2
𝑘

=
(︂
𝑇𝑇𝑇

*

1
𝑘

)︂−1
·
(︂
𝑈𝑈𝑈

𝐻

2
𝑘

− 𝑇𝑇𝑇
*

2
𝑘

· 𝐵̄̄𝐵𝐵1
𝑘

)︂
. (3.55)

After obtaining 𝐵̄̄𝐵𝐵1
𝑘

and 𝐵̄̄𝐵𝐵2
𝑘
, the covariance correction in (3.50) can be performed

using only the upper partitions,

𝑃𝑃𝑃 1
𝑘|𝑘

= 𝑃𝑃𝑃 1
𝑘|𝑘−1

−𝑈𝑈𝑈 1
𝑘
· 𝐵̄̄𝐵𝐵1

𝑘
−𝑈𝑈𝑈 2

𝑘
· 𝐵̄̄𝐵𝐵*

2
𝑘

, (3.56)

𝑃𝑃𝑃 2
𝑘|𝑘

= 𝑃𝑃𝑃 2
𝑘|𝑘−1

−𝑈𝑈𝑈 1
𝑘
· 𝐵̄̄𝐵𝐵2

𝑘
−𝑈𝑈𝑈 2

𝑘
· 𝐵̄̄𝐵𝐵*

1
𝑘

. (3.57)

This strategy ensures strict algebraic equivalence with the full augmented EKF
update while bypassing the explicit construction of the high-dimensional gain matrix
𝐺̄𝐺𝐺

𝑘
. By operating exclusively on the upper partitions, the method reduces computational

overhead and enhances numerical stability, which are critical requirements for large-scale
power system applications. It is fundamental to underscore that this decoupling intro-
duces no numerical approximations; instead, it leverages the structural mirror properties
inherent to widely linear formulations. Consequently, the estimator preserves the statis-
tical consistency and convergence dynamics of the standard augmented EKF, effectively
transforming structural redundancy into significant performance gains.

Algorithm 1 details the implementation of the proposed D-EKF. The structure
maintains the classic Kalman filter prediction–correction cycle but optimizes it by manip-
ulating only the independent blocks of the covariance matrix. By exploiting the symmetry
properties of the augmented formalism, the algorithm avoids redundant operations in-
volving conjugate components. This results in a computationally agile execution without
sacrificing state estimation accuracy.
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Algorithm 1 Decoupled Complex-Valued EKF (CV-D-EKF)
Require: ^̄𝑥𝑥𝑥

𝑘−1|𝑘−1 , 𝑃𝑃𝑃
𝑘−1|𝑘−1 , 𝑄̄𝑄𝑄

𝑘−1
, 𝑅̄𝑅𝑅

𝑘
, 𝑦𝑦𝑦

𝑘
, ℎ̄ℎℎ(·), 𝑓𝑓𝑓(·)

Ensure: ^̄𝑥𝑥𝑥
𝑘|𝑘 , 𝑃𝑃𝑃

𝑘|𝑘

1: ^̄𝑥𝑥𝑥
𝑘|𝑘−1 ← 𝑓𝑓𝑓(^̄𝑥𝑥𝑥

𝑘−1|𝑘−1)
2: Compute the partitions of 𝐹𝐹𝐹

𝑘−1
→ 𝐹𝐹𝐹 1

𝑘−1
, 𝐹𝐹𝐹 2

𝑘−1

3: Compute 𝑃𝑃𝑃 1
𝑘|𝑘−1

and 𝑃𝑃𝑃 2
𝑘|𝑘−1

using (3.27) and (3.28)
4: ^̄𝑦𝑦𝑦

𝑘
← ℎ̄ℎℎ(^̄𝑥𝑥𝑥

𝑘|𝑘−1)
5: Δ𝑦𝑦𝑦

𝑘
← 𝑦𝑦𝑦

𝑘
− ^̄𝑦𝑦𝑦

𝑘

6: Compute the partitions of 𝐻̄𝐻𝐻
𝑘
→ 𝐻̄𝐻𝐻1

𝑘
, 𝐻̄𝐻𝐻2

𝑘

7: Compute the partitions of 𝑅̄𝑅𝑅
𝑘
→ 𝑅̄𝑅𝑅1

𝑘
, 𝑅̄𝑅𝑅2

𝑘

8: Compute 𝑈𝑈𝑈
𝑘

= 𝑃𝑃𝑃
𝑘|𝑘−1 · 𝐻̄𝐻𝐻

𝐻

𝑘
(upper blocks)

9: 𝑈𝑈𝑈 1
𝑘
← 𝑃𝑃𝑃 1

𝑘|𝑘−1
· 𝐻̄𝐻𝐻

𝐻

1
𝑘

+𝑃𝑃𝑃 2
𝑘|𝑘−1

· 𝐻̄𝐻𝐻
𝐻

2
𝑘

10: 𝑈𝑈𝑈 2
𝑘
← 𝑃𝑃𝑃 1

𝑘|𝑘−1
· 𝐻̄𝐻𝐻

𝑇

2
𝑘

+𝑃𝑃𝑃 2
𝑘|𝑘−1

· 𝐻̄𝐻𝐻
𝑇

1
𝑘

11: Compute 𝑇𝑇𝑇
𝑘

= 𝐻̄𝐻𝐻
𝑘
·𝑈𝑈𝑈

𝑘
+ 𝑅̄𝑅𝑅

𝑘
(upper blocks)

12: 𝑇𝑇𝑇 1
𝑘
← 𝐻̄𝐻𝐻1

𝑘
·𝑈𝑈𝑈 1

𝑘
+ 𝐻̄𝐻𝐻2

𝑘
·𝑈𝑈𝑈

*

2
𝑘

+ 𝑅̄𝑅𝑅1
𝑘

13: 𝑇𝑇𝑇 2
𝑘
← 𝐻̄𝐻𝐻1

𝑘
·𝑈𝑈𝑈 2

𝑘
+ 𝐻̄𝐻𝐻2

𝑘
·𝑈𝑈𝑈

*

1
𝑘

+ 𝑅̄𝑅𝑅2
𝑘

14: Solve 𝑇𝑇𝑇
𝑘
·

⎡⎢⎣˜̄𝑏𝑏𝑏1
𝑘

˜̄𝑏𝑏𝑏2
𝑘

⎤⎥⎦ =

⎡⎢⎣ Δ𝑦𝑦𝑦
𝑘(︁

Δ𝑦𝑦𝑦
𝑘

)︁*

⎤⎥⎦ using (3.46) and (3.43) to obtain ˜̄𝑏𝑏𝑏1
𝑘
, ˜̄𝑏𝑏𝑏2

𝑘

15: Δ^̄𝑥𝑥𝑥
𝑘|𝑘 ← 𝑈𝑈𝑈 1

𝑘
· ˜̄𝑏𝑏𝑏1

𝑘
+𝑈𝑈𝑈 2

𝑘
· ˜̄𝑏𝑏𝑏2

𝑘

16: ^̄𝑥𝑥𝑥
𝑘|𝑘 ← ^̄𝑥𝑥𝑥

𝑘|𝑘−1 + Δ^̄𝑥𝑥𝑥
𝑘|𝑘

17: Solve 𝑇𝑇𝑇
𝑘
· 𝐵̄̄𝐵𝐵

𝑘
= 𝑈𝑈𝑈

𝐻

𝑘
using (3.54) and (3.55) to obtain 𝐵̄̄𝐵𝐵1

𝑘
, 𝐵̄̄𝐵𝐵

*

2
𝑘

18: 𝑃𝑃𝑃 1
𝑘|𝑘
← 𝑃𝑃𝑃 1

𝑘|𝑘−1
−𝑈𝑈𝑈 1

𝑘
· 𝐵̄̄𝐵𝐵1

𝑘
−𝑈𝑈𝑈 2

𝑘
· 𝐵̄̄𝐵𝐵*

2
𝑘

19: 𝑃𝑃𝑃 2
𝑘|𝑘
← 𝑃𝑃𝑃 2

𝑘|𝑘−1
−𝑈𝑈𝑈 1

𝑘
· 𝐵̄̄𝐵𝐵2

𝑘
−𝑈𝑈𝑈 2

𝑘
· 𝐵̄̄𝐵𝐵*

1
𝑘

3.2 Complex-Valued Unscented Kalman Filter (CV-UKF)
The Unscented Kalman Filter (UKF) has made a breakthrough in dynamic state

estimation for electrical power systems, offering an efficient alternative to the linear KF
and EKF. Designed to handle nonlinearity in different dynamic systems, the UKF uses
an unscented transform that provides a more accurate approximation of the probability
distributions associated with the system states [34].

The UKF overcomes the limitations of the EKF by not requiring the lineariza-
tion of the system model, thus avoiding errors introduced by the linear approximation.
Instead, the UKF employs a set of sigma points propagated through the system’s nonlin-
ear functions, capturing the mean and covariance of the state distributions with greater
accuracy.
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Thus, the steps of the Unscented Kalman filter for nonlinear functions dependent
on complex variables are described below [72]:

∙ Initialize the filter:

^̄𝑥𝑥𝑥
0|0

= E{𝑥𝑥𝑥
0
}, (3.58)

𝑃𝑃𝑃
0|0

= E
{︂(︁
𝑥𝑥𝑥

0
− E

{︁
𝑥𝑥𝑥

0

}︁)︁
·
(︁
𝑥𝑥𝑥

0
− E

{︁
𝑥𝑥𝑥

0

}︁)︁𝐻
}︂
. (3.59)

∙ Calculate the sigma points ˜̄xxx
𝑖

for 𝑖 = 1, . . . , 4 · 𝑝:

˜̄xxx0
𝑘−1

= ^̄𝑥𝑥𝑥
𝑘−1|𝑘−1 , (3.60)

˜̄xxx
𝑖
𝑘−1

= ^̄𝑥𝑥𝑥
𝑘−1|𝑘−1 ±

(︃√︂
(𝑝+ 𝜁) ·𝑃𝑃𝑃

𝑘−1|𝑘−1

)︃
𝑖

, 𝑖 = 1, . . . , 4 · 𝑝, (3.61)

where:

𝑝 is the dimension of the status vector 𝑥𝑥𝑥,

𝜁 = sp
2 · (2 · 𝑝+ 𝜅) is a scale parameter,

sp is the spread of the sigma points around the mean and is typically a small
value, 𝑒.𝑔. 10−3,

𝜅 is a secondary scale parameter and is typically zero,(︁√︁
(𝑝+ 𝜁) ·𝑃𝑃𝑃

𝑘−1|𝑘−1

)︁
𝑖

is the i-th column of the square root of the matrix. Con-
sidering 𝑃𝑃𝑃

𝑘−1|𝑘−1 = 𝐿̄𝐿𝐿𝑝𝑝𝑝 · 𝐿̄𝐿𝐿
𝐻

𝑝𝑝𝑝 , then the expression becomes
(︁√︁

(𝑝+ 𝜁) · 𝐿̄𝐿𝐿𝑝𝑝𝑝

)︁
𝑖
,

where 𝐿̄𝐿𝐿𝑝𝑝𝑝 is the factor matrix of the Cholesky decomposition.

∙ Calculate the weights for the sigma points:

𝑊
(𝑚𝑒)

0 = 𝜁

(2 · 𝑝+ 𝜁) , (3.62)

𝑊
(𝑐𝑜)

0 = 𝜁

(2 · 𝑝+ 𝜁) +
(︁
1− sp

2 + pd
)︁
, (3.63)

𝑊
(𝑚𝑒)

𝑖
= 𝑊

(𝑐𝑜)

𝑖
= 𝜁

2 · (2 · 𝑝+ 𝜁) , 𝑖 = 1, . . . , 4 · 𝑝, (3.64)

where pd is the parameter related to the prior knowledge of the distribution used
(for the Gaussian distribution, pd = 2 is the optimal value).

Generally, in the academic literature [48], [50], dynamic state estimators for electrical
power systems consider, for computational simplification, the weights of the sigma
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points equal to 1
2·𝑝 , where 𝑝 is the dimension of the state vector 𝑥𝑥𝑥. Although the

original unscented transformation employs a central sigma point with a distinct
weight [75], the simplified weighting strategy considered here has been shown to
provide satisfactory accuracy in practical applications. Thus, in the results section,
such simplification will be adopted.

∙ Prediction: Update of the state variables
(︁
^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁
, the estimation error matrix

(︁
𝑃𝑃𝑃

𝑘|𝑘−1

)︁
and the estimated measurements

(︁
^̄𝑦𝑦𝑦

𝑘|𝑘−1

)︁

˜̄xxx
𝑖
𝑘|𝑘−1

= 𝑓𝑓𝑓
(︂

˜̄xxx
𝑖
𝑘−1|𝑘−1

)︂
, (3.65)

^̄𝑥𝑥𝑥
𝑘|𝑘−1 =

4𝑝∑︁
𝑖=0

𝑊
(𝑚𝑒)

𝑖
· ˜̄xxx

𝑖
𝑘|𝑘−1

, (3.66)

𝑃𝑃𝑃
𝑘|𝑘−1 =

4𝑝∑︁
𝑖=0

𝑊
(𝑐𝑜)

𝑖
·
(︂

˜̄xxx
𝑖
𝑘|𝑘−1

− ^̄𝑥𝑥𝑥
𝑘|𝑘−1

)︂
·
(︂

˜̄xxx
𝑖
𝑘|𝑘−1

− ^̄𝑥𝑥𝑥
𝑘|𝑘−1

)︂𝐻

+ 𝑄̄𝑄𝑄
𝑘
, (3.67)

˜̄𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
𝑖
𝑘|𝑘−1

= ℎ̄ℎℎ
(︂

˜̄xxx
𝑖
𝑘−1|𝑘−1

)︂
, (3.68)

^̄𝑦𝑦𝑦
𝑘|𝑘−1 =

4𝑝∑︁
𝑖=0

𝑊
(𝑚𝑒)

𝑖
· ˜̄𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦

𝑖
𝑘|𝑘−1

. (3.69)

where ˜̄𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
𝑖

is the vector of measurements originating from the propagation of sigma
points and ^̄𝑦𝑦𝑦 is the vector of predicted measurements.

∙ Estimated State Update:

𝑃𝑃𝑃𝑦𝑦𝑦
𝑘|𝑘−1

=
4𝑝∑︁

𝑖=0
𝑊

(𝑐𝑜)

𝑖 ·
(︁
˜̄𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑖

𝑘|𝑘−1
− ^̄𝑦𝑦𝑦

𝑘|𝑘−1

)︁
·
(︂

˜̄𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
𝑖
𝑘|𝑘−1

− ^̄𝑦𝑦𝑦
𝑘|𝑘−1

)︂𝐻

+ 𝑅̄𝑅𝑅
𝑘
, (3.70)

𝑃𝑃𝑃𝑥𝑦𝑥𝑦𝑥𝑦
𝑘|𝑘−1

=
4𝑝∑︁

𝑖=0
𝑊

(𝑐𝑜)

𝑖
·
(︂

˜̄xxx
𝑖
𝑘|𝑘−1

− ^̄𝑥𝑥𝑥
𝑘|𝑘−1

)︂
·
(︂

˜̄𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
𝑖
𝑘|𝑘−1

− ^̄𝑦𝑦𝑦
𝑘|𝑘−1

)︂𝐻

, (3.71)

𝐺̄𝐺𝐺
𝑘

= 𝑃𝑃𝑃𝑥𝑦𝑥𝑦𝑥𝑦
𝑘|𝑘−1

·
(︂
𝑃𝑃𝑃𝑦𝑦𝑦

𝑘|𝑘−1

)︂−1
, (3.72)

^̄𝑥𝑥𝑥
𝑘|𝑘 = ^̄𝑥𝑥𝑥

𝑘|𝑘−1 + 𝐺̄𝐺𝐺
𝑘
·
(︁
𝑦𝑦𝑦

𝑘
− ^̄𝑦𝑦𝑦

𝑘|𝑘−1

)︁
, (3.73)

𝑃𝑃𝑃
𝑘|𝑘 = 𝑃𝑃𝑃

𝑘|𝑘−1 − 𝐺̄𝐺𝐺𝑘
·𝑃𝑃𝑃𝑦𝑦𝑦

𝑘|𝑘−1
· 𝐺̄𝐺𝐺

𝐻

𝑘
, (3.74)

where, 𝑃𝑃𝑃𝑦𝑦𝑦, 𝑃𝑃𝑃𝑥𝑦𝑥𝑦𝑥𝑦 are the predicted measurement covariance and cross-covariance ma-
trices, respectively. The Kalman gain is expressed by 𝐺̄𝐺𝐺.

In contrast to the EKF, the Unscented Kalman Filter (UKF) eliminates the need
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for analytical linearization by propagating deterministic sigma points to estimate the
posterior mean and covariance. Since the UKF does not rely on Jacobian matrices, the
structural constraints imposed by Wirtinger calculus are not strictly applicable. This
algorithmic flexibility enables the formulation of the UKF in a reduced complex-valued
domain, provided specific statistical assumptions are met.

In this work, a proper (circular) approximation is assumed for the state variables,
whereby the state pseudo-covariance is neglected. While the circularity of state transients
is a simplifying assumption, this modeling choice is motivated by the circularity evidenced
in typical PMU measurement noise [74], which justifies a similar treatment for the noise
covariance matrices (𝑄̄𝑄𝑄 and 𝑅̄𝑅𝑅). By omitting the complex-conjugate components and ne-
glecting the pseudo-covariance partitions, the problem dimensionality is reduced by half.
This reduction significantly enhances computational efficiency, as the number of sigma
points to be propagated through the non-linear system model is halved.

While this simplification assumes that the standard covariance matrix adequately
captures the second-order statistics, it provides a computationally superior alternative
for large-scale systems. The assessment of the performance trade-offs between this re-
duced (proper) formulation and a fully augmented (widely linear) UKF—which would be
necessary for strictly improper signals—is relegated to future research.

3.3 Robustification of Kalman Filters
In power systems, accurate state estimation is crucial for the efficient, safe, and

stable operation of electrical networks. The presence of gross errors, including leverage
points, can significantly compromise the accuracy and reliability of these estimators. In
this scenario, Gandhi and Mili [76] report three types of DSE’s gross errors: observation,
innovation, and structural errors. Observation errors can be associated with communi-
cation losses with PMUs, a lack of synchronization between phasors, or even saturation
problems in the current or voltage transformers of the equipment. Innovation errors are of-
ten associated with incorrect generator modeling, inaccuracies in the prediction model, or
even noise impulses in the process. Finally, structural errors are associated with parameter
or system-topology errors.

The approach proposed in [47] and [48] aims to suppress observation and inno-
vation outliers, even at leverage points, and this topic will extend the proposal to the
domain of complex numbers. It is worth remembering that leverage points are measure-
ments whose associated row vectors of the Jacobian matrix are outliers concerning the
other elements of the factor space [77]. In estimating states in power systems, branches
with reactance that are quite discrepant from the other branches, power flow measure-
ments on this branch, or injection measurements at buses that affect them can create
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leverage points. In addition, injection measurements in buses with high branch incidence
can configure measurements as leverage points [78].

3.3.1 Complex-Valued Schweppe-type Huber Generalized Maximum-likelihood
Extended Kalman Filter (CV-SHGM-EKF)

Consider that the predicted state variable vector ^̄𝑥𝑥𝑥
𝑘|𝑘−1 in (3.16) and the measure-

ment vector 𝑦𝑦𝑦
𝑘

in (3.4) are expressed by (3.75) and (3.76), considering their respective
errors 𝑒𝑒𝑒

𝑘
and 𝑣𝑣𝑣

𝑘
.

^̄𝑥𝑥𝑥
𝑘|𝑘−1 = 𝑥𝑥𝑥

𝑘
− 𝑒𝑒𝑒

𝑘
, (3.75)

𝑦𝑦𝑦
𝑘

= ℎ̄ℎℎ
(︁
𝑥𝑥𝑥

𝑘

)︁
+ 𝑣𝑣𝑣

𝑘
, (3.76)

E
{︁
𝑒𝑒𝑒

𝑘
· 𝑒𝑒𝑒𝐻

𝑘

}︁
= 𝑃𝑃𝑃

𝑘|𝑘−1 , (3.77)

E
{︁
𝑣𝑣𝑣

𝑘
· 𝑣𝑣𝑣𝐻

𝑘

}︁
= 𝑅̄𝑅𝑅

𝑘
. (3.78)

Rewriting (3.75) (3.76) in matrix form, leads to,

⎡⎢⎢⎢⎣
^̄𝑥𝑥𝑥

𝑘|𝑘−1

𝑦𝑦𝑦
𝑘

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣ 𝑥𝑥𝑥
𝑘

ℎ̄ℎℎ
(︁
𝑥𝑥𝑥

𝑘

)︁
⎤⎥⎥⎥⎦+

⎡⎢⎢⎢⎣−𝑒𝑒𝑒𝑘

𝑣𝑣𝑣
𝑘

⎤⎥⎥⎥⎦ , (3.79)

or,

˜̄𝑧𝑧𝑧
𝑘

= ˜̄ℎℎℎ
(︁
𝑥𝑥𝑥

𝑘

)︁
+ ˜̄𝑒𝑒𝑒

𝑘
, (3.80)

E
{︁
˜̄𝑒𝑒𝑒

𝑘
· ˜̄𝑒𝑒𝑒

𝑘

}︁
=

⎡⎢⎢⎢⎣𝑃𝑃𝑃 𝑘|𝑘−1 000

000 𝑅̄𝑅𝑅
𝑘

⎤⎥⎥⎥⎦ = 𝑆𝑆𝑆
𝑘
·𝑆𝑆𝑆𝐻

𝑘
, (3.81)

where 𝑆𝑆𝑆 is the Cholesky factor matrix and 000 is the null matrix. It is important to note
that the covariance matrix is no longer diagonal since 𝑃𝑃𝑃

𝑘|𝑘−1 is a dense matrix.

As recommended in [47], the algorithm is robustified by calculating projection
statistics indices for the augmented matrix Φ̄ΦΦ

𝑘
to prevent the whitening step from cor-
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rupting the results.

Φ̄ΦΦ
𝑘

=

⎡⎢⎢⎢⎣
^̄𝑥𝑥𝑥

𝑘−1|𝑘−2
^̄𝑥𝑥𝑥

𝑘|𝑘−1

𝑦𝑦𝑦
𝑘−1
− ℎ̄ℎℎ

(︁
^̄𝑥𝑥𝑥

𝑘−1|𝑘−2

)︁
𝑦𝑦𝑦

𝑘
− ℎ̄ℎℎ

(︁
^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁
⎤⎥⎥⎥⎦ . (3.82)

Stahel [79] and Donoho [80] initially proposed the calculation of projection statis-
tics indices (𝑃𝑆

𝑖
), and recently the formulation was extended to the domain of complex

numbers, according to equation (3.83) [59].

𝑃𝑆
𝑖

= max
𝜑̄𝜑𝜑

𝑢

⎛⎝ |𝜑̄𝜑𝜑𝐻

𝑖
· 𝜑̄𝜑𝜑

𝑢
|

𝜉

⎞⎠ , (3.83)

for each i-th column
(︁
𝜑̄𝜑𝜑

𝑖

)︁
of Φ̄ΦΦ

𝑘
, 𝑢 = 1 · · · (𝑚+ 𝑛) is varied.

The high robustness factor 𝜉 is expressed by (3.84) [18].

𝜉 = 1.1926 · lomed
𝑖

(︂
lomed

𝑡̸=𝑖

(︂
|𝜑̄𝜑𝜑𝐻

𝑖 · 𝜑̄𝜑𝜑𝑢 + 𝜑̄𝜑𝜑
𝐻

𝑡 · 𝜑̄𝜑𝜑𝑢|
)︂ )︂

, (3.84)

being the constant 1.1926 needed to make this an approximately unbiased estimate of the
scale when the error model is Gaussian [81]. The term lomed represents the lower median.

Prewhitening is then applied by multiplying the terms in (3.80) by 𝑆𝑆𝑆−1, resulting
in:

𝑆𝑆𝑆
−1

𝑘
· ˜̄𝑧𝑧𝑧

𝑘
= 𝑆𝑆𝑆

−1

𝑘
· ˜̄ℎℎℎ
(︁
𝑥𝑥𝑥

𝑘

)︁
+𝑆𝑆𝑆

−1

𝑘
· ˜̄𝑒𝑒𝑒

𝑘
, (3.85)

in compact form,

𝑧𝑧𝑧
𝑘

= 𝜋𝜋𝜋
(︁
𝑥𝑥𝑥

𝑘

)︁
+ 𝜈𝜈𝜈

𝑘
, (3.86)

E
{︁
𝜈𝜈𝜈

𝑘
· 𝜈𝜈𝜈𝐻

𝑘

}︁
= E

{︂
𝑆𝑆𝑆

−1

𝑘
· ˜̄𝑒𝑒𝑒

𝑘
· ˜̄𝑒𝑒𝑒𝐻

𝑘
·
(︁
𝑆𝑆𝑆

−1

𝑘

)︁𝐻
}︂

(3.87)

= 𝑆𝑆𝑆
−1

𝑘
· E

{︁
˜̄𝑒𝑒𝑒

𝑘
· ˜̄𝑒𝑒𝑒𝐻

𝑘

}︁
·
(︁
𝑆𝑆𝑆

−1

𝑘

)︁𝐻

= 𝑆𝑆𝑆
−1

𝑘
·𝑆𝑆𝑆

𝑘
·𝑆𝑆𝑆𝐻

𝑘
·
(︁
𝑆𝑆𝑆

−1

𝑘

)︁𝐻

= 𝐼𝐼𝐼.
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This formulation aims at reducing the problem to the system of equations in (3.86)
from the prediction stage of the Extended Kalman filter. In addition, this framework pro-
cesses state variables and measurements simultaneously, enabling the correction of erro-
neous variables arising from various types of failures, including inaccuracies in prediction
models, communication losses, and synchronization issues between meters.

In this scenario, the SHGM estimator is used to solve the problem through the
IRLS (Iteratively Reweighted Least Squares) algorithm. The IRLS algorithm uses the
Huber objective function (𝜌 (𝑟𝑠)), which is convex over its domain, ensuring a global min-
imum. In that sense, equation (3.88) expresses the minimization of the objective function.

𝒥 (𝑥𝑥𝑥) =
2·(𝑚+𝑛)∑︁

𝑖=1
𝜛2

𝑖
· 𝜌 (𝑟𝑠𝑖

) , (3.88)

where 𝜛
𝑖

is the weight associated with each i-th value of the Huber function 𝜌 (𝑟𝑠𝑖
), 𝑚 is

the number of occurrences, and 𝑛 is the number of states evaluated.

The main characteristic of the objective function proposed by Huber derives from
the statistical robustness of the LAV (Least Absolute Value) estimator and the statistical
efficiency of the WLS estimator. Thus, the Huber objective function ensures statistical
efficiency in the quadratic portion of the function. At the same time, in the interval
tangent to the point onwards, its robustness is preserved, according to the investigation
(3.89).

𝜌 (𝑟𝑠𝑖
) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝑟2
𝑠𝑖

2 , for |𝑟𝑠𝑖
| ≤ 𝜏,

𝜏 · |𝑟𝑠𝑖
| − 𝜏 2

2 , for |𝑟𝑠𝑖
| > 𝜏.

(3.89)

The first derivative of the Huber cost function 𝜌 (𝑟𝑠𝑖
) with respect to 𝑟𝑠𝑖

, denoted
by 𝜓 (𝑟𝑠𝑖

), corresponds to the influence function of the estimator, as shown in (3.90). This
work adopts the threshold 𝜏 = 1.345, which provides a statistical efficiency of approxi-
mately 95% under Gaussian noise conditions [82].

𝜓 (𝑟𝑠𝑖
) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝑟𝑠𝑖
, for |𝑟𝑠𝑖

| ≤ 𝜏,

𝜏 · sign (𝑟𝑠𝑖
) , for |𝑟𝑠𝑖

| > 𝜏.

(3.90)
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The i-th standardized residual (𝑟𝑠𝑖
) can be expressed by the relation:

𝑟𝑠𝑖
= 𝑟

𝑖

𝑠 ·𝜛
𝑖

, (3.91)

where the i-th residual 𝑟𝑖 = 𝑧𝑖 − 𝜑𝑖

(︁
^̄𝑥𝑥𝑥

𝑘

)︁
; the factor 𝑠 = 1.4826 · 𝑏𝑚 · median

𝑖
(|𝑟𝑖|) is a

scaling attribute of the robust estimator that depends on the correction factor 𝑏𝑚 used to
promote unbiasedness of the Gaussian distribution [18]. The equation (3.92) evidentiates
the weight assigned to the measures identified as leverage points.

𝜛
𝑖

= min
⎛⎝1,

(︃
𝑐

𝑖

𝑃𝑆
𝑖

)︃2
⎞⎠ , (3.92)

where 𝑐
𝑖

is the cutoff value for detecting leverage points, i.e., the variable is considered a
leverage point if 𝑃𝑆

𝑖
> 𝑐

𝑖
. It is assumed 𝑐

𝑖
= 1.5 [76] for good statistical efficiency in the

presence of leverage points.

The optimality condition corresponding to the objective function is met when
∇𝒥 (𝑥𝑥𝑥) = 000, i.e.,

𝑚+𝑛∑︁
𝑖=1

𝜛2
𝑖
·
(︃
𝜕𝑟𝑠𝑖

𝜕𝑥̄
𝑖

)︃𝐻

· 𝜓 (𝑟𝑠𝑖
) = 000. (3.93)

The IRLS algorithm solves the equation (3.93) derived in the complex domain.
Thus, multiplying and dividing 𝜓 (𝑟𝑠𝑖

) by 𝑟𝑠𝑖
, in (3.93), yields:

𝑚+𝑛∑︁
𝑖=1

𝜛2
𝑖
·
(︃

1
𝑠 ·𝜛

𝑖

· 𝜕𝑟𝑖

𝜕𝑥̄
𝑖

)︃𝐻

· 𝜓 (𝑟𝑠𝑖
)(︃

𝑟
𝑖

𝑠 ·𝜛
𝑖

)︃ · (︃ 𝑟
𝑖

𝑠 ·𝜛
𝑖

)︃
= 000, (3.94)

which rearranged (3.94), results in the following equality:

𝑚+𝑛∑︁
𝑖=1

(︃
𝜕𝑟

𝑖

𝜕𝑥̄
𝑖

)︃𝐻

· 𝑞 (𝑟𝑠𝑖
) ·
(︂
𝑟

𝑖

𝑠2

)︂
= 000, (3.95)

where 𝑞 (𝑟𝑠𝑖
) = 𝜓 (𝑟𝑠𝑖

)
𝑟𝑠𝑖

is the variable weight function of the SHGM estimator.

In matrix form the equation (3.95) in the complex domain becomes:

ϒ̄ϒϒ𝐻 · Q̄v · (𝑧𝑧𝑧 − 𝜋𝜋𝜋 (𝑥𝑥𝑥)) = 000, (3.96)
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where

ϒ̄ϒϒ = 𝜕𝜋𝜋𝜋

𝜕𝑥𝑥𝑥

⃒⃒⃒⃒
⃒
𝑥𝑥𝑥=^̄𝑥𝑥𝑥

, (3.97)

Q̄v = diag (𝑞 (𝑟𝑠𝑖
)) . (3.98)

The Taylor series expansion of 𝜋𝜋𝜋 (𝑥𝑥𝑥) in ^̄𝑥𝑥𝑥
𝑘|𝑘 is:

𝜋𝜋𝜋 (𝑥𝑥𝑥) ∼= 𝜋𝜋𝜋
(︁
𝑥𝑥𝑥(𝜗)

𝑘|𝑘

)︁
+ ϒ̄ϒϒ ·Δ^̄𝑥𝑥𝑥(𝜗+1)

𝑘|𝑘
, (3.99)

which substituting in (3.96), leads to,

ϒ̄ϒϒ𝐻 · Q̄v · ϒ̄ϒϒ ·Δ^̄𝑥𝑥𝑥(𝜗+1)
𝑘|𝑘

= ϒ̄ϒϒ𝐻 · Q̄v ·Δ𝑧𝑧𝑧(𝜗), (3.100)

where Δ^̄𝑥𝑥𝑥(𝜗+1)
𝑘|𝑘

= ^̄𝑥𝑥𝑥(𝜗+1)
𝑘|𝑘

− ^̄𝑥𝑥𝑥(𝜗)
𝑘|𝑘

and Δ𝑧𝑧𝑧(𝜗) = 𝑧𝑧𝑧(𝜗) − 𝜋𝜋𝜋
(︁
^̄𝑥𝑥𝑥(𝜗)

𝑘|𝑘

)︁
. On the other hand, it should

be noted that the previous equation is equivalent to solving the redundant system of
equations as follows:

Δ^̄𝑥𝑥𝑥(𝜗+1)
𝑘|𝑘

= ϒϒϒ† ·Δ𝑧𝑧𝑧(𝜗), (3.101)

ϒϒϒ = Q̄0.5
v · ϒ̄ϒϒ, (3.102)

Δ𝑧𝑧𝑧(𝜗) = Q̄0.5
v ·Δ𝑧𝑧𝑧(𝜗). (3.103)

Finally, equations (3.101-3.103) represent the solution of a redundant system of
equations, and the stopping criterion of the iterative process is expressed in the equation
(3.104).

⃦⃦⃦
Δ^̄𝑥𝑥𝑥(𝑣+1)

𝑘|𝑘

⃦⃦⃦
∞
≤ 10−3. (3.104)

However, it is essential to emphasize that in this work, it was chosen to use the
weighted least squares with the minimum norm - lsqminnorm algorithm [83]; that is, it
minimizes not only the Euclidean norm of the problem: 𝐴𝐴𝐴 ·𝑥𝑥𝑥 = 𝑏𝑏𝑏, but also the Euclidean
norm of the solution vector 𝑥𝑥𝑥. This algorithm uses QR factorization and simultaneously
seeks the solution with the minimum norm when solving systems of redundant linear
algebraic equations. Another alternative to improve computational performance is the
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application of fast Givens rotations in the complex domain, which do not perform the
arithmetic operations of square root and division [84].

The flowchart in Figure 1 summarizes the steps for the CV-SHGM-EKF algorithm.

𝑘 = 1

Initialize filter
^̄𝑥𝑥𝑥

𝑘|𝑘−1 , 𝑃𝑃𝑃
𝑘|𝑘−1 , 𝑄̄𝑄𝑄

𝑘
, 𝑅̄𝑅𝑅

𝑘

Regression form
Eqs. (3.80), (3.81)

Leverage point identification
Eqs. (3.82)–(3.84)

Prewhitening
Eq. (3.85)

Initialize IRLS
𝜗 = 0, ^̄𝑥𝑥𝑥(𝜗)

𝑘|𝑘
← ^̄𝑥𝑥𝑥

𝑘|𝑘

Solve IRLS update
Eqs. (3.101)–(3.103)

⃦⃦⃦
Δ^̄𝑥𝑥𝑥(𝜗+1)

𝑘|𝑘

⃦⃦⃦
∞
≤ 10−3 𝜗 ← 𝜗 + 1

𝑘 ← 𝑘 + 1
^̄𝑥𝑥𝑥

𝑘|𝑘 ← ^̄𝑥𝑥𝑥(𝜗+1)
𝑘|𝑘

noyes

Figure 1 – Flowchart for CV-SHGM-EKF.

3.3.2 Complex-Valued Schweppe-type Huber Generalized Maximum-likelihood
Unscented Kalman Filter (CV-SHGM-UKF)

Similar to the robust estimator based on the EKF, robustification of the UKF starts
by assembling a system as a linear regression, grouping state variables and measurements.
Thus, consider the equation (3.75) and the statistical linearization of (3.76) in (3.105)
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[48, 50].

𝑦𝑦𝑦
𝑘

= ℎ̄ℎℎ
(︁
^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁
+ ˜̄𝐻𝐻𝐻

𝑘
·
(︁
𝑥𝑥𝑥

𝑘
− ^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁
+ 𝑣𝑣𝑣

𝑘
+ 𝜖̄𝜖𝜖

𝑘
. (3.105)

It is essential to highlight that statistical linearization creates the matrix ˜̄𝐻𝐻𝐻 in
(3.106) which is not a Jacobian matrix, with the process covariance expressed in (3.107)
assuming the algebra of complex numbers [48, 85].

˜̄𝐻𝐻𝐻
𝑘

=
(︂
𝑃𝑃𝑃𝑥𝑦𝑥𝑦𝑥𝑦

𝑘|𝑘−1

)︂𝐻

·
(︁
𝑃𝑃𝑃

𝑘|𝑘−1

)︁−1
, (3.106)

E
{︁
𝜖̄𝜖𝜖 · 𝜖̄𝜖𝜖𝐻

}︁
= 𝑃𝑃𝑃𝑦𝑦𝑦

𝑘|𝑘−1
−
(︂
𝑃𝑃𝑃𝑥𝑦𝑥𝑦𝑥𝑦

𝑘|𝑘−1

)︂𝐻

·
(︁
𝑃𝑃𝑃

𝑘|𝑘−1

)︁−1
·𝑃𝑃𝑃𝑥𝑦𝑥𝑦𝑥𝑦

𝑘|𝑘−1
= ˜̄𝑅𝑅𝑅

𝑘
. (3.107)

Rewriting (3.75) and (3.105) in matrix form, it follows that,

⎡⎢⎢⎢⎣
^̄𝑥𝑥𝑥

𝑘|𝑘−1

𝑦𝑦𝑦
𝑘
− ℎ̄ℎℎ

(︁
^̄𝑥𝑥𝑥

𝑘|𝑘−1

)︁
+ ˜̄𝐻𝐻𝐻

𝑘
· ^̄𝑥𝑥𝑥

𝑘|𝑘−1

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣ 𝐼𝐼𝐼˜̄𝐻𝐻𝐻
𝑘

⎤⎥⎥⎥⎦ · 𝑥𝑥𝑥𝑘
+

⎡⎢⎢⎢⎣ −𝑒𝑒𝑒𝑘

𝑣𝑣𝑣
𝑘

+ 𝜖̄𝜖𝜖
𝑘

⎤⎥⎥⎥⎦ . (3.108)

Thus, regrouping the terms, the equation will be of the form (3.80), with the
covariance matrix given by:

E
{︁
˜̄𝑒𝑒𝑒

𝑘
· ˜̄𝑒𝑒𝑒

𝑘

}︁
=

⎡⎢⎢⎢⎣𝑃𝑃𝑃 𝑘|𝑘−1
000

000 𝑅̄𝑅𝑅
𝑘

+ ˜̄𝑅𝑅𝑅
𝑘

⎤⎥⎥⎥⎦ = 𝑆𝑆𝑆
𝑘
·𝑆𝑆𝑆𝐻

𝑘
. (3.109)

Analogously to CV-SHGM-EKF, the UKF robustness process follows the same line
of reasoning, starting with the process of identifying leverage points (3.82)-(3.84) followed
by the whitening process (3.85), arriving at the process of solving the system of equations
through the IRLS algorithm (3.101)-(3.103). The step-by-step is shown in Figure 2.
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𝑘 = 1

Initialize filter
^̄𝑥𝑥𝑥

𝑘−1|𝑘−1 , 𝑃𝑃𝑃
𝑘−1|𝑘−1 , 𝑄̄𝑄𝑄

𝑘−1
, 𝑅̄𝑅𝑅

𝑘

Regression form
Eqs. (3.108), (3.109)

Leverage point identification
Eqs. (3.82)–(3.84)

Prewhitening
Eq. (3.85)

Initialize IRLS
𝜗 = 0, ^̄𝑥𝑥𝑥(𝜗)

𝑘|𝑘
← ^̄𝑥𝑥𝑥

𝑘|𝑘

Solve IRLS update
Eqs. (3.101)–(3.103)

⃦⃦⃦
Δ^̄𝑥𝑥𝑥(𝜗+1)

𝑘|𝑘

⃦⃦⃦
∞
≤ 10−3 𝜗 ← 𝜗 + 1

𝑘 ← 𝑘 + 1
^̄𝑥𝑥𝑥

𝑘|𝑘 ← ^̄𝑥𝑥𝑥(𝜗+1)
𝑘|𝑘

noyes

Figure 2 – Flowchart for CV-SHGM-UKF.

The modeling and estimation framework developed in Chapters 2 and 3 enables
direct interpretation of frequency-control phenomena in the complex domain. In this con-
text, Chapter 4 revisits classical frequency response concepts to provide a coherent bridge
between physical frequency dynamics and the proposed complex-valued estimation frame-
work.
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4 Frequency Estimation

Over the past few years, the exponential growth in the number of renewable energy
sources connected to the power grid worldwide has been remarkable. For instance, pho-
tovoltaics (PVs), wind, and energy storage are added to replace energy production from
traditional synchronous generators (SGs). However, the power electronic converter used
to interface the renewable energy sources with the power grid operates asynchronously.
As a result, the intermittent nature of renewable energy, along with decreased power sys-
tem inertia, raises concerns about frequency stability. Furthermore, voltage and frequency
deviations occur more frequently when reverse power flow occurs under supply-demand
imbalance in distributed power systems [86].

Recalling that the synchronous generator’s inertia is defined as the ratio between
its kinetic energy and its rated power [87], the system inertia tends to reduce significantly.
Indeed, in response to a sudden loss of generation, the stored kinetic energy will auto-
matically be extracted from the rotating synchronized machines on the interconnection,
causing the machines to slow down and, consequently, the system frequency to decline.

On the other hand, system inertia has not traditionally been monitored or forecast
in today’s control room. Thus, system inertia should be included among the key attributes
to assess the operational impact of non-synchronous machines on a power grid. So, if
abundant wind or solar generation coincides with low load conditions, wholesale energy
market prices could be low or even negative, forcing many synchronous generators offline
for economic reasons and resulting in low system inertia.

This new scenario represents an excellent endeavor for maintaining system stabil-
ity, as reduced inertia might otherwise trigger over-/under-frequency relays, load shedding,
and exceptional protection goals [88, 87]. Indeed, the frequency measurements at different
locations during electromechanical oscillations are usually distinct, so it isn’t easy to take
one of them as representative of the system-level frequency. To circumvent this difficulty,
the center of inertia frequency (𝑓𝐶𝑂𝐼) has been proposed to represent the actual system
frequency [89, 90]. Notice the 𝑓𝐶𝑂𝐼 is defined as the frequency using electric rotor speeds
weighted by rotor inertia values.

Regarding this issue, the literature offers interesting approaches; e.g., in [87], a
review of methods for power system inertia estimation is presented, and the impacts
of converter-interfaced generations are nicely discussed. Equally, in [91], an estimation
algorithm for calculating the ROCOF under low inertia power grids is proposed using
filtering noises [92].

In the academic literature, the most in-depth investigation of the frequency re-
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sponse impacts of variable renewable generation is found in [93, 94, 89, 95]; therefore, this
work follows their recommendations. Specifically, a new approach is proposed to more
accurately calculate the system’s 𝑓𝐶𝑂𝐼 and ROCOF values. But to reach this goal, in-
stead of using local frequency-based estimation [96], this chapter proposes extending the
frequency estimation concept as a byproduct of the dynamic state estimator formulated
in the complex domain.

4.1 Power System Frequency Control
The primary frequency control acts automatically and faster than secondary and

tertiary control layers. Nevertheless, its dynamic response is fundamentally limited by
the inertia of synchronous generators, which dictates the initial frequency evolution after
a disturbance. Even so, primary control is indispensable for preserving system reliability
following sudden generation losses. Fortunately, a growing number of studies on renewable
integration have examined requirements for primary frequency control; in the near past,
most focused only on secondary and tertiary frequency control [97]. When a frequency
event occurs, depending on the types of synchronous generators, e.g., hydro, nuclear,
and thermal, the rotational inertia constant ranges from 1.75 [s] to approximately 10 [s]
[98]. Figure 3 shows the temporal changes in the power frequency. Meanwhile, Figure
4 shows the sequential actions of primary, secondary, and tertiary frequency control to
restore system frequency following the sudden imbalance between generation and demand.
Hence, based on the points A, B, and C shown in Figure 5, the following definitions should
be made:

1. Pre-disturbance Frequency: Frequency at point A

2. Settling Frequency: Frequency at point B

3. Frequency Nadir: Frequency at point C, i.e., minimum value of frequency reached
during the transient period.

Based on the preceding definitions, the industry measures frequency response by
relating the size of the loss-of-generation event to the resulting change in system frequency
once the system has stabilized (see Point B in Figure 5). This can be expressed as presented
below [95].

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒⏟  ⏞  
𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑝𝑟𝑎𝑐𝑡𝑖𝑐𝑒

= 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝐿𝑜𝑠𝑡 (𝑀𝑊 )
𝑓𝑃 𝑜𝑖𝑛𝑡 𝐴 − 𝑓𝑃 𝑜𝑖𝑛𝑡 𝐵

, (4.1)

𝑁𝑎𝑑𝑖𝑟 𝐵𝑎𝑠𝑒𝑑⏟  ⏞  
𝐹 𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒

= 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝐿𝑜𝑠𝑡 (𝑀𝑊 )
𝑓𝑃 𝑜𝑖𝑛𝑡 𝐴 − 𝑓𝑃 𝑜𝑖𝑛𝑡 𝐶

, (4.2)
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whereas Nadir based frequency response is evaluated through the equation (4.2).
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Figure 3 – Changing of power system frequency [95].

4.2 Frequency Response
Accordingly, the following questions concerning the frequency responses of variable

renewable generation can be stated:

1. Will Lower System Inertia require increased reserves for primary frequency control?

2. May Displace Primary Frequency Control Reserves require procedures for ensuring
adequate reserves for primary frequency control?

3. May the Location of Primary Frequency Control Reserves require consideration of
transmission system limits and deliverability of primary frequency control actions?

4. Will Increased Requirements on the Adequacy of Secondary Frequency Control Re-
serves require better forecasting and improved operating practices?

The rapid ramping of variable renewable generation output is not considered a
frequency response event comparable to the sudden loss of conventional generation. Still,
rapid ramping represents an essential new operating challenge directly related to Impact
4. Nevertheless, an open question remains about the most effective Primary Frequency
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Figure 4 – Frequency response control with different timescales [95].
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Response (PFR) to adopt, as shown in Figure 6. Although system inertia has traditionally
not been an explicit operational variable in many control rooms, it has become a key
attribute for assessing the operational impact of nonsynchronous generation on modern
power systems. Procuring a fixed-frequency response reserve is inefficient, as system inertia
can vary widely over the course of a year. Hence, monitoring system inertia in real time
and forecasting it for the coming hours is imperative. For instance, the performance
investigated on the ERCOT system showed that the proposed method is promising for
forecasting system inertia and Primary Frequency Response (PFR) 3 hours ahead, thus
increasing real-time situation awareness as more renewables are integrated [99].
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Figure 6 – Primary frequency response [95].

In short, the real-time speed values of all machines are not always available in
practice due to insufficient measurement. Consequently, this makes it challenging to obtain
the 𝑓𝐶𝑂𝐼 frequency, and the estimation of ROCOF also becomes difficult to apply in large
power systems since ROCOF values appear different for different locations [97].

4.3 The Estimations of Center of Inertia Frequency, ROCOF, and
the Disturbance’s Size (MW)

4.3.1 Center of Inertia Frequency (fCOI)

The Center of Inertia Frequency (𝑓𝐶𝑂𝐼) can be taken as a global parameter for a
region so that all synchronous generators can be aggregated into one equivalent unit [91]
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which can be expressed as follows

𝑓𝐶𝑂𝐼𝑘
=

∑︀𝑁
𝑖=1 𝐻𝑖 · 𝑓𝑘∑︀𝑁

𝑖=1 𝐻𝑖

= 1
𝐻𝑠𝑦𝑠

·
𝑁∑︁

𝑖=1
𝐻𝑖 · 𝑓𝑘, (4.3)

where 𝐻𝑖 and 𝑓𝑘 are the inertia time constant and the real-time speed of the 𝑖𝑡ℎ machine,
being 𝑁 the total number of synchronous generators, respectively. Consequently, 𝐻𝑠𝑦𝑠 is
the total system inertia.

4.3.2 Rate of Change of Frequency (ROCOF)

In turn, the ROCOF is defined as the first-order derivative of the frequency. But
for reliability regulation purposes, the calculation method of ROCOF proposed by North
American Electric Reliability Corporation (NERC) considers the frequency change in the
first 0.5 [s] after a frequency disturbance, yielding

𝑅𝑂𝐶𝑂𝐹 = 𝑑𝑓

𝑑𝑡
= 1

2(𝑓𝑠 − 𝑓0.5), (4.4)

𝑓𝑠 and 𝑓0.5 are the synchronous frequencies at the event start time and half a second
after the disturbance, respectively. The IEEE Std. C.37.118.1 specifies that PMUs must
provide ROCOF data at a reporting rate of 10 data per second with the steady-state error
limited to 0.01 [Hz/s] [100].

4.3.3 Disturbance’s Size - Δ𝑃𝑑𝑖𝑠𝑡 (MW)

As the inertia of each synchronous generator in operation is a known parameter
besides its nominal capacity (𝑆𝑛𝑜𝑚𝑖

), the system inertia as a whole is becoming an ac-
cessible and monitored index in control rooms of many power grids [101, 99]. The total
inertia from synchronized generators can be calculated as

𝐻𝑠𝑦𝑠 =
𝑁∑︁

𝑖=1
𝐻𝑖 · 𝑆𝑛𝑜𝑚𝑖

. (4.5)

Hence, using the ROCOF values and the system inertia information, disregarding
the unknown sources of inertia on the demand side, the size of the power imbalance right
after the first moments of the disturbance (𝑡𝑑𝑖𝑠𝑡 - Point A in Figure 5) can be estimated,
yielding

Δ𝑃𝑑𝑖𝑠𝑡(𝑡) = 𝑃𝑚(𝑡)− 𝑃𝑒(𝑡) = 2 ·𝐻𝑠𝑦𝑠 ·
(︃
𝑑(Δ𝑓𝐶𝑂𝐼(𝑡))

𝑑𝑡

)︃
, (4.6)
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where 𝑃𝑚 is the mechanical power and 𝑃𝑒 is the electrical power at instant 𝑡 after the
disturbance start time (𝑡𝑑𝑖𝑠𝑡). Moreover, observe that the sign of Δ𝑃𝑑𝑖𝑠𝑡 is positive in case
of a disturbance that causes power deficiency (e.g., disconnection of a generation) and
negative in case of a disturbance that causes power surplus (e.g., loss of a load).

Furthermore, note that in (4.6), the power changes due to frequency and voltage
variation in the estimation are not included. Notice that the change in total load demand
also occurs and is attributed to the voltage- and frequency-dependency of the loads.
This dependency may also contain certain variations. If a power imbalance is considered,
the frequency and the voltage change; hence, the frequency and voltage-dependent loads
change their demand accordingly. This power change can be significant; hence, if it is not
included in the estimation method, the method’s accuracy declines. [89]. However, these
issues are beyond the scope of the present work and will be considered in the forthcoming
work.

Therefore, once the ROCOF has been estimated as in (4.4) and the system inertia
information is known, the estimated event MW magnitude as calculated above in (4.6) can
be obtained right after the event occurrence and used in a fast primary frequency control,
thus avoiding the Nadir based frequency from being reached (see, Figure 5 - Point C) [66].
Moreover, once the MW loss is based on ROCOF, some feedforward frequency control
strategies can be designed to leverage fast response, e.g., inverters aid in low-inertia power
grids [86].
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5 Numerical Results

This chapter presents the numerical results and their respective discussions, or-
ganized to evaluate the proposed complex-domain framework across different levels of
complexity. Initially, the structure and modeling of a dynamic state estimator are de-
tailed for a 3-bus test system, providing a fundamental proof-of-concept using the classical
synchronous machine model. Subsequently, the analysis is extended to the New England
system [102], with 39 buses, employing the detailed two-axis machine model equipped
with IEEE DC1A and TGOV1 regulators. To assess scalability and robustness in large-
scale scenarios, further evaluations are conducted on the IEEE 118-bus system [103] and
a 340-bus equivalent of the Brazilian Interconnected Power System (SIN-340).

Based on the theory established in Chapter 3, the performance of the following
estimators is evaluated: the traditional Augmented EKF (CV-EKF), the proposed De-
coupled EKF (D-EKF), and the Unscented Kalman Filter (CV-UKF), along with their
respective robust versions (CV-SHGM-EKF and CV-SHGM-UKF). The analysis covers
three main fronts:

∙ Estimation Accuracy: State tracking and prediction capacity, specifically in the
presence of gross errors, communication failures, and bad leverage points;

∙ Operational Security: Discussions regarding the estimation of the center of inertia
frequency and its impacts on power system monitoring;

∙ Computational Performance: A comparative analysis between real-domain and
complex-domain formulations, focusing on execution times, structural optimiza-
tions, and the scalability of the algorithms.

All simulations were carried out in MATLAB, with the algorithms implemented
using sparsity exploitation and vectorization techniques to improve computational ef-
ficiency. The numerical experiments were conducted on a computer equipped with an
Intel(R) Core(TM) i7-7700HQ CPU @ 2.80 GHz, 16 GB of RAM, and a 64-bit operating
system.

The dynamic behavior of the test systems was validated using the ORGANON
software [104]. In addition, the real-domain dynamic state estimators proposed in [47]
and [48] were adopted as benchmark methods, with their results further validated using
the PSS/E software [105].
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5.1 3-bus Test System
This section considers a test system composed of two synchronous generators in-

terconnected through a three-bus transmission network, as illustrated in Figure 7.

Figure 7 – 3-bus test system.

The electrical parameters of the network are summarized in Tables 6 and 7, which
present the line and bus data, respectively.

Table 6 – Line data for 3-bus test system

Buses 𝑅 𝑋 𝐵

From To [pu] [pu] [MVAr]

1 2 0.002 0.040 20

1 3 0.001 0.020 10

2 3 0.004 0.080 40

Table 7 – Bus data for 3-bus test system

Bus
𝑉 𝑃𝐺 𝑄𝐺 𝑃𝐿 𝑄𝐿

[pu] [MW] [MVAr] [MW] [MVAr]

1 1.03 – – – –

2 1.05 600 – – –

3 – – – 1250 350
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5.1.1 Preliminary Calculations

Initially, the Newton-Raphson [106] algorithm was used to obtain the power flow
solution. A base power of 100 MVA was adopted, with a tolerance of 10−3 for the con-
vergence criterion. Thus, the Tables 8 and 9 contain output reports relating to buses and
branches, respectively.

Table 8 – Bus report for 3-bus test system

Bus
Voltage Injected Power

𝑉𝑖 𝜃𝑖 𝑃𝑖 𝑄𝑖

[pu] [∘] [pu] [pu]

1 1.0300 0.000 6.6661 4.2604

2 1.0500 5.296 6.0000 1.8477

3 0.9460 -10.574 -12.5000 -3.5000

Table 9 – Branch report for 3-bus test system

Branch Power Flow

From To
𝑃𝑖𝑗 𝑄𝑖𝑗

[pu] [pu]

1 2 -2.5093 -0.3802

2 1 2.5213 0.4041

1 3 9.1754 4.6406

3 1 -9.0753 -2.7359

2 3 3.4787 1.4436

3 2 -3.4247 -0.7641

To represent the electromechanical dynamics of the generators, Table 10 lists the
parameters of each synchronous machine.
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Table 10 – Machine data for 3-bus test system

SM
𝑅𝑎 𝑋 ′

𝑑 𝐻 𝐷𝑚 𝑆𝑏

[pu] [pu] [MJ/MVA] [pu] [MVA]

1 0 0.25 5 1 1000

2 0 0.25 5 1 800

SM: Synchronous Machine.

The machine parameters are converted to the system base 𝑆𝑏 = 100 [MVA] using
the relations given in (5.1)–(5.3).

𝑋
′

𝑑𝑛𝑒𝑤
= 𝑋

′

𝑑 ·
(︂
𝑉

𝑉𝑛𝑒𝑤

)︂2
· 𝑆𝑏𝑛𝑒𝑤

𝑆𝑏

, (5.1)

𝐻𝑛𝑒𝑤 = 𝐻 · 𝑆𝑏

𝑆𝑏𝑛𝑒𝑤

, (5.2)

𝐷𝑛𝑒𝑤 = 𝐷 · 𝜔𝑛𝑒𝑤

𝜔
· 𝑆𝑏

𝑆𝑏𝑛𝑒𝑤

. (5.3)

Resulting in the parameters of Table 11:

Table 11 – Converted machine data for 3-bus test system

SM
𝑅𝑎 𝑋 ′

𝑑 𝐻 𝐷𝑚

[pu] [pu] [MJ/MVA] [pu]

1 0 0.0250 50 10

2 0 0.0312 40 8

SM: Synchronous Machine.

Based on the classical synchronous machine model, the initial operating conditions
are computed using (2.4) and (2.5). Assuming steady-state operation, Table 12 summa-
rizes the resulting initial conditions for each generator.



Chapter 5. Numerical Results 73

Table 12 – Initial operating conditions - 3-bus test system

SM
𝐸 𝛿 Δ𝜔 𝑃𝑒 𝑃𝑀

[pu] [∘] [pu] [pu] [pu]

1 1.1449 8.1243 0.0000 6.6661 6.6661

2 1.1193 14.4759 0.0000 6.0000 6.0000

SM: Synchronous Machine.

To emulate a network transient, a three-phase fault is applied near bus 2 at 𝑡 =
0.5 [s], followed by the disconnection of the transmission line between buses 1 and 2.
The loads are represented by constant impedances, and the passive buses are eliminated
through Kron reduction [68]. The reduced admittance matrices before and after the event
are given by

𝑌𝑌𝑌
red
𝐵𝐹𝐵𝐹𝐵𝐹

=

⎡⎢⎢⎢⎣4.1719− 𝑗 · 14.5720 2.0826 + 𝑗 · 10.2621

2.0826 + 𝑗 · 10.2621 1.5106− 𝑗 · 12.5629

⎤⎥⎥⎥⎦ , (5.4)

𝑌𝑌𝑌
red
𝐴𝐹𝐴𝐹𝐴𝐹

=

⎡⎢⎢⎢⎣5.0603− 𝑗 · 9.9620 1.7854 + 𝑗 · 4.9932

1.7854 + 𝑗 · 4.9932 1.0227− 𝑗 · 6.8365

⎤⎥⎥⎥⎦ . (5.5)

With the preliminary calculations completed, the Kalman filter-based algorithms
are implemented for dynamic state estimation.

5.1.2 Construction of Kalman Filters

To initialize the filters, consider the state vector in complex-conjugate coordinates
in (5.6), assuming 𝛼̄ = 𝛿+ 𝑗 Δ𝜔. Since there is no initial variation in the angular velocity,
the state vector is initially a vector with only real parts.

^̄𝑥𝑥𝑥
0|0

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝛼̄1

𝛼̄2

𝛼̄*
1

𝛼̄*
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.1418

0.2527

0.1418

0.2527

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (5.6)
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Assuming that the real and imaginary parts of the initial estimation errors are
uncorrelated and share the same variance (10−4), the augmented covariance matrix 𝑃𝑃𝑃

0|0

is initialized such that the diagonal elements of the conventional covariance block 𝑃𝑃𝑃 10|0
are

equal to 2 · 10−4. Under this circularity assumption, the pseudo-covariance block 𝑃𝑃𝑃 20|0
is

initially set to zero. This initialization ensures that the total complex-domain uncertainty
reflects the combined variance of the real and imaginary components. Furthermore, the
process noise covariance matrix 𝑄̄𝑄𝑄 and the measurement noise covariance matrix 𝑅̄𝑅𝑅 are
diagonal matrices with variances of 10−4, following the same statistical assumptions used
for the state initialization.

The vectors of nonlinear functions that relate the differential equations
(︁
𝑓𝑓𝑓 (·)

)︁
and the measurements

(︁
ℎ̄ℎℎ (·)

)︁
according to the state variables are presented in (5.8).

PMU measurements are assumed to provide synchronized voltage and current phasors
at the system buses with a sampling rate of 60 samples per second. These voltage and
current measurements are subsequently used to construct the complex-power pseudo-
measurements used in the estimation process. A full PMU metering scheme was adopted
for all buses to provide a fully observable benchmark scenario for evaluating the proposed
estimator. Although this assumption may not represent a practical large-scale deployment,
it enables a clearer assessment of the numerical and statistical properties of the proposed
methodology.

𝑓𝑓𝑓 𝑐 =
[︃
𝑓1(1) 𝑓1(2)

]︃𝑇

=
[︃
𝑑𝛼̄1

𝑑𝑡

𝑑𝛼̄2

𝑑𝑡

]︃𝑇

, 𝑓𝑓𝑓(𝑥𝑥𝑥) =

⎡⎢⎢⎢⎣𝑓𝑓𝑓 𝑐

𝑓𝑓𝑓
*
𝑐

⎤⎥⎥⎥⎦ , (5.7)

ℎ̄ℎℎ𝑐 =
[︃
𝑉1 𝑉2 𝑉3 𝑆𝑒1 𝑆𝑒2

]︃𝑇

, ℎ̄ℎℎ(𝑥𝑥𝑥) =

⎡⎢⎢⎢⎣ℎ̄ℎℎ𝑐

ℎ̄ℎℎ
*
𝑐

⎤⎥⎥⎥⎦ . (5.8)

For the linearization-based algorithms, CV-EKF and CV-SHGM-EKF, the deriva-
tives and Jacobian matrices are shown in the Appendix B. The tolerance for the IRLS
algorithm in CV-SHGM-EKF and CV-SHGM-UKF is 10−3.

5.1.3 Dynamic State Estimation - 3-bus Test System

5.1.3.1 Scenario 1: Absence of Communication Failures and Gross Errors

Considering PMU measurements with standard deviation of the order of 1%, Fig-
ures 8a, 8b and 8c show the temporal estimation of the angular variable 𝛿21 and the
velocity variables 𝜔1 and 𝜔2, respectively, for the loss event of line 1-2 at time t = 0.5 [s].
All four algorithms evaluated in this first scenario demonstrate high efficiency in predict-
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ing the network’s transient effects, with prediction errors around 10−6. The algorithms
that do not rely on linearizations, CV-UKF and CV-SHGM-UKF, demonstrated slightly
higher accuracy than their counterparts, CV-EKF and CV-SHGM-EKF. The graphs were
enlarged in some areas to reduce overlap between curves.
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Figure 8 – Dynamic State Estimation: 3-bus system - Scenario 1.

5.1.3.2 Scenario 2: Loss of Communication Link of the PMU of Bus 1

The PMUs can lose communication with the operational control centers due to
several factors, such as equipment failures, cyberattacks, or interruptions to the commu-
nication system. Therefore, the second scenario simulates the loss of communication for
the PMU allocated to bus one. For this, the respective measurements 𝑉1 and 𝑆1 become
unavailable during the instants of t = 2 [s] and t = 4 [s]. Hence, the respective values
became zero. It can be observed in Figures 9a, 9b, and 9c that the EKF and UKF algo-
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rithms exhibit transient peaks due to communication loss. In contrast, robust algorithms
are efficient in the presence of failures. Some parts of the graphs were enlarged to highlight
the results during communication loss.
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Figure 9 – Dynamic State Estimation: 3-bus system - Scenario 2.

5.1.3.3 Scenario 3: Impulse in the 𝑆2

To emulate a severe failure in the observed data, the value of 𝑆2 obtained from
the voltage and current phasor measurements at bus two was intentionally corrupted
with a gross error of 6 [pu]. Although this disturbance magnitude is considerably larger
than typical PMU measurement noise levels, it was deliberately adopted to emphasize
the robustness differences between the conventional and SHGM-based estimators under
extreme contamination conditions. Such defects may arise from impulsive communication
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noise, synchronization inaccuracies, or severe data corruption events. The gross error
persisted in the system between 𝑡 = 2 s and 𝑡 = 4 [s]. As shown in Figures 10a, 10b, and
10c, the CV-SHGM-EKF and CV-SHGM-UKF algorithms exhibited superior robustness
when compared with their non-robust counterparts.
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Figure 10 – Dynamic State Estimation: 3-bus system - Scenario 3.

5.1.3.4 Scenario 4: Center of Inertia Frequency Estimation

Usually, control centers do not monitor power system inertia, a key attribute used
to assess the impact of asynchronous machines on the power grid. Figure 11 presents
the center-of-inertia frequency response for the 3-bus test system under normal operating
conditions, i.e., in the absence of communication failures and gross measurement errors,
obtained as a byproduct of the dynamic state estimator.
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Figure 11 – Frequency of generators and center of inertia over time.

In the presence of errors and various types of failures, EKF and UKF algorithms
do not impair the frequency estimation as shown in Figures 12 and 13, for the second
and third scenarios, respectively. The robust counterparts perform well in estimating the
system’s center of inertia. Some areas of the graphs were highlighted to circumvent the
effect of curve overlap.
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Figure 12 – Estimation of 𝑓𝐶𝑂𝐼 - Scenario 2.
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Figure 13 – Estimation of 𝑓𝐶𝑂𝐼 - Scenario 3.

5.2 IEEE 39-Bus Test System
This section presents the time-domain simulations performed on the IEEE 39-

bus New England test system [102]. The system comprises 10 synchronous generators
interconnected through 46 transmission branches. In this study, all synchronous generators
are modeled using the detailed ninth-order two-axis representation, including the IEEE
DC1A excitation system and the TGOV1 turbine governor, exactly as formulated and
discussed in Chapter 2.
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The initialization procedure of the dynamic state estimator, including the steady-
state operating point calculation and the construction of the estimator structure, follows
the same methodology adopted for the 3-bus system presented in the previous section and
is therefore omitted here for brevity. As in the 3-bus case, the adopted measurement set
consists of bus voltage phasors and pseudo-measurements of generated complex power,
obtained from voltage and current phasor measurements provided by PMUs, with a re-
porting rate of 60 phasors per second. A full PMU metering scheme is adopted only as
a benchmark assumption to ensure a fully observable and controlled simulation environ-
ment for comparing the proposed estimators, not as a practical deployment requirement.
In practical applications, the same formulation can be applied to any PMU placement
that provides sufficient observability and redundancy for the monitored system. For all
simulations, the initial state-error covariance matrix 𝑃𝑃𝑃 , as well as the process and mea-
surement noise covariance matrices 𝑄̄𝑄𝑄 and 𝑅̄𝑅𝑅, are assumed to be diagonal with entries
equal to 10−6.

To assess the estimator performance under a disturbance, a fault is applied near
bus 4, followed by the disconnection of transmission line [4; 14] at 𝑡 = 1 [s]. The cor-
responding dynamic state estimation results are depicted in Figure 14 for Generator 8,
which is representative of the system response.

The estimated trajectories obtained by the different dynamic state estimation al-
gorithms are nearly indistinguishable throughout the simulation horizon, indicating a high
degree of consistency between the estimators, with no evident bias or divergence during ei-
ther the transient or post-fault periods. Therefore, the results shown in Figure 14 indicate
that all algorithms considered accurately track the complex-valued states.

The loss of communication is imposed on the PMU measurement associated with
bus 17 because the voltage phasor 𝑉17 is identified by the projection statistics analysis as a
leverage point. This choice allows the robustness of the proposed SHGM-based estimators
to be evaluated under a severe condition in which a leverage-point measurement becomes
corrupted. Specifically, the communication loss is modeled by forcing 𝑉17 to zero during
the interval 𝑡 = 7 [s] to 𝑡 = 9 [s], introducing a measurement inconsistent with the
network equations. In the SHGM framework, this measurement is handled through the
IRLS weighting scheme and is assigned a reduced weight 𝜛

𝑖
= 9.108 · 10−2.

Figure 15 shows that the non-robust estimators (CV-EKF and CV-UKF) are sig-
nificantly affected during the outage interval, whereas the robust estimators (CV-SHGM-
EKF and CV-SHGM-UKF) maintain close agreement with the actual response. As a re-
sult, the robust methods preserve stable tracking of the complex-valued states and avoid
bias accumulation even under the severe measurement inconsistency imposed on 𝑉17.
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Figure 14 – Dynamic State Estimation for 39-bus system - Generator 8.
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Figure 15 – Dynamic State Estimation for 39-bus system - Generator 8 - Loss of commu-
nication at bus 17.
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Figure 16 shows the global mean square error (MSE) computed over all estimated
measurements during the PMU communication outage at bus 17, within the interval
𝑡 ∈ [7, 9] [s]. For comparative purposes, the same communication failure is evaluated in
both the real-valued (RV) and complex-valued (CV) numerical domains. The EKF-based
estimators exhibit very similar MSE profiles in both domains, indicating comparable sen-
sitivity to communication failure. In both numerical domains, the robust filters maintain
the MSE on the order of 10−8 throughout the outage window.

In contrast, the complex-valued UKF (CV-UKF) exhibits a higher MSE during
the outage than its real-valued counterpart. As discussed in Section 3.2, this behavior is
associated with the reduced number of measurements in the complex-domain formulation,
which increases the sensitivity of the unscented transformation to measurement loss. It is
worth noting that, in scenarios without measurement failures, the estimation accuracy of
all filters remains of the same order in both numerical domains.

In addition to the global analysis, Figures 17 and 18 present the mean square
error (MSE) calculated individually for each state variable of the IEEE 39-bus system,
considering the real-valued and complex-valued formulations. For reference, the maximum
MSE value attained in each case is explicitly indicated in the corresponding plots.
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Figure 16 – MSE for all estimated measurements - Communication loss at bus 17.
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At the state-variable level, Figure 17 shows that the non-robust EKF estimators
present similar sensitivity behavior in both the real-valued and complex-valued formu-
lations, indicating that the impact of the considered measurement failure is comparable
regardless of the numerical representation adopted, as also observed in Figure 16. In con-
trast, the complex-valued UKF shows higher sensitivity at the state-variable level. This
behavior is mainly associated with the reduced non-augmented measurement set adopted
in the complex-domain formulation, which is enabled by the proper/circular signal as-
sumption and contains approximately half of the measurements used in the equivalent
real-valued representation. Consequently, the CV-UKF becomes more susceptible to in-
formation loss during disturbances.

In contrast, when robust filtering strategies are employed, the MSE remains consis-
tently low across all state variables, even in the presence of different types of measurement
failures, including communication losses, impulsive noise, and bad leverage points. No-
tably, although the complex-valued UKF operates with a reduced measurement set, its
robust variant preserves estimation accuracy at the state-variable level. This result in-
dicates that the SHGM-based weighting mechanism effectively compensates for reduced
measurement redundancy by limiting the influence of adverse measurements, thereby en-
suring reliable dynamic state estimation.

Following the state-variable error assessment, the frequency response of the IEEE
39-bus system is analyzed with emphasis on the center-of-inertia (COI) frequency. Fig-
ure 19 depicts the individual generator frequencies along with the COI trajectory for the
base scenario, i.e., in the absence of communication failures and impulsive noise. The
results show that, despite the presence of machine-level oscillations, the COI provides a
coherent representation of the global electromechanical behavior. As illustrated in Fig-
ure 20, non-robust estimators—most notably the CV-UKF—exhibit noticeable deviations
due to the loss of PMU communication at bus 17, which are consistent with the reduced
measurement set adopted in the complex-domain formulation and the higher sensitivity
of unscented transformations to measurement inconsistencies, as previously observed in
the state-wise MSE results.

On the other hand, the robust estimators maintain accurate tracking of the COI
frequency throughout the simulation horizon, effectively preventing transient distortions
and preventing bias propagation under adverse measurement conditions. From a practical
perspective, this behavior is particularly relevant for protection and control applications,
such as under-frequency load shedding (UFLS) and wide-area monitoring schemes, where
reliable frequency estimates are critical. Although this work focuses on frequency estima-
tion, more comprehensive assessments should also incorporate complementary indicators,
including the Rate of Change of Frequency (ROCOF) and disturbance power metrics
𝑃dist, as discussed in Chapter 4.
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Figure 19 – Frequency of generators and center of inertia over time - IEEE - 39 bus.
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5.3 Computational Performance Analysis
This section presents a comparative evaluation of the computational performance

of the proposed estimators in both real-valued and complex-valued numerical domains.
To guarantee a fair comparison, all estimators were implemented using the same com-
putational framework. The algorithmic structure, numerical routines, and optimization
strategies remain unchanged across numerical domains. In particular, identical code or-
ganization, vectorization strategies, sparse-matrix manipulations, and numerical linear
algebra procedures were adopted in both real-valued and complex-valued formulations.
Consequently, any observed difference in computational performance can be attributed
solely to the numerical representation itself.

The simulations were carried out using three test systems of increasing size: the
IEEE 39-bus system, the IEEE 118-bus system, and a 340-bus equivalent of the Brazilian
Interconnected System (SIN). In all cases, synchronous generators were modeled using
the ninth-order two-axis model, including the DC1A excitation system and the TGOV1
(GOV1) turbine speed regulator, as described in Chapter 2.

The measurement configuration consists of bus-voltage phasors at all buses and
generator-power pseudo-measurements derived from synchronized voltage and current
phasor data from PMUs. Furthermore, the initial covariance matrices adopted in the
estimation process — namely the state covariance matrix 𝑃𝑃𝑃 , the process noise covariance
𝑄̄𝑄𝑄, and the measurement noise covariance 𝑅̄𝑅𝑅 — were assumed as diagonal matrices with
elements equal to 10−6, establishing uniform initial uncertainty levels in all simulations.

Table 13 summarizes the computational performance obtained for all evaluated
algorithms and test systems, where the reported values correspond to the average results
from 30 independent simulations considering dynamic operation windows of 10 seconds.
The measurement values used in these simulations were determined from 50 Monte Carlo
runs, ensuring statistically representative operating conditions. In all cases, identical fault
scenarios were applied in both real-valued and complex-valued numerical domains, and no
additional disturbances, such as communication losses, impulsive measurement noise, or
modeling errors due to parameter uncertainties, were considered. For the complex-valued
EKF formulation, the performance of the decoupled algorithm (D-EKF) and its robust
counterpart (SHGM-D-EKF) is also presented, enabling a direct comparison between
coupled and decoupled implementations. For each algorithm and system, the table reports
the number of state variables (𝑛𝑠), measurements (𝑛𝑚), average computational time per
iteration, the complex-to-real time ratio (C/R), and the maximum mean squared error
among all estimated state variables, providing a consistent comparison of computational
cost and estimation accuracy across formulations and system sizes.
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The computational results summarized in Table 13 show that the effect of the
numerical domain on execution time is estimator-dependent rather than uniform across
all algorithms. To identify the source of this behavior, profiling results for the standard
augmented CV-EKF reveal that the computational burden is unevenly distributed among
the estimation stages. In particular, although evaluating Jacobian matrices and the mea-
surement update remain efficient, the covariance prediction step dominates the overall
computational cost. In this step, computing 𝑃𝑃𝑃

𝑘|𝑘−1 requires dense matrix multiplications
whose cost scales cubically with the state dimension. This operation is inherently more
demanding when performed with complex-valued arithmetic. In large-scale networks such
as the IEEE-118 and SIN-340 systems, this bottleneck causes the total execution time
to be more than three times higher than in the real domain, as illustrated by the ratio
analysis in Figure 21a.

To address this challenge, the proposed Decoupled EKF (D-EKF) introduces a
structural optimization to mitigate the computational cost of the augmented formula-
tion. By exploiting the mirror symmetry inherent to complex-conjugate coordinates, the
D-EKF bypasses redundant operations during the covariance update without introduc-
ing numerical approximations. Consequently, the D-EKF significantly reduces complex-
domain execution times—achieving reductions of approximately 68% in the IEEE-118
system and 65% in the SIN-340 system compared to the full augmented CV-EKF. Al-
though the inherent complexity of complex-valued matrix multiplication prevents the
D-EKF from matching the absolute speed of real-domain implementations, these results
demonstrate that structural optimizations effectively narrow the performance gap, mak-
ing the complex-domain modeling a manageable and viable alternative for large-scale
systems.

A pivotal finding summarized in Table 13 is the computational cross-over observed
in sigma-point-based estimators. For the UKF and SHGM-UKF, the complex-domain
formulation achieves true computational superiority as the system scale increases, with
execution times approximately 29% lower than their real-domain counterparts in the SIN-
340 system. This occurs because the 50% dimensional reduction in the complex domain
(𝑛𝑠) directly reduces the number of propagated sigma points (2𝑛𝑠 + 1) and the associ-
ated nonlinear function evaluations. Therefore, for derivative-free estimators, the benefits
of dimensional reduction outweigh the costs of complex arithmetic, making the complex-
domain UKF highly scalable for high-dimensional monitoring tasks. However, as shown in
the bad-data scenarios, the non-robust UKF is more sensitive to measurement inconsisten-
cies, so robustification through the SHGM framework is essential to preserve estimation
reliability under adverse conditions.



Chapter 5. Numerical Results 98

2.2

4.22

3.28

1.35 1.33
1.13

2.95

4.43

3.8

2.59

3.32

3.87

IEEE-39 IEEE-118 SIN-340
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5
R

a
ti
o

(C
/
R

)
EKF D-EKF SHGM-EKF SHGM-D-EKF

(a) EKF-based estimators.

0.98

0.79

0.71

0.99

0.85

0.72

IEEE-39 IEEE-118 SIN-340
0

0.2

0.4

0.6

0.8

1

1.2

R
a
ti
o

(C
/
R

)

UKF SHGM-UKF

(b) UKF-based estimators.

Figure 21 – Computational time ratio between complex-domain and real-domain formu-
lations.

Regarding the robust formulations, the results in Table 13 indicate that the exe-
cution times for both SHGM-EKF and SHGM-D-EKF are significantly higher and more
closely aligned than those of their non-robust counterparts. This behavior stems from the
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fact that, for these linearized algorithms, the robust framework inherently requires ma-
nipulating augmented matrices to account for complex-conjugate state correlations via
Wirtinger calculus during the iterative weighting process. Consequently, the computa-
tional burden is dominated by the calculation of projection statistics and the evaluation
of influence functions. This intensive computational effort in the robustification routines
effectively masks the gains from decoupled covariance propagation, explaining the nar-
rower performance gap observed in large-scale systems like the SIN-340.

Furthermore, it is important to note that for the largest systems analyzed (IEEE-
118 and SIN-340), the execution times per iteration currently exceed the standard PMU
reporting interval (e.g., 16.67 ms). However, these results must be interpreted as a proof-
of-concept regarding algorithmic scalability. Since the reported times are based on a
high-level prototyping environment, the significant computational savings provided by the
decoupled and sigma-point-reduced formulations indicate a clear path toward real-time
viability. The modular structure of the proposed estimators is highly suitable for parallel
processing and the application of sparse-matrix techniques, thereby further minimizing
latency on industrial-grade hardware for large-scale interconnected networks.

Overall, the results demonstrate that computational scalability in dynamic state
estimation depends on both the estimator structure and the numerical representation.
While complex-domain modeling naturally aligns with phasor-based measurements, struc-
tural optimizations such as decoupled formulations and sigma-point reduction are essen-
tial to maintain computational feasibility. Therefore, the combination of complex-domain
modeling with structurally optimized estimators emerges as a promising solution for real-
time monitoring of large-scale power systems.
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6 General Conclusions

This thesis establishes a comprehensive framework for Dynamic State Estimation
(DSE) in power systems using complex-conjugate coordinates, proving that the transition
to complex-valued modeling provides a more direct and physically consistent approach for
modern grids. The research demonstrates that while the complex domain naturally aligns
with the phasor-based nature of electrical quantities, its practical application requires a
careful balance between modeling elegance and computational overhead.

A central contribution of this work is the development of the Decoupled Complex-
Valued EKF (CV-D-EKF). The research reveals that while standard augmented formula-
tions incur heavy computational penalties, the proposed CV-D-EKF mitigates this burden
by exploiting mirror symmetry and eliminating redundant operations. Although it does
not yet outperform real-valued implementations in absolute speed for the EKF case, the
CV-D-EKF reduces execution time by up to 68%, rendering complex-domain linearization-
based filters computationally viable for large-scale systems such as the SIN-340 bus net-
work.

In contrast, the most striking finding of this research is the computational cross-
over observed in sigma-point-based estimators. For the UKF and SHGM-UKF algorithms,
the 50% reduction in state dimension afforded by the complex domain yields a clear
computational advantage as the system size scales. In the SIN-340 system, the complex-
domain UKF was approximately 29% faster than its real-domain counterpart, effectively
overcoming the overhead of complex algebra through the reduced number of propagated
sigma points. These results indicate that the complex-domain UKF is highly scalable
for high-dimensional monitoring tasks, where dimensional reduction outweighs algebraic
complexity. However, since the non-robust UKF is more sensitive to bad data and mea-
surement inconsistencies, the SHGM-UKF represents the preferred alternative when both
computational efficiency and robustness are required.

The robustness of the proposed framework was also extensively validated, with
the complex-valued SHGM-EKF and SHGM-UKF demonstrating superior capability in
suppressing gross errors. It is important to note, however, that for the linearized estima-
tors, the robust formulation requires augmented matrices to handle complex-conjugate
correlations. As a result, the computational effort is primarily spent on computing pro-
jection statistics rather than on the prediction steps. This also explains why the rela-
tive speedup from decoupling is less pronounced in robust filters. Despite this overhead,
the CV-SHGM-UKF emerged as the most reliable solution for scenarios involving severe
anomalies, ensuring precise tracking of the system’s dynamic state.
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The frequency-estimation results further reinforce the practical relevance of the
proposed DSE framework. By estimating the dynamic states of the generators, the pro-
posed formulation enables the center-of-inertia frequency, ROCOF, and disturbance power
indicators to be obtained as byproducts of the estimation process, without requiring an
additional dedicated frequency-estimation module. The numerical results show that the
COI frequency provides a coherent representation of the system’s global electromechanical
behavior, even in the presence of individual machine oscillations. Moreover, under adverse
measurement conditions, the robust SHGM-based estimators preserve accurate frequency
tracking, preventing corrupted PMU data from propagating into frequency-security in-
dicators. This capability is particularly relevant for modern low-inertia systems, where
reliable estimates of frequency, ROCOF, and disturbance size are essential for wide-area
monitoring, under-frequency load shedding, and fast corrective control actions.

In conclusion, this work demonstrates that the choice of numerical domain must
be paired with the appropriate estimator structure. While the EKF requires structural
decoupling to achieve a manageable performance gap, the UKF naturally thrives in a com-
plex domain, delivering on the promise of computational efficiency through dimensionality
reduction. Together, these formulations offer a mathematically rigorous and scalable path
for the real-time dynamic monitoring of modern, low-inertia power systems.

6.1 Future Works
The framework established in this thesis opens several promising avenues for fur-

ther investigation into the application of complex-conjugate coordinates in power system
dynamics. Beyond the models and algorithms validated in this work, the following topics
represent the next frontier for this research:

∙ Generalization for Non-Circular Signals: A relevant future extension is to gen-
eralize the proposed dynamic state estimator to improper or non-circular complex
signals. In this thesis, PMU phasors are assumed to be approximately proper/circular,
as supported by the second-order statistical analysis reported in [74]. Physically, this
means that the real and imaginary components of the phasor errors have similar
variances and weak correlation, resulting in negligible pseudo-covariance. However,
under severe unbalanced conditions, asymmetric faults, transformer saturation, or
correlated measurement errors, this assumption may no longer hold. In such cases,
as discussed by Mandic and Goh [72], pseudo-covariance matrices must be included
to capture the correlation between the signal and its complex conjugate.

∙ Exploitation of Matrix Sparsity and Topology: Building on the successful
implementation of the decoupled EKF, future work should explore the intrinsic
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sparsity of power system matrices within the Wirtinger calculus framework. Since
decoupling was achieved without mathematical approximations, investigating sparse
matrix techniques and topology-based partitioning could further reduce execution
times, potentially bridging the remaining gap between complex-domain EKF and
real-time PMU sampling rates.

∙ Extension to Advanced Filtering Techniques: The concepts established in
this work can be extended to other derivative-free algorithms. Evaluating the per-
formance and dimensional reduction benefits in the Cubature Kalman Filter (CKF)
[107], Ensemble Kalman Filter (EnKF) [108], and Particle Filter (PF) [109] would
provide a broader understanding of how complex-domain modeling impacts different
stochastic estimation paradigms.

∙ Operator Training Simulators (OTS) and Real-Time Integration: Finally,
the integration of static and dynamic estimators in complex coordinates offers a
unique opportunity to develop next-generation Operator Training Simulators [110].
By leveraging the flexibility of the proposed models, an OTS could be built to pro-
cess real-time information on both steady-state and transient electromagnetic phe-
nomena, providing a high-fidelity training environment for monitoring low-inertia
modern power systems.
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APPENDIX A – Analysis of complex
functions and variables

This appendix initially presents the basis for the differentiability of complex func-
tions. Then it demonstrates the formulation of the Wirtinger Calculus, a handy tool for
transforming non-analytic functions of complex variables into analytic functions in the
complex-conjugate coordinate system.

A.1 Differentiability of Complex Functions
As described in [60], consider a complex variable 𝑥̄ = 𝑎 + 𝑗 · 𝑏 and its respective

function 𝑓(𝑥̄) in (A.1). The terms 𝑢(𝑎, 𝑏) and 𝑣(𝑎, 𝑏) represent real functions, 𝑢 and 𝑣:
R2 → R.

𝑓(𝑥̄) = 𝑢(𝑎, 𝑏) + 𝑗 · 𝑣(𝑎, 𝑏) (A.1)

Functions of this type (A.1) are generally complex but can be real in some cases,
such as the cost function of optimization problems 𝒥 (|𝑒2|). From the definition of differ-
entiability of functions of complex variables, we have the limit with Δ𝑥 tending to 0 in
the complex plane, regardless of the direction, according to (A.2).

𝑓 ′(𝑥̄0) = lim
Δ𝑥̄→0

𝑓(𝑥̄+ Δ𝑥̄)− 𝑓(𝑥̄)
Δ𝑥̄ (A.2)

The necessary and sufficient conditions to guarantee the differentiability of 𝑓(𝑥)
are the Cauchy-Riemann equations, that is,

𝜕𝑢

𝜕𝑎
= 𝜕𝑣

𝜕𝑏
,

𝜕𝑣

𝜕𝑎
= −𝜕𝑢

𝜕𝑏
. (A.3)

If the functions 𝑢(𝑎, 𝑏) and 𝑣(𝑎, 𝑏) are continuous throughout their domain, then
the partial derivatives of these functions will also be continuous. If this is the case, it
follows that 𝑓(𝑥̄) is an analytic or holomorphic function [60, 55].

To illustrate these concepts, consider the following complex function, assuming
𝑥̄ = 𝑎+ 𝑗𝑏.
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𝑓(𝑥̄) = 𝑥̄2 − 4 = 𝑎2 − 𝑏2 − 4⏟  ⏞  
𝑢

+ 𝑗 · 2𝑎𝑏⏟ ⏞ 
𝑣

(A.4)

Considering the Cauchy-Riemann assumptions for the differentiability of functions,
it follows that

𝜕𝑢

𝜕𝑎
= 𝜕𝑣

𝜕𝑏
= 2𝑎, 𝜕𝑣

𝜕𝑎
= −𝜕𝑢

𝜕𝑏
= 2𝑏. (A.5)

Thus, the satisfaction of the Cauchy-Riemann conditions characterizes 𝑓(𝑥̄) =
𝑥̄2 − 4 as a holomorphic function.

A.2 Wirtinger Calculus or CR-Calculus
The device known as Wirtinger Calculus, or CR-Calculus, is used to establish the

differentiability of non-analytic complex functions, as proposed by Wilhelm Wirtinger in
1927 [67]. Therefore, consider the function described in (A.1) and the relations described
below:

𝑎 = (𝑥̄+ 𝑥̄*)
2 , (A.6)

𝑏 = 𝑗
(𝑥̄* − 𝑥̄)

2 , (A.7)

where 𝑥̄ and 𝑥̄* represent a complex and complex-conjugate variable, respectively

Considering 𝑥̄𝑐 as a complex variable, the key idea of Wirtinger Calculus is that if
𝑓(𝑥̄𝑐) = 𝑓(𝑎, 𝑏) = 𝑓(𝑥̄, 𝑥̄*) is analytic in the space spanning 𝑎 and 𝑏 then it is also analytic
with respect to 𝑥̄ for constant 𝑥̄*, and analogously, it will be analytic for 𝑥̄* considering
constant 𝑥̄ [56]. Furthermore, it is worth noting that such an artifice is applicable if
functions like (A.1) are differentiable with respect to 𝑎 and 𝑏. Thus, we have the equations

𝜕𝑓(𝑥̄𝑐)
𝜕𝑥̄

= 𝜕𝑓(𝑥̄, 𝑥̄*)
𝜕𝑥̄

⃒⃒⃒⃒
⃒
𝑥̄*=𝐶𝑜𝑛𝑠𝑡

= 𝜕𝑓

𝜕𝑎
· 𝜕𝑎
𝜕𝑥̄

+ 𝜕𝑓

𝜕𝑏
· 𝜕𝑏
𝜕𝑥̄

= 1
2

(︃
𝜕𝑓

𝜕𝑎
− 𝑗 𝜕𝑓

𝜕𝑏

)︃
, (A.8)

𝜕𝑓(𝑥̄𝑐)
𝜕𝑥̄* = 𝜕𝑓(𝑥̄, 𝑥̄*)

𝜕𝑥̄*

⃒⃒⃒⃒
⃒
𝑥=𝐶𝑜𝑛𝑠𝑡

= 𝜕𝑓

𝜕𝑎
· 𝜕𝑎
𝜕𝑥̄* + 𝜕𝑓

𝜕𝑏
· 𝜕𝑏
𝜕𝑥̄* = 1

2

(︃
𝜕𝑓

𝜕𝑎
+ 𝑗

𝜕𝑓

𝜕𝑏

)︃
. (A.9)

Such a device would enable the expansion of initially non-holomorphic functions
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in Taylor series. Thus, the first-order term of the Taylor series expansion will be

𝑓 (𝑥̄+ Δ𝑥̄, 𝑥̄* + Δ𝑥̄*) ≈ 𝑓 (𝑥̄, 𝑥̄*) + 𝜕𝑓

𝜕𝑥̄
·Δ𝑥̄+ 𝜕𝑓

𝜕𝑥̄* ·Δ𝑥̄
*

≈ 𝑓 (𝑥̄, 𝑥̄*) +
[︃
𝜕𝑓

𝜕𝑥̄

𝜕𝑓

𝜕𝑥̄*

]︃
·

⎡⎢⎢⎢⎣Δ𝑥̄

Δ𝑥̄*

⎤⎥⎥⎥⎦ .
(A.10)

According to [52], a good example is the real function referring to the square of
the Euclidean distance from the origin expressed in the equation (A.11), considering the
complex variable 𝑥̄ = 𝑎+ 𝑗 · 𝑏.

𝑓 (𝑥̄𝑐) = 𝑓 (𝑥̄, 𝑥̄*) = 𝑥̄* · 𝑥̄ = ||𝑥̄||2 = 𝑎2 + 𝑏2⏟  ⏞  
𝑢

+ 𝑗 · (𝑎𝑏− 𝑎𝑏)⏟  ⏞  
𝑣=0

. (A.11)

Since 𝑣 = 0, the Cauchy-Riemann differentiability criteria (A.3) are not satisfied
and, therefore, it is a non-analytic or non-holomorphic function.

To overcome this obstacle, the Wirtinger Calculus is applied through the equations
(A.8) and (A.9), generating:

𝜕𝑓(𝑥̄𝑐)
𝜕𝑥̄

= 𝑥̄*,
𝜕𝑓(𝑥̄𝑐)
𝜕𝑥̄* = 𝑥̄. (A.12)

Therefore, the geometric interpretation of this fact is expressed in Fig. 22.
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Figure 22 – Contour plot of scalar real function of complex variable [52].

The function corresponding to the square of the Euclidean distance from the origin
expressed by 𝑓(𝑥̄𝑐) = 𝑎2 +𝑏2 is equivalent to the equation of a circle centered at the origin
of the complex plane, that is, the radius of each circle (contour) is equivalent to

√︁
𝑓(𝑥𝑐).

If there were a third axis perpendicular to the axes of the complex plane and fixed to the
origin, the figure formed would be that of a paraboloid [52].

It is also important to note that the direction of the maximum rate of change
is given by the conjugate gradient expressed in the equation (A.9). The dashed arrow
(positive direction) points to the maximum of the function, while the opposite direction
points to the minimum of the cost function, generally the minimization of errors [52].

Extending these concepts to the multi-variable scenario, the expressions (A.13-
A.15) are valid.

∇𝑥𝑥𝑥𝑓𝑓𝑓
(︁
𝑥𝑥𝑥,𝑥𝑥𝑥

*)︁ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕𝑓

𝜕𝑥̄1
...
𝜕𝑓

𝜕𝑥̄𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

(︃
𝜕𝑓

𝜕𝑎1
− 𝑗 · 𝜕𝑓

𝜕𝑏1

)︃
...

1
2

(︃
𝜕𝑓

𝜕𝑎𝑛

− 𝑗 · 𝜕𝑓
𝜕𝑏𝑛

)︃

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (A.13)
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∇𝑥𝑥𝑥
*𝑓𝑓𝑓
(︁
𝑥𝑥𝑥,𝑥𝑥𝑥

*)︁ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕𝑓

𝜕𝑥̄*
1

...
𝜕𝑓

𝜕𝑥̄*
𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

(︃
𝜕𝑓

𝜕𝑎1
+ 𝑗 · 𝜕𝑓

𝜕𝑏1

)︃
...

1
2

(︃
𝜕𝑓

𝜕𝑎𝑛

+ 𝑗 · 𝜕𝑓
𝜕𝑏𝑛

)︃

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (A.14)

𝑓𝑓𝑓
(︁
𝑥𝑥𝑥+ Δ𝑥𝑥𝑥,𝑥𝑥𝑥* + Δ𝑥𝑥𝑥*)︁ ≈ 𝑓𝑓𝑓 (︁𝑥𝑥𝑥,𝑥𝑥𝑥*)︁+

[︃
∇𝑥𝑥𝑥𝑓𝑓𝑓

𝑇 ∇𝑥𝑥𝑥
*𝑓𝑓𝑓

𝑇

]︃
·

⎡⎢⎢⎢⎣Δ𝑥𝑥𝑥

Δ𝑥𝑥𝑥*

⎤⎥⎥⎥⎦ . (A.15)
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APPENDIX B – Derivatives and Jacobian
Matrices for the Dynamic State Estimator

Formulated in the Complex Domain

B.1 Classical Model
The equations (B.1)-(B.4) show the derivatives that will be used in the linearization

process of the classical model in the domain of complex and conjugate variables. The
symbol ∙ represents any state variable, that is, 𝛼̄ or 𝛼̄*.

𝑓1 = 𝑑𝛼̄

𝑑𝑡
= 𝒜1 · 𝛼̄−𝒜1 · 𝛼̄* − 0.5 · 𝒜2 · 𝑆𝑒 − 0.5 · 𝒜2 · 𝑆*

𝑒 +𝒜2 · 𝑇𝑀 .

𝜕𝑓1

𝜕𝛼̄
= 𝒜1 − 0.5 · 𝒜2 ·

𝜕𝑆𝑒

𝜕𝛼̄
− 0.5 · 𝒜2 ·

𝜕𝑆*
𝑒

𝜕𝛼̄
, (B.1)

𝜕𝑓1

𝜕𝛼̄* = −𝒜1 − 0.5 · 𝒜2 ·
𝜕𝑆𝑒

𝜕𝛼̄* − 0.5 · 𝒜2 ·
𝜕𝑆*

𝑒

𝜕𝛼̄* , (B.2)

𝜕𝑆𝑒

𝜕∙
= 𝜕𝐸̄

𝜕∙
· 𝐼* + 𝜕𝐼*

𝜕∙
· 𝐸̄, (B.3)

𝜕𝑆*
𝑒

𝜕∙
=
(︃
𝜕𝑆𝑒

𝜕∙

)︃*

. (B.4)

The Jacobian matrix of nonlinear functions representing the dynamics of machines
in order to state variables will be of the form:

𝐹𝐹𝐹 𝑐 (𝑥𝑥𝑥) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕𝑓1(1)

𝜕𝛼̄1
· · ·

𝜕𝑓1(1)

𝜕𝛼̄𝑛

𝜕𝑓1(1)

𝜕𝛼̄*
1
· · ·

𝜕𝑓1(1)

𝜕𝛼̄*
𝑛

... . . . ... ... . . . ...

𝜕𝑓1(𝑛)

𝜕𝛼̄1
· · ·

𝜕𝑓1(𝑛)

𝜕𝛼̄𝑛

𝜕𝑓1(𝑛)

𝜕𝛼̄*
1
· · ·

𝜕𝑓1(𝑛)

𝜕𝛼̄*
𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
→ 𝐹𝐹𝐹 (𝑥𝑥𝑥) =

⎡⎣ 𝐹𝐹𝐹 𝑐 (𝑥𝑥𝑥)
𝐹𝐹𝐹

*
𝑐 (𝑥𝑥𝑥) ·𝑆𝑤𝑆𝑤𝑆𝑤

⎤⎦ , (B.5)

where 𝑆𝑤𝑆𝑤𝑆𝑤 is the swap operator, an orthogonal matrix defined as:
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𝑆𝑤𝑆𝑤𝑆𝑤 ≜

⎡⎢⎢⎢⎢⎢⎢⎣
000 𝐼𝐼𝐼

𝐼𝐼𝐼 000

⎤⎥⎥⎥⎥⎥⎥⎦ , (B.6)

where 000 and 𝐼𝐼𝐼 are the null matrix and the identity matrix, respectively. Such an operator is
responsible for permuting blocks of 𝑚 rows or blocks of 𝑛 columns, depending on whether
𝑆𝑤𝑆𝑤𝑆𝑤 is pre- or post-multiplied to a matrix, respectively.

B.2 Two-Axis Model
For the two-axis model with IEEE DC1A voltage regulators and TGOV1 speed

and turbine reported in Chapter 2, the derivatives of the following algebraic-differential
equations are obtained:

∙ Differential Equations:

∘ 𝑓1 = 𝑑𝛼̄

𝑑𝑡
= 𝒜1 · 𝛼̄−𝒜1 · 𝛼̄* +𝒜2 · 𝜇̄+𝒜2 · 𝜇̄* −𝒜2 · 𝑆𝑒 −𝒜2 · 𝑆*

𝑒

𝜕𝑓1

𝜕𝛼̄
= 𝒜1 −𝒜2 ·

𝜕𝑆𝑒

𝜕𝛼̄
−𝒜2 ·

𝜕𝑆*
𝑒

𝜕𝛼̄
(B.7)

𝜕𝑓1

𝜕𝛼̄* = −𝒜1 −𝒜2 ·
𝜕𝑆𝑒

𝜕𝛼̄* −𝒜2 ·
𝜕𝑆*

𝑒

𝜕𝛼̄* (B.8)

𝜕𝑓1

𝜕𝛽
= −𝒜2 ·

𝜕𝑆𝑒

𝜕𝛽
−𝒜2 ·

𝜕𝑆*
𝑒

𝜕𝛽
(B.9)

𝜕𝑓1

𝜕𝛽*
= −𝒜2 ·

𝜕𝑆𝑒

𝜕𝛽*
−𝒜2 ·

𝜕𝑆*
𝑒

𝜕𝛽*
(B.10)

𝜕𝑓1

𝜕𝜇̄
= 𝒜2 (B.11)

𝜕𝑓1

𝜕𝜇̄* = 𝜕𝑓1

𝜕𝜇̄
(B.12)

∘ 𝑓2 = 𝑑𝛽

𝑑𝑡
= ℬ̄1 · 𝛽 + ℬ̄2 · 𝛽* + ℬ̄3 · 𝛾 + ℬ̄3 · 𝛾* + ℬ̄4 · 𝐼𝑞𝑑 + ℬ̄5 · 𝐼*

𝑞𝑑

𝜕𝑓2

𝜕𝛽
= ℬ̄1 + ℬ̄4 ·

𝜕𝐼𝑞𝑑

𝜕𝛽
+ ℬ̄5 ·

𝜕𝐼*
𝑞𝑑

𝜕𝛽
(B.13)
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𝜕𝑓2

𝜕𝛽*
= ℬ̄2 + ℬ̄4 ·

𝜕𝐼𝑞𝑑

𝜕𝛽*
+ ℬ̄5 ·

𝜕𝐼*
𝑞𝑑

𝜕𝛽*
(B.14)

𝜕𝑓2

𝜕𝛾
= ℬ̄3 (B.15)

𝜕𝑓2

𝜕𝛾* = 𝜕𝑓2

𝜕𝛾
(B.16)

∘ 𝑓3 = 𝑑𝛾

𝑑𝑡
= 𝒞1 · 𝛾 + 𝒞1 · 𝛾* + 𝒞2 · 𝑈𝑥 · 𝛾 + 𝒞2 · 𝑈𝑥 · 𝛾* − 𝒞2 · 𝜆̄− 𝒞2 · 𝜆̄*

𝜕𝑓3

𝜕𝛾
= 𝒞1 + 𝒞2 · 𝑈𝑥 · (1 + 0.5 · 𝛾) (B.17)

𝜕𝑓3

𝜕𝛾* = 𝒞1 + 𝒞2 · 𝑈𝑥 · (1 + 0.5 · 𝛾*) (B.18)

𝜕𝑓3

𝜕𝜆̄
= −𝒞2 (B.19)

𝜕𝑓3

𝜕𝜆̄*
= 𝜕𝑓3

𝜕𝜆̄
(B.20)

∘ 𝑓4 = 𝑑𝜆̄

𝑑𝑡
= 𝒟̄1 ·𝛾+𝒟̄1 ·𝛾*+𝒟̄2 ·𝑈𝑥 ·𝛾+𝒟̄2 ·𝑈𝑥 ·𝛾*+𝒟̄3 ·𝜆̄+𝒟̄4 ·𝜆̄*+𝒟̄5 ·𝑉 −𝒟̄5 ·𝑉𝑟𝑒𝑓

𝜕𝑓4

𝜕𝛼̄
= 𝒟̄5 ·

𝜕𝑉

𝜕𝛼̄
(B.21)

𝜕𝑓4

𝜕𝛼̄* = 𝒟̄5 ·
𝜕𝑉

𝜕𝛼̄* (B.22)

𝜕𝑓4

𝜕𝛽
= 𝒟̄5 ·

𝜕𝑉

𝜕𝛽
(B.23)

𝜕𝑓4

𝜕𝛽*
= 𝒟̄5 ·

𝜕𝑉

𝜕𝛽*
(B.24)

𝜕𝑓4

𝜕𝛾
= 𝒟̄1 + 𝒟̄2 · 𝑈𝑥 · (1 + 0.5 · 𝛾) (B.25)

𝜕𝑓4

𝜕𝛾* = 𝒟̄1 + 𝒟̄2 · 𝑈𝑥 · (1 + 0.5 · 𝛾*) (B.26)

𝜕𝑓4

𝜕𝜆̄
= 𝒟̄4 (B.27)

𝜕𝑓4

𝜕𝜆̄*
= 𝜕𝑓4

𝜕𝜆̄
(B.28)
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∘ 𝑓5 = 𝑑𝜇̄

𝑑𝑡
= ℰ̄1 · 𝛼̄− ℰ̄1 · 𝛼̄* + ℰ̄2 · 𝜇̄+ ℰ̄3 · 𝜇̄* + ℰ̄4 · 𝑃𝐶

𝜕𝑓5

𝜕𝛼̄
= ℰ̄1 (B.29)

𝜕𝑓5

𝜕𝛼̄* = −𝜕𝑓5

𝜕𝛼̄
(B.30)

𝜕𝑓5

𝜕𝜇̄
= ℰ̄2 (B.31)

𝜕𝑓5

𝜕𝜇̄* = ℰ̄3 (B.32)

∙ Algebraic Equations:

∘ 𝑉𝑞𝑑 = 𝑉 · 𝑒𝑗·(0.5·(𝛼̄+𝛼̄*)−𝜃)

𝜕𝑉𝑞𝑑

𝜕𝛼̄
= 𝑗 · 0.5 · 𝑉𝑞𝑑 (B.33)

𝜕𝑉𝑞𝑑

𝜕𝛼̄* = 𝜕𝑉𝑞𝑑

𝜕𝛼̄
(B.34)

𝜕𝑉𝑞𝑑

𝜕𝛽
= −𝑗 · 𝑉𝑞𝑑 ·

𝜕𝜃

𝜕𝛽
(B.35)

𝜕𝑉𝑞𝑑

𝜕𝛽*
= −𝑗 · 𝑉𝑞𝑑 ·

𝜕𝜃

𝜕𝛽*
(B.36)

∘ 𝑉 *
𝑞𝑑 = 𝑉 · 𝑒−𝑗·(0.5·(𝛼̄+𝛼̄*)−𝜃)

𝜕𝑉 *
𝑞𝑑

𝜕𝛼̄
= −𝑗 · 0.5 · 𝑉 *

𝑞𝑑 (B.37)

𝜕𝑉 *
𝑞𝑑

𝜕𝛼̄* =
𝜕𝑉 *

𝑞𝑑

𝜕𝛼̄
(B.38)

𝜕𝑉 *
𝑞𝑑

𝜕𝛽
= 𝑗 · 𝑉 *

𝑞𝑑 ·
𝜕𝜃

𝜕𝛽
(B.39)

𝜕𝑉 *
𝑞𝑑

𝜕𝛽*
= 𝑗 · 𝑉 *

𝑞𝑑 ·
𝜕𝜃

𝜕𝛽*
(B.40)

∘ 𝐼𝑞𝑑 = 𝒦̄1 · 𝛽 + 𝒦̄2 · 𝛽* − 𝒦̄1 · 𝑉𝑞𝑑 − 𝒦̄2 · 𝑉 *
𝑞𝑑

𝜕𝐼𝑞𝑑

𝜕𝛼̄
= −𝒦̄1 ·

𝜕𝑉𝑞𝑑

𝜕𝛼̄
− 𝒦̄2 ·

𝜕𝑉 *
𝑞𝑑

𝜕𝛼̄
(B.41)
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𝜕𝐼𝑞𝑑

𝜕𝛼̄* = −𝒦̄1 ·
𝜕𝑉𝑞𝑑

𝜕𝛼̄* − 𝒦̄2 ·
𝜕𝑉 *

𝑞𝑑

𝜕𝛼̄* (B.42)

𝜕𝐼𝑞𝑑

𝜕𝛽
= 𝒦̄1 − 𝒦̄1 ·

𝜕𝑉𝑞𝑑

𝜕𝛽
− 𝒦̄2 ·

𝜕𝑉 *
𝑞𝑑

𝜕𝛽
(B.43)

𝜕𝐼𝑞𝑑

𝜕𝛽*
= 𝒦̄2 − 𝒦̄1 ·

𝜕𝑉𝑞𝑑

𝜕𝛽*
− 𝒦̄2 ·

𝜕𝑉 *
𝑞𝑑

𝜕𝛽*
(B.44)

∘ 𝐼*
𝑞𝑑 = −𝒦̄2 · 𝛽 − 𝒦̄1 · 𝛽* + 𝒦̄2 · 𝑉𝑞𝑑 + 𝒦̄1 · 𝑉 *

𝑞𝑑

𝜕𝐼*
𝑞𝑑

𝜕𝛼̄
= 𝒦̄2 ·

𝜕𝑉𝑞𝑑

𝜕𝛼̄
+ 𝒦̄1 ·

𝜕𝑉 *
𝑞𝑑

𝜕𝛼̄
(B.45)

𝜕𝐼*
𝑞𝑑

𝜕𝛼̄* = 𝒦̄2 ·
𝜕𝑉𝑞𝑑

𝜕𝛼̄* + 𝒦̄1 ·
𝜕𝑉 *

𝑞𝑑

𝜕𝛼̄* (B.46)

𝜕𝐼*
𝑞𝑑

𝜕𝛽
= −𝒦̄2 + 𝒦̄2 ·

𝜕𝑉𝑞𝑑

𝜕𝛽
+ 𝒦̄1 ·

𝜕𝑉 *
𝑞𝑑

𝜕𝛽
(B.47)

𝜕𝐼*
𝑞𝑑

𝜕𝛽*
= −𝒦̄1 + 𝒦̄2 ·

𝜕𝑉𝑞𝑑

𝜕𝛽*
+ 𝒦̄1 ·

𝜕𝑉 *
𝑞𝑑

𝜕𝛽*
(B.48)

∘ 𝑆𝑒 = 𝑉 *
𝑞𝑑 · 𝐼𝑞𝑑

𝜕𝑆𝑒

𝜕𝛼̄
=
𝜕𝑉 *

𝑞𝑑

𝜕𝛼̄
· 𝐼𝑞𝑑 + 𝑉 *

𝑞𝑑 ·
𝜕𝐼𝑞𝑑

𝜕𝛼̄
(B.49)

𝜕𝑆𝑒

𝜕𝛼̄* =
𝜕𝑉 *

𝑞𝑑

𝜕𝛼̄* · 𝐼𝑞𝑑 + 𝑉 *
𝑞𝑑 ·

𝜕𝐼𝑞𝑑

𝜕𝛼̄* (B.50)

𝜕𝑆𝑒

𝜕𝛽
=
𝜕𝑉 *

𝑞𝑑

𝜕𝛽
· 𝐼𝑞𝑑 + 𝑉 *

𝑞𝑑 ·
𝜕𝐼𝑞𝑑

𝜕𝛽
(B.51)

𝜕𝑆𝑒

𝜕𝛽*
=
𝜕𝑉 *

𝑞𝑑

𝜕𝛽*
· 𝐼𝑞𝑑 + 𝑉 *

𝑞𝑑 ·
𝜕𝐼𝑞𝑑

𝜕𝛽*
(B.52)

∘ 𝑆*
𝑒 = 𝑉𝑞𝑑 · 𝐼*

𝑞𝑑

𝜕𝑆*
𝑒

𝜕𝛼̄
= 𝜕𝑉𝑞𝑑

𝜕𝛼̄
· 𝐼*

𝑞𝑑 + 𝑉𝑞𝑑 ·
𝜕𝐼*

𝑞𝑑

𝜕𝛼̄
(B.53)

𝜕𝑆*
𝑒

𝜕𝛼̄* = 𝜕𝑉𝑞𝑑

𝜕𝛼̄* · 𝐼
*
𝑞𝑑 + 𝑉𝑞𝑑 ·

𝜕𝐼*
𝑞𝑑

𝜕𝛼̄* (B.54)

𝜕𝑆*
𝑒

𝜕𝛽
= 𝜕𝑉𝑞𝑑

𝜕𝛽
· 𝐼*

𝑞𝑑 + 𝑉𝑞𝑑 ·
𝜕𝐼*

𝑞𝑑

𝜕𝛽
(B.55)
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𝜕𝑆*
𝑒

𝜕𝛽*
= 𝜕𝑉𝑞𝑑

𝜕𝛽*
· 𝐼*

𝑞𝑑 + 𝑉𝑞𝑑 ·
𝜕𝐼*

𝑞𝑑

𝜕𝛽*
(B.56)

The Jacobian matrix that relates the differential equations for the two-axis model
to the complex-conjugate state variables will be of the form

𝐹𝐹𝐹 𝑐 (𝑥𝑥𝑥) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕𝑓1

𝜕𝛼̄

𝜕𝑓1

𝜕𝛽
0 0 𝜕𝑓1

𝜕𝜇̄

𝜕𝑓1

𝜕𝛼̄*
𝜕𝑓1

𝜕𝛽*
0 0 𝜕𝑓1

𝜕𝜇̄*

0 𝜕𝑓2

𝜕𝛽

𝜕𝑓2

𝜕𝛾
0 0 0 𝜕𝑓2

𝜕𝛽*

𝜕𝑓2

𝜕𝛾* 0 0

0 0 𝜕𝑓3

𝜕𝛾

𝜕𝑓3

𝜕𝜆̄
0 0 0 𝜕𝑓3

𝜕𝛾*
𝜕𝑓3

𝜕𝜆̄*
0

𝜕𝑓4

𝜕𝛼̄

𝜕𝑓4

𝜕𝛽

𝜕𝑓4

𝜕𝛾

𝜕𝑓4

𝜕𝜆̄
0 𝜕𝑓4

𝜕𝛼̄*
𝜕𝑓4

𝜕𝛽*

𝜕𝑓4

𝜕𝛾*
𝜕𝑓4

𝜕𝜆̄*
0

𝜕𝑓5

𝜕𝛼̄
0 0 0 𝜕𝑓5

𝜕𝜇̄

𝜕𝑓5

𝜕𝛼̄* 0 0 0 𝜕𝑓5

𝜕𝜇̄*

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(B.57)

The post-multiplication of the swap operator (B.6) on (B.57) produces the aug-
mented Jacobian matrix, resulting in (B.5). In this way, the functions of complex variables
satisfy holomorphicity.
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Complex-Valued Projection Statistics for Hybrid
Power System State Estimation

Eduardo M. Resende , Student Member, IEEE, Robson Pires , Senior Member, IEEE,
and Lamine Mili , Life Fellow, IEEE

Abstract—This paper develops a complex-valued Schweppe-type
GM-estimator with the Huber cost function (known as SHGM esti-
mator) that processes both phasor measurement units (PMUs) and
supervisory control and data acquisition (SCADA) measurements.
It is based on the projection statistics (PS) implemented in the
complex domain. It is shown that the PS algorithm applied to a real-
or a complex-valued Jacobian matrix provides different numerical
results and thereby, different set of leverage points. Consequently,
both approaches lead to different state estimates. It is demonstrated
through simulations carried out on various test systems that the
proposed estimator is more reliable and robust than its real-valued
counterpart.

Index Terms—Wirtinger calculus, complex-valued projection
statistics, Power system hybrid state estimation.

I. INTRODUCTION

ENGINEERING and applied science rely heavily on
complex-valued data signal processing to model and ana-

lyze physical phenomena and processes [1]. Researchers in the
power area have long been developing methods and algorithms
for system stability analysis, state estimation and control in the
real domain. However, power system models involve voltage and
currents phasors in the complex domain, which were introduced
by Steinmetz [2].

In addition to the conventional SCADA measurements, a
growing number of PMUs have been recently deployed in elec-
trical power systems in the USA, Europe, and a number of other
countries. Because PMUs measure voltage and current phasors,
conventional real-valued state estimators may be extended to the
complex domain using the Wirtinger calculus [3].

When incorporating PMU measurements into the state esti-
mator, the different reporting rates of the conventional measure-
ments and the synchronized system of phasor measurements
based on PMU raise the question as to how to synchronize the
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measurements and when to use them. This issue is beyond of
this work but in the literature there are relevant contributions
aiming this goal. Among them, we highlighted the proposals
addressed to solve this problem on static and dynamic hybrid
state estimation as described in [4] and [5], [6], respectively.

Regarding the complex-valued weighted least square state
estimator, it has been initiated by Pires [7] and Dzafic et al. [8],
who showed that it is faster than the conventional real-valued
state estimator and can handle in easier way zero power in-
jections [9], [10]. Later, Dzafic et al. [11] extended the state
estimator to a three-phase model for unbalanced power distri-
bution system applications and applied the largest normalized
residual approach for bad data analysis. Initiated by Mili et al.
[12] to handle all types of outliers, including vertical outliers
and bad leverage points, using projection statistics (PS), oth-
ers algorithms were also developed to mitigate the leverage
points effect [13]. Nonetheless, the real-valued robust SHGM
power system state estimator is solved using algorithms that
have been further enhanced in [10], [14], [15], among others.

In this paper, the SHGM state estimator is developed in com-
plex domain for solving the well known algorithm named itera-
tively re-weighted least-squares (IRLS) [16] by using Huber cost
function [17]. Two approaches for calculating the PS, namely a
real-valued and a complex-valued approach, are compared and
their performances analyzed through simulations carried out on
various IEEE test systems. For doing that, a suited nonlinear
model for complex-valued measures is used which makes the
bad data processing successful, regardless it is either leverage
point or not. It is shown that the developed robust estimator
outperforms its real-valued counterpart and the implementation
of the algorithms is straightforward and it is much easier to
encode them in the complex plane than in the real domain.

This paper is organized as follows. Section II derives the
SHGM estimator in the complex domain. Section III presents
and analyzes some simulation results performed on various test
systems of different sizes. Section IV concludes the paper and
provides some future work.

II. ROBUST COMPLEX-VALUED SCHWEPPE-TYPE

GM-ESTIMATOR

A. Circular and Proper Statistical Signals Properties

In hybrid monitoring systems, statistical and temporal anal-
ysis are performed by processing integrated and synchro-
nized PMUs and SCADA measurements. From the PMUs,

0885-8950 © 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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we typically obtain 30-240 synchronized phasor samplings
per second [18] while from the SCADA, we obtain a set of
measurements every 5 seconds, and in some cases a new batch of
measurements becomes available every 3 seconds. At a control
center, the run cycle of a state estimator depends on the need
of power system analysis, which is typically executed every 5
minutes and, in some cases, every 30 seconds. Consequently, a
large amount of measurements are available to build a reliable
database for operators to make control decisions. Following the
state-of-the-art literature on complex-valued signals [19], [20],
[21], to cite a few, voltage and current phasors provided by PMUs
are assumed proper and circular, which implies that their com-
plementary (or pseudo-) correlations need to be estimated [22],
[23], [24], [25], [26]. Now, let us recall a few definitions related
to complex-valued variables.

A complex-valued random variable, z = zRe + jzIm, is
proper if it is uncorrelated with its complex conjugate, and is
circular if it has a probability density function (pdf) such that for
any θ, z has an invariant pdf to rotation, i.e., p(z) = p(z ejθ) for
∀ θ ∈ [0, 2π], and is zero-mean [22]. In addition, its covariance
matrix is given by

Cc = E
[
zzH

]
= E[z2Re] + E[z2Im] = σ2

Re + σ2
Im, (1)

where the superscript (·)H stands for Hermitian, which is the
transpose complex conjugate operator. It is also necessary to
include the so-called pseudo-covariance matrix [26], which is
expressed as

Pc = E[zzT ],

= E[zRe
2]− E[zIm

2] + 2j E[zRezIm],

= σ2
Re − σ2

Im + 2jσRe,Im, (2)

where σ2 is a variance and σRe,Im is a covariance. Since, the
pseudo-covariance matrix vanishes for uncorrelated real and
imaginary parts of equal variances, a complex Gaussian random
signal is called second-order circular if it has zero-mean and
is proper, and its variance is twice the variances of the real
and imaginary parts, that is, σ2 = 2× σ2

Re = 2× σ2
Im. How-

ever, among many other practical reasons, the most common
being short observation windows, the pseudo-covariance matrix,
Pc �= 0, should be taken into account. Thus, to account for
noncircularity, the literature in signal processing [23], [24], [25]
have recommended to use a signal model based on the matrix
form of the complex-valued variable, that is,

z = M

[
zRe

zIm

]
=

[
z
z∗

]
, (3)

where the matrix M ∈ C2×2 is defined as

M =

⎛
⎝
1 j

1 −j

⎞
⎠ , (4)

and where j =
√
−1.

In what follows, it is important to note that

M−1 =
1

2
MH . (5)

Fig. 1. Real and imaginary voltage measurements provided by a PMU.

Fig. 2. Real and imaginary current measurements provided by a PMU.

Fig. 3. Real and reactive power measurements provided by a PMU.

Thus, the augmented covariance matrix [26] is defined as

Ωc = E
[
z · zH

]
=

⎡
⎣
Cc Pc

P∗
c Cc

∗

⎤
⎦ . (6)

Therefore, both second-order circular and noncircular signals
can be modeled for general complex processes. Note that Ωc

given by (6) has real-valued diagonal elements and complex-
valued off-diagonal elements. Furthermore, z as defined in (3) is
second-order circular and proper while the variances of zRe and
zIm are the same and zRe and zIm are uncorrelated. Figs. 1 and
2 depicts the scatter plot of the positive sequence of voltage and
current measurements in rectangular coordinates, respectively.
Additionally, Fig. 3 depicts the corresponding complex power
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that is calculated, which is given by

S = V I∗ = P + j Q = (VrIr + ViIi) + j (ViIr − VrIi).
(7)

Because the PMUs only provide real and imaginary volt-
age and current measurements for each phase [27] and be-
cause the PMU output measurements follow the circular and
proper properties, the augmented covariance matrix becomes a
real-valued matrix if Ωc = Cc = diag{σ2

1 ;σ
2
2 ; . . . ;σ

2
2m} and

Pc = 0, where σ2
i = 2× σ2

Rei
= 2× σ2

Imi
.

B. Complex-Valued Nonlinear Measurement Model

As proposed by Van Den Bos [28], a conventional nonlinear
measurement model is assumed to include additive errors that
follow a complex-valued multivariate Gaussian distribution.
More details can be found in [29], [30] and [31]. Moreover,
assuming that zc denotes a measurement vector of complex-
valued random variables defined by the Wirtinger calculus as

zc = (z1 · · · zm, z∗1 · · · z∗m)T , zc ∈ C2m×1 (8)

where

zi = zRei + j zImi
and z∗i = zRei − j zImi

, (9)

and zRei , zImi
∈ R. Additionally, the real variables zRei and

zImi
, for i = 1, . . . ,m, are normally distributed. Thus, the

complex-valued nonlinear state estimation model of a power
system is expressed as

zc = h (xc) + ωc, (10)

where

E(ωc) = 0, E(ωc ω
H
c ) = Ωc. (11)

Here, zc = (z, z∗) is a vector of measurements of dimension
(2m× 1); xc = (x,x∗) is a vector of true state variables of
dimension (2n× 1); h(xc) is a vector of nonlinear functions
of dimension (2m× 1); ωc is a vector of random measurement
errors of dimension (2m× 1) while Ωc is a Hermitian positive-
definite covariance matrix of ωc of dimension (2m× 2m).

C. Complex-Valued SHGM Estimator

The vectorxc=(x,x∗) given by (10) is estimated by using the
complex-valued SHGM estimator that minimizes an objective
function expressed as

J(xc) =
m∑

i=1

ω2
i ρ(rsi), (12)

Here, ρ(rsi) is the Huber function defined as

ρ(rsi) =

⎧
⎨
⎩

r2si/2 for |rsi | ≤ β

β |rsi | − β2

2 for |rsi |> β

(13)

and its first derivative with respect to rsi , ψ(rsi), is expressed
as

ψ(rsi) =

⎧
⎨
⎩

rsi for |rsi | ≤ β

βsign(rsi) for |rsi |> β
(14)

In the above equations, β is made equal to 1.345 to achieve
a statistical efficiency of 95% [17], and rsi is a standardized
residual defined as rsi = ri/(σiωi), where ri is the ith entry of
the residual vector, rc = zc − h(x̂c), and ωi is a weight that is
either equal to one up to a given threshold, ci, or to a decreasing
function of the squared projection statistic, PSi, associated
with the ith-measurement. The reader is referred to [12] for a
description of an efficient procedure for calculating the PS. Note
that it is theω′

is that make the SHGM robust against bad leverage
points, which are calculated off-line from the Jacobian matrix
assessed at the flat voltage profile. They need to be updated
only if the measurement configuration changes or the topology
is modified. In this paper, the Jacobian matrix is built in the
complex plane, which is further investigated next.

D. Leverage Points Calculation in the Complex Domain

Recall that a leverage point is a measurement whose associ-
ated row vector is an outlier in the Jacobian matrix. This latter is
accessed at flat start condition and the whole procedure hereafter
can be done off-line [12]. Instead, remark that the power of
modern processors that posses single instruction multiple data
(SIMD) extensions can be applied [11], [32]. In the complex
plane, such row vector can be considered as a vector of complex
numbers or two-dimensional real vectors, whose dot products
are scalars that are function of their magnitudes and the angle
between them.

As proposed by [12] in the real case, let us assume that the
row vectors, hT

i , of the Jacobian matrix, H(x), in the complex
domain follow a multivariate normal distribution, N (h,Cc),
whose mean vector, h, and covariance matrix, Cc, are respec-
tively given by

h =
1

m

m∑

i=1

(Hi), (15)

Cc =
1

m− 1

m∑

i=1

(Hi − h)(Hi − h)H , (16)

Under the above assumptions, the projection statistics are de-
fined as in the real domain [12], except by complex number
arithmetic, which yields

PSi = max
Hk

|Hi
H .Hk|
β

, (17)

where for any specific row i, the subscript k varies from 1 to m,
e.g., k = 1, 2, . . .,m.

In the foregoing equation, the highly robust scale estimator,
β, is given by

β = γ · lomedi
{
lomedj �=i

{
|HH

i Hk +HH
j Hk|

}}
, (18)
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where lomed stands for low median of them scalar numbers and
γ = 1.1926 is needed to make this an approximately unbiased
estimate of scale when the error model is Gaussian [12], [33].
Therefore, a measurement is flagged as leverage point if the
following inequality is satisfied:

PSi > ci = χ2
ν;97.5%, (19)

where ν is the number of non-zero entries in the corresponding
row of the Jacobian matrix. Now, the weights, ωi, used to
standardize the residuals in (12) are defined as

ωi = min

(
1,

(
ci
PSi

)2
)
, (20)

where ci is the cutoff value given by (19).

E. The IRLS Algorithm in the Complex Domain

The necessary condition of optimatility derived from (12),
∇J(xc) = 0, is expressed as

m∑

i=1

ω2
i

(
∂rsi
∂x̂i

)H

ψ(rsi) = 0, (21)

The foregoing equation is solved using the IRLS algorithm
implemented in the complex domain. This algorithm is derived
by dividing and multiplying ψ(rsi) by rsi in (21) and using the
definition of rsi , yields

m∑

i=1

ω2
i

(
1

σiωi

∂ri
∂x̂i

)H
(
ψ(rsi)

ri
σiωi

)
(
ri
σiωi

) = 0, (22)

which, after algebraic simplifications, becomes

m∑

i=1

(
∂ri
∂x̂i

)H

q (rsi)

(
ri
σ2
i

)
= 0. (23)

If (23) is put in a matrix form, we get

HH
c QcΩ

−1
c (zc − h(x̂c)) = 0, (24)

where

Qc = diag(q(rsi)). (25)

Now replacing h(xc) in (24) by its first Taylor series expansion
about xk

c , yields

h(xc)
∼= h(x̂k

c ) +HcΔx̂k
c , (26)

which gives

HH
c QcΩ

−1
c

(
Δzkc −HcΔx̂k

c

)
= 0, (27)

or

HH
c QcΩ

−1
c HcΔx̂k

c = HH
c QcΩ

−1
c Δzkc , (28)

whereΔzkc = zc − h(x̂k
c ).The foregoing equation is equivalent

to obtaining the solution to the redundant linear system of
equations defined as

Δx̂k
c = H̃†

c z̃c, (29)

where the superscript (·)† stands for the Moore-Penrose pseudo
inverse, and

H̃c = Q1/2
c Ω−1/2

c Hc, (30)

and

z̃c = Q1/2
c Ω−1/2

c Δzkc . (31)

Notice that in (30) and (31) the weight matrix Qc changes at
each iteration. Consequently, the price to be paid for suppress-
ing outliers during the updates of x̂c is the need to factorize
the matrix H̃c in (29). Fortunately, the fast plane rotation can
be applied efficiently by using square root- and division-free
Givens rotations [34]. Finally, the state variables in Cartesian
coordinates are updated via

x̂k+1
c = x̂k

c +Δx̂k
c , (32)

while the iterations are stopped when
∣∣∣
∣∣∣Δx̂k

c

∣∣∣
∣∣∣
∞

≤ tol, e.g., 10−3, (33)

where ‖Δx̂k
c‖∞ is the infinity norm.

F. The Jacobian Matrix Framework for Hybrid PSSE

Note that in (24), Hc(xc) is the Jacobian matrix of dimension
(2m× 2n) defined in the complex domain as

Hc(xc)
Δ
=
∂h(xc)

∂xc

Δ
=

⎛
⎜⎝

∂h(xc)
∂x

∂h(xc)
∂x∗

∂h∗(xc)
∂x

∂h∗(xc)
∂x∗

⎞
⎟⎠ . (34)

Let Jh =
∂h(xc)

∂ x and Jd
h =

∂h(xc)
∂x∗ be Jacobian submatrices

of dimension (m× n). They are obtained through the Wirtinger
partial derivatives with respect to the complex and the complex
conjugate state vector, respectively. Thus, the upper part of the
Jacobian matrix expressed in (34) can be defined as

Jc(xc)= (Jh Jd
h). (35)

In the important special case given by (12) where J(xc)
is a real-valued function of complex variables, the following
property holds:

J(xc) ∈ R ⇒ ∂h∗(xc)

∂x
=

(
∂h(xc)

∂x∗

)∗
=

(
Jd
h

)∗
. (36)

Therefore, taking into account the complex differentiability
chain rule extended to multivariate case and the property stated
in (36), (34) becomes

H(xc)=

(
Jh Jd

h

(Jd
h)

∗ (Jh)
∗

)
=

(
Jc(xc)
J∗
c(xc)S

)
, (37)

where S is a swap operator defined as

S
Δ
=

[
0 In
In 0

]
, (38)

and In is the identity matrix of dimension n× n. Whereas S
permutes blocks of m rows or blocks of n columns depend-
ing upon whether it pre-multiples or post-multiples a matrix,
respectively. In the other hand, it is timely to recall that the
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Fig. 4. Hybrid measurement placement.

measurements provided by the SCADA are all real values. Thus,
they can be disregarded in the botom part of the Jacobian matrix
stated in (37). Consequently, the number of rows in the Jacobian
matrix is defined by the number of measurements provided by
the SCADA and two times the number of measurements feeded
by the synchronized phasors system based on PMU.

III. NUMERICAL RESULTS

This section first presents for a 3-bus system the projections
statistics calculation based on the Jacobian matrix developed in
the real and complex domain. The main point is the identification
of the leverage points based on their PS and the weights assigned
to them. Then, the performance of the complex- and real-valued
robust SHGM estimators is compared in larger power systems.

The simulations are carried out in MATLAB using sparsity
techniques. Numerical results are performed on an Intel(R)
Core(TM) i7-10510U CPU @ 1.80 GHz 2.30 GHz, 16 GB
RAM and 64-bit operating system. We use the flat start profile to
initialize all state variables and the tolerance for the convergence
is 10−4. Notice the first iteration is performed using the WLS
estimator in order to provide a better starting approximation
toward the solution. This strategy avoids the loss of numerical
observability due to downweighting of measurements performed
by the robust estimator [10].

A. Small Example: 3-Bus System

Consider the 3-bus test system depicted in Fig. 4. Notice
that the only measurement provided by the SCADA is the
voltage magnitude at Bus #1, which is taken as the reference
to calculate the measurement phases. The branch parameters
data in pu, calculated on the base values of Vbase = 230 kV
and Sbase = 100 MVA are provided in Table I while the set of
measurements are shown in Table II. In this latter table, the set
of measurements identified as true values are provided by the
power flow solution while the measured quantities have been
determined by adding white Gaussian noises to the true values.

Table III presents the identification of leverage points (LP)
based on the Jacobian matrix developed in the real and complex
domain, respectively. Three scenarios are considered as follows:

TABLE I
BRANCHES DATA

TABLE II
MONITORED QUANTITIES IN PU

√
Scenario A: Only real measurements are considered once
they are all provided by the SCADA.√
Scenario B: All measurements are provided by the PMU
except the voltage magnitude at bus #1
.√
Scenario C: That is the same as Scenario B except the
power injections at bus #3 (active and reactive) that are
provided by the SCADA.

In most of the scenarios, the set of measurements flagged as
leverage points are identical for the real and complex domain.
However, in some few scenarios, they may be slightly different.
This is expected since the factor-space associated with the
Jacobian matrices in the real and complex domain are different.
For instance, in Table III all measurements identified as leverage
points are highlighted in light orange color whereas those with
much larger weights are highlighted in dark orange. Further,
we observe that the number of LP in the real domain under
Scenario A is drastically reduced as compared to the complex
domain. In Scenarios B and C in the real domain, the active and
reactive power injection measurements at Bus #3 are flagged as
LPs whereas in the complex domain they are not. On the other
hand, the opposite happens with the voltage phasors at Bus #2
and #3 that show up as LPs in the complex domain whereas
in the real domain, they are not. Furthermore, the magnitude
of the weights assigned to the measurements identified as LPs
may have a wide range of values. For instance, compare the
magnitudes of the projection statistics and weight for the power
flow measurements at the beginning and at the end of the branch
that connects Bus #1 to Bus #2 in the Scenario A in the real
and complex domain.

On the other hand, Table IV shows the estimates provided by
the complex-valued robust SHGM estimator. They are those of
the last iteration for all scenarios but upon the presence of differ-
ent bad data (including bad leverage points) which is highlighted
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TABLE III
PROJECTION STATISTICS DEVELOPED WITH ARITHMETICS OF REAL AND COMPLEX NUMBERS

in red color. This estimator provides good estimates in all cases
by suppressing all the outliers, including bad leverage points.

B. Real- and Complex-Valued Robust Estimators

Before we carry out the simulations, we first ensure that there
are no critical measurements or critical pairs in the measurement
set of the power system under study. Recall that a critical mea-
surement is one whose removal leads to the loss of observability
of the system; a critical pair is a set of measurements for which
the deletion of one of them leads to the appearance of at least
one critical measurement in the remaining set. Then, to set up
the number of measurements that contribute to each estimated
state variable, we use an algorithm based on the Crainic’s pro-
posal [35] and on the local maximum fraction of measurement
contaminated with gross errors. The latter is the number of bad
data allowed in the local set of measurements used to estimate
each state variable in order to avoid the local breakdown of
the state estimator [36]. Note that this problem is beyond the
scope of this work and will be addressed in a forthcoming paper.

Table V indicates the number of leverage points identified in
the real and complex domain for large-scale test systems. As for
Tables VI and VII, they provide the performance comparison
between the real- and complex-valued IRLS algorithms. In the
first table the estimates are obtained in the absence of oltc
tap position modeled as state variable, i.e., all off-nominal tap
transformers are taken as parameters. Regarding Table VII, all
off-nominal tap transformers are taken as oltc so they are state
variables. Such results refer to the mean among 100 simulations,
adding white noise with Gaussian distribution with zero mean
and covariance as depicted in Table III. The performances of the
algorithms are compared on the IEEE-14, −30, −57 and −118
bus system along with the equivalents of the Brazilian system
termed as SIN-340, −730 and −1916 bus system.

The algebric/topological observability of the power test sys-
tems is ensured via an adaptation of the methodology stated
in [35]. Thus, we ensure the absence of critical measurements
and critical sets of measurements. Furthermore, in all scenarios a
good local redundancy [36] is ensured aiming to better estimate
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TABLE IV
PERFORMANCE OF THE ROBUST COMPLEX-VALUED SHGM ESTIMATOR

the tap position of the OLTC transformers. For instance, in
Tables VI and VII phasor voltage measurements are used to
increase the local redundancy of the transformer branches for
the SIN 340- and SIN-1916-bus system.

Notice that the last two columns of the referred tables are
included to present the efficiency indicators of the estimates of
the state variables and the transformer tap position, which are
given by

σ2
u =

n∑

i=1

(ûi − ui)
2 , (39)

σ2
tap =

k∑

j=1

(
ˆtapj − tapj

)2
, (40)

where û and ˆtap represent the estimated quantities of the actual
values of u and tap, respectively.

The complex-valued robust estimator outperforms its real-
valued counterpart. Furthermore, its performance becomes even
greater as the size of the system increases as observed in Figs. 5
and 6. Interestingly, the computational efficiency of both esti-
mation algorithms is quite similar.

IV. CONCLUSION

In this work a robust complex-valued SHGM estimator which
handles SCADA and PMU measurements properly is developed.
For doing that, a suited nonlinear model for measures in complex
domain is presented. The calculated projection statistics and
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TABLE V
NUMBER OF LEVERAGE POINTS IN LARGER TEST SYSTEMS

TABLE VI
PERFORMANCE OF ROBUST ESTIMATORS IN BOTH DOMAINS - FIXED TAP

leverage points identification in complex domain is slightly dif-
ferent when compared with their counterpart in the real domain.
Even though, the simulations results show that this estimator
successfully identifies the bad leverage points regardless the
magnitude of the corresponding weights are quite different from
those produced by its real-valued counterpart. Furthermore,
it outperforms its real-valued counterpart, with an increasing
performance as the size of the monitored power system in-
creases. For future investigations, recall that the complex-valued
SHGM power system state estimator is naturally formulated in

rectangular coordinates. This feature allows us to solve the set
of redundant equations as a set of quadratic algebraic equations.
This means that the exact nonlinearity of the complex-valued
SHGM state estimator equations is retained, i.e., the Taylor
series expansion as outlined by Iwamoto&Tamura [37] is exact.
Not approximated as in the Newton-Raphson method in power
flow analysis (PFA) and in the Gauss-Newton method in power
system state estimation. Therefore, one addressed efforts for
developing the EXACT complex-valued SHGM estimator so
like that developed to produce the enhanced power flow solution
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TABLE VII
PERFORMANCE OF ROBUST ESTIMATORS IN BOTH DOMAINS - OLTC

Fig. 5. (a) Ratio between the computational times of the ordinary WLS estimator formulated in the complex and real numbers - Fixed Tap. Fig. 5 (b) Ratio
between the computational times of the ordinary WLS estimator formulated in the complex and real domain - OLTC.

in complex plane [38]. We also advocate the effort to build a
complex-valued power system state estimation framework as the
most suited tool to monitoring explicitly hybrid AC-DC systems
that include a variety of FACTS devices x aimed at active smart
grids [39].

APPENDIX

COMPLEX-VALUED MODELS OF SCADA/PMU
MEASUREMENTS

1. Reference Phase Angle as Pseudo Measurement: Regard-
less the monitoring system, a reference angle is needed
when the PSSE is developed in Cartesian coordinates.

Hence, zeroing the imaginary part of the corresponding
state variable, leads to

hi(xc) =
i

2
(x�i − xi) = 0, (41)

where xc = (xi, x
∗
i ), and the jacobian terms are

∂hi
∂xi

∣∣∣∣
x�
i =Const

= − 0.5 i, (42)

∂hi
∂x�i

∣∣∣∣
xi=Const

= + 0.5 i. (43)

Notice the foregoing procedure can be adopted to model
ordinary transformer with OLTC.
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Fig. 6. (a) Ratio between the computational times of the robust SHGM estimator formulated in the complex and real numbers - Fixed Tap. (b) Ratio between the
computational times of the robust SHGM estimator formulated in the complex and real domain - OLTC.

2. Measurement of voltage or current magnitude:

|hi(xc)| =
√
x�i xi. (44)

Thus, the following entries are included in the Jacobian
matrix

∂|hi(xc)|
∂xi

∣∣∣∣
x�
i =Const

= 0.5
x�i√
x�i xi

, (45)

∂|hi(xc)|
∂x�i

∣∣∣∣
xi=Const

= 0.5
xi√
x�i xi

. (46)

3. Active and Reactive Power flow Measurements:

Pkm =
1

2
(Skm + S�

km) , (47)

Qkm =
i

2
(S�

km − Skm) . (48)

Thereby, the corresponding derivatives regarding any state
variable (•) are given by

∂Pkm

∂• =
1

2

(
∂Skm

∂• +
∂S�

km

∂•

)
, (49)

∂Qkm

∂• =
i

2

(
∂S�

km

∂• − ∂Skm

∂•

)
. (50)

4. Active and Reactive Power Injection Measurements:

Sk = Sshk
+

n∑

m=1,m �=k

Skm (51)

where Ssh
k is

Sshk
= i Vk V

�
k Bshk

. (52)

Thereby, the Wirtinger calculus applied to the foregoing
equation leads to

∂Sk

∂• =
∂Sshk

∂• +
n∑

m=1,m �=k

∂Skm

∂• , (53)

∂Sk�

∂• =
∂(Sshk

)�

∂• +

n∑

m=1,m �=k

∂S�
km

∂• . (54)

Now, the active and reactive power injections become
known by using the following recursive equations, respec-
tively.

Pk =
1

2
(Sk + S�

k) , (55)

Qk =
i

2
(S�

k − Sk) . (56)
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New Topological Observability Algorithm for 
Hybrid Power System Static State Estimation

Eduardo Resende, Graduate Student, Robson Pires, Senior Member, IEEE, and Lamine Mili, Life 
Fellow, IEEE

Abstract——This work presents a new topological observability 
algorithm to strengthen the performance of the hybrid power 
system static state estimation, assuming that the supervisory 
control and data acquisition (SCADA) and　phasor measurement 
unit (PMU) measurements are recorded at the same time inter‐
vals. The observability of each estimated state variable is as‐
sessed by the value assigned to its least local redundancy index. 
The algorithm has been specifically developed to enhance the 
observability of an existing wide-area monitored system and ex‐
empts its expansion from critical sets and critical measure‐
ments. These objectives are achieved by building the incidence 
matrices of the measurements for the nodes and branches. The 
performance of the proposed algorithm is evaluated using the 
IEEE test systems and the SIN test systems of Brazilian equiva‐
lent systems.

Index Terms——Power system, static state estimation, least lo‐
cal redundancy index, observability.

I. INTRODUCTION

LOCAL observability assessment is important in building 
a reliable database. It involves determining the observ‐

ability of individual buses in a power system, which is cru‐
cial to estimate the operating conditions of a power system 
accurately. As an open problem, many proposals on the ob‐
servability problem that aim at several goals can be found in 
recent research works [1] - [6], to name a few. Although the 
proposals in [4] and [7] consider the local observability re‐
dundancy index, the latter is conceptually different from the 
definition presented in this work.

A hybrid observability analysis can be addressed in two 
ways. The first way concerns the applied algorithms, that is, 
topological, numerical, algebraic, or hybrid algorithms [8] -
[11]. In contrast, the second way refers to its ability to deal 
with measurements provided by the supervisory control and 

data acquisition (SCADA) or information based on phasor 
measurement units (PMUs) fed by the wide-area measure‐
ment system (WAMS).

In this work, the proposed algorithm is hybrid in both 
ways, which is based on topological and algebraic algo‐
rithms. It also deals with measurements provided by SCA‐
DA and PMU, considering that both measurement channels 
are recorded at the same time intervals. Although the PMU 
placement is a critical issue demanded by several applica‐
tions [2], [5], [7] - [10], [12], [13], in this work, the PMUs 
throughout the system have been placed anywhere, because 
at the state variable level, it does not matter which telemetry 
channels the measurements come from. Moreover, the algo‐
rithm can be used online to identify the observability status 
of each bus after a contingency from failures in one or both 
telemetry channels. The computational time for doing this 
task is consistent with real-time requirements.

In the literature, one can find several studies for analysis 
and restoration of algebraic observability that are based on 
both the gain matrix [14] and the Gram matrix [15] - [17]. 
The algebraic observability analysis algorithm used in this 
work is based on that in [18], whose motivation is ease of 
implementation and low computational cost because the inci‐
dence matrices are all unimodular. Let us recall that a uni‐
modular matrix is a square integer matrix with determinant 1 
or -1; it is invertible. The method proposed in [18] allows 
us to analyze the algebraic observability of a power system 
using a set of measurements following the occurrence of con‐
tingencies in the communication network that causes chang‐
es in the topology of the monitored power system. Note that 
if a monitored system is algebraically observable, it ensures 
that the system is topologically observable [19]; but the con‐
verse is not generally true. However, the new topological ob‐
servability algorithm is based on the least local redundancy 
index, which mitigates the risk of algebraic observability 
loss. Thus, the necessary and sufficient condition for a moni‐
toring system to be algebraically observable is the existence 
of an observable spanning tree (OST).

The main contribution of this paper lies in developing a 
new topological observability algorithm to evaluate the moni‐
tored power system based on an assigned local redundancy 
index for each state variable as defined in [20]. The method‐
ology is to build a measurement digraph from the redundant 
measurement placement used to monitor the system. This 
task is performed using the complex number formulation of 
the state estimator because the sparsity pattern of the resul‐
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tant incidence matrix, which is constructed by mirroring (du‐
plicating) its columns, is equivalent to that of the Jacobian 
matrix in the complex domain [21].

Furthermore, the creation of the OST for power systems is 
built in two steps. The first step is to obtain a minimum 
spanning tree, considering the digraphs of measurements 
used for monitoring the systems. Two algorithms can be 
used: Prim [22] and Kruskal [23]. The standard method 
(dense) uses the Prim algorithm that starts from an initial 
vertex, traversing the adjacent vertices and choosing the ver‐
tex connected by the arc of the most negligible weight, thus 
generating a minimal spanning tree to the weights of each 
arc. On the other hand, the sparse method is based on the 
Kruskal algorithm, which performs an ascending sort of the 
weights of each arc, sequentially adding such arcs to the 
minimum spanning tree as long as they do not form a loop 
with the previous tree. In this way, a minimal spanning tree 
with N vertices and N - 1 arcs is guaranteed. To this end, the 
single measurements for spanning tree (SMST) algorithm is 
developed and applied to choose different measurements 
stemming from each arc of the spanning tree, avoiding the 
repetition of existing measurements in the critical set.

To ensure the local observability regarding each state vari‐
able to be estimated, an assigned number of measurements 
in the fundamental set (columns of Jacobian matrix) is guar‐
anteed through the assignment of weighted arcs concerning 
the following sequence of measurements: active power flow, 
active power injection, and voltage angle measurements for 
the P - δ spanning tree. Analogously, for the Q - V spanning 
tree, reactive power flow, reactive power injection, and volt‐
age magnitude measurements are assigned to each fundamen‐
tal set. In addition to being useful for evaluating local ob‐
servability, the proposed methodology is helpful to study the 
expansion of monitoring systems free of critical sets of mea‐
surements.

This paper is organized as follows. Section II describes 
the core of the contribution proposed in this work: the new 
topological observability algorithm. Section III presents the 
numerical applications of IEEE test systems and the SIN test 
systems of of Brazilian equivalent systems. Section IV sum‐
marizes the main results and conclusions and outlines future 
investigations.

II. NEW TOPOLOGICAL OBSERVABILITY ALGORITHM 

In the literature, two classes of algorithms are aimed at an‐
alyzing the system observability. The first class is based on 
algebraic observability analysis; and the second uses graph 
theory and is called topological observability analysis. In 
this work, we develop a new topological observability algo‐
rithm based on an assigned local redundancy index of mea‐
surements around each state variable. Regardless of which te‐
lemetry channel provides the set of measurements, i.e., SCA‐
DA or WAMS, the topological observability analysis is per‐
formed considering an assigned value for the least local re‐
dundancy index.

The developed algorithm can be used to achieve two ob‐
jectives. The first objective is to evaluate an existing set of 
measurements. All critical sets and measurements are found 
if they exist, including observable islands in the monitored 

system. The second objective is to obtain a new placement 
of measurements based on an assigned local redundancy in‐
dex around each state variable [20]. To this end, the mea‐
surements used to monitor the system are split into the P - δ 
and Q - V sub-problems. In the sequel, the incidence matrices 
[18] for each sub-problem are built using the topology of a 
network system and its power flow solution. The proposed 
algorithm builds the set of P - δ and Q - V measurements ex‐
empted from the critical sets and critical measurements 
based on the full incidence matrices and the assigned local 
redundancy index.

A. Local Redundancy Index

Identifying weaknesses in the monitored system is carried 
out for each estimated state variable. This task is performed 
by analyzing the columns of the incidence matrix W0 for the 
P - δ and Q - V sub-problems W0P - δ and W0Q - V, respectively. 
The framework of these matrices is the same as the Jacobian 
matrix presented in [21]. The columns of the incidence matri‐
ces are referred to as the “fundamental set of measure‐
ments”. These measurements play a crucial role in estimat‐
ing the corresponding state variable. It is important to note 
that any measurement may be shared among fundamental 
sets, such as active and reactive power injection and voltage 
phase angle measurements.

The “fundamental set” concept was introduced in power 
system static state estimation by [24]. It is based on defining 
a maximum fraction of measurements contaminated by gross 
error. This concept ensures that the number of measurements 
with gross errors in each fundamental set does not violate 
the constraint given by:

fjmax £
é

ê
êêêê

ù

ú
úúúú

mj - 1

2
(1)

where mj is the local redundancy index and is equal to the 
number of measurements of the j th fundamental set Zj; and 
the operator é ù×  denotes the integer part of its argument. 
Therefore, the state estimator can produce valid estimates if 
the constraint expressed in (1) is not violated. Consequently, 
let us consider that each state variable is estimated at least 
by an assigned minimum number of measurements, i.e., mj ³
ηtarget. For instance, if ηtarget = 3 or 4, only one gross error in 
the fundamental set is possible. Otherwise, the correspond‐
ing estimated state and neighbor state variables might be un‐
acceptable. Hence, ηtarget can now be defined as being the 
least local redundancy index, that is, the smallest number of 
measurements in any fundamental set that allows the state es‐
timator to produce valid estimates since the constraint estab‐
lished in (1) is satisfied. Indeed, assigning sufficient measure‐
ments to each node in incidence matrices of P - δ and Q - V 
sub-problems WP - δ and WQ - V, which are used to construct the 
Jacobian matrix, ensures that the local measurement redundan‐
cy for estimating each state variable is adequate to allow an al‐
gorithm to effectively perform bad data detection and identifi‐
cation, i. e., detecting, identifying, down-weighting its impact 
on estimates, or even recovering it as a pseudo measurement.

In the sequel, Fig. 1 displays the flowchart, and Algorithm 
1 shows the pseudo-code for new topological observability 
algorithm aimed at building a reliable database. 
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As an example of application, the performance of the pro‐
posed algorithm is used in the simulations carried out and 
presented in [21] to assess the performance of hybrid power 
system static state estimation.

B. Incidence Matrices for P - δ and Q - V Sub-problems

To show how the proposed algorithm works, let us first 
consider a small example system, as shown in Fig. 2, where  
t and u represent the active and reactive power flow mea‐
surements, respectively; P and Q are the active and reactive 
power injections, respectively; and V̇ is the voltage phasor 
measurement. Hence, the full incidence matrices of measure‐
ments to nodes regarding the P - δ and Q - V sub-problems can 
be known, as shown in the sequence [18]. Notice that in the P -
δ sub-problem (2), the voltage phase angle measurement fol‐
lows the same rule of active power injection, while in the Q - V 
sub-problem (3), the node 0 refers to the ground potential.
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where tij (ij = 123 and i ¹ j) denotes the active power flow 
measurement between nodes i and j; δi (i = 123) denotes 
the voltage phase angle of node i; and Pi (i = 123) denotes 
the active power of node i.

W0Q - V =
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Fig. 2.　Single-line diagram of 3-bus system.
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Inputting data reading: power flow report bus and branch data

Assembling the incidence matrices W0 for P-δ and Q-V 
sub-problems. Local redundancy must be assigned, e.g.,

 ηtarget=3

Checking for the existence of critical measurements and 
critical sets of measurements via W0 column analysis

Removing any column of W0 for the construction of 
WP-δ�and WQ-V

det (W0'W0)=0?

Obtaining 
selective 

relocation of
 measurements:
 restoration of

 algebraic 
observability

N
Building P-δ and Q-V measurement digraphs based on

 WP-δ�and WQ-V, respectively

Creating the minimum spanning trees based on Prim and
 Kruskal algorithms, which make use of the weights extracted
 from the incidence matrices for P-δ and Q-V sub-problems

Carrying out the single measurement spanning tree (SMST) 
algorithm to avoid the repetition of measurements, aiming

the OST for P-δ and Q-V sub-problems

Carrying out the hybrid measurement simulator 
(Hybrid-MeasureSim) by adding white noise in the values

 provided by the power flow solution. At this stage, bad data 
can be included in the simulations

Gathering all required information into the input file for
 carrying out the hybrid power system state estimation in

 the sequence [21]

End

Y

Fig. 1.　Flowchart for real-time algorithm execution.

Algorithm 1: new topological observability algorithm

Input power flow data
Construct W0P - δ and W0Q - V

Set ηtarget

for i = 12ncolumns of W0P - δ and W0Q - V do
    Choose ηtarget measurements for each column of W0P - δ and W0Q - V origi‐

nating WP - δ and WQ - V

end for
for i = 12ncolumns of WP - δ and WQ - V do
    W1P - δ¬ remove the ith column of WP - δ

    W1Q - V¬ remove the ith column of WQ - V

    if det(W1P - δ W
T

1P - δ )= 0 or det(W1Q - V W1Q - V )= 0 then
        System is not algebraically observable (relocation of measurements)
        Break
    else
        Continue
    end if
    For each ith column of WP - δ and WQ - V , the local redundancy index and 

the existence of critical sets and measurements are verified
end for
Construct measurement digraphs based on WP - δ and WQ - V

Generate a minimum spanning tree applying Prim or Kruskal algorithms 
to measurement digraphs considering the weights extracted from inci‐
dence matrices

for i = 12narcs of each minimum spanning tree do
    Choose one measurement to represent the arc based on the weights of   
        each possible measurement for that arc
    Exclude this measurement from all possible sets of measurements
end for
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where |Vi| (i = 123) denotes the magnitude of the voltage at 
node i; uij (ij = 123 and i ¹ j) denotes the reactive power 
flow measurement between nodes i and j; and Qi (i =1, 2, 3) 
denotes the reactive power of node i.

Additionally, in the above incidence matrices, i.e., (2) and 
(3), the positive values represent the emission degrees of the 
corresponding vertex in the P - δ and Q - V plans of measure‐
ments to be built hereafter.

Note that in (2), each fundamental set of measurements is 
of the same size, i.e., mj = 10. Whereas in (3), except for the 
node representative of the ground potential where mj = 3, 
which is equal to ηtarget, the size of the remaining fundamen‐
tal sets is mj = 8.

Note that the algebraic observability makes use of the prop‐
erty present in the Gram matrix, G(W )=det |W TW|, as follows.

{det |W TW| ¹ 0 network is observable
otherwise network is not observable

(4)

Note that the incidence matrix W of measurements to the  
nodes is also a function of two other incidence matrices given 
by (5). M and A for the foregoing sub-problems are defined 
as [18]:

W =MAT (5)

1)　M: Incidence Matrix of Measurements to Network 
Branches
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2)　A: Incidence Matrix of Nodes to Network Branches
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The primary motivation for using the above incidence ma‐
trices is that both of them are unimodular arrays. They are 
matrices made up of integers or multiples equal to 1, -1, 
and 0. In addition, they are sparse matrices that are easy to 
build and do not suffer from numerical instability.

Now, let us find the set of measurements for the P - δ and 
Q - V sub-problems exempt from critical sets and critical 
measurements, including an assigned local redundancy in‐
dex. The criterion for choosing the local redundancy index is 
explained next.

C. Building Full Measurement Plans for P - δ and Q - V

Obtaining the P - δ and Q - V sets of measurements is done 
independently. In this sense, the starting node (fundamental 
set) may be random, including choosing ηtarget measurements 
among mj = 10 measurements available in the P - δ incidence 
matrix. The same reasoning may be applied to the Q - V inci‐
dence matrix, where mj = 8.

After the first one has been analyzed, the processing of 
each fundamental set of measurements must obey the follow‐
ing necessary rule: whatever the ηtarget measurements are cho‐
sen in the first fundamental set, if any other fundamental set 
either totally or partially shares them, they have to be taken 
into account with respect to the assigned least local redun‐
dancy index, e.g., ηtarget = 3.

Before continuing, it is worth remembering that in graph 
theory, a graph is termed a digraph when the edges are di‐
rected, which in turn is termed as arc [25]. This representa‐
tion allows us to identify the emitter and receiver vertices, 
which are directly in line with the measurement placement 
of power flow, injected power, voltage phase angle, and volt‐
age magnitude. Based on that, the digraph generated for 
each measurement placement can be obtained from the analy‐
sis of the matrices defined in (2) and (3). For this, consider 
a graph Gr = [ -a  -b ], where -a and -b are the vectors with the 
emitter and receiver vertices that form the arcs of the di‐
graph, respectively. The logic elaborated for the creation of 
the digraphs from the incidence matrices W0 obeys the as‐
sembly rules of the vectors as follows.

1) Each bus in the electrical network corresponds to a ver‐
tex in the digraph of measurements.

2) For power flow measurements from buses k to m, the 
sender vertex is k and the receiver vertex is m. For the re‐
verse power flow measurements, the sender vertex is m, and 
the receiver vertex is k.
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3) For power injection measurements on the k th bus, the 
positive value of the row relative to that measurement indi‐
cates the number of repetitions of the emitter vertex k, and 
the columns of the other non-zero elements of that row indi‐
cate the respective receiver vertices.

4) For the angular state measurements, the rule is the 
same as applied for power injection measurements.

5) For voltage magnitude measurements on the k th bus, 
the emitter vertex is k, and the receiver vertex is 0.

Consequently, the full digraphs for P - δ and Q - V sub-
problems can be obtained, yielding:
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GrQ - V =
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In the above equation, we recall the positive impact of 
measurements of the angular state in the P - δ sub-problem. 
In the Q - V sub-problem, the number of voltage magnitude 
measurements ensures the vertex representative of the 
ground potential observability. Figures 3 and 4 show the full 
measurement plans for the P - δ and Q - V sub-problems, re‐
spectively. However, the corresponding measurement di‐
graphs of P - δ and Q - V sub-problems, considering ηtarget = 3, 
are shown in Figs. 5 and 6, respectively. It can be observed 
that for each vertex in Figs. 5 and 6, there are at least ηtarget =
3 different measurements.

D. OST for P - δ and Q - V Sub-problems

The search for an OST for the P - δ and Q - V sub-prob‐
lems is done by making use of three algorithms, i. e., Prim 
[22], Kruskal [23], and SMST. The Prim and Kruskal algo‐
rithms search for the minimum spanning tree, whereas the 
SMST algorithm finds the OST for the P - δ and Q - V sub-
problems.

Prim algorithm (dense) starts from a random initial vertex 
connected by the arc of the most negligible weight, thus gen‐
erating a minimal spanning tree about the weights of each 
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Fig. 4.　Full measurement plan for Q - V sub-problem.
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Fig. 5.　Measurement digraphs of P - δ sub-problem considering ηtarget = 3.
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Fig. 3.　Full measurement plan for P - δ sub-problem.
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arc. Recall that the positive value at each row in the inci‐
dence matrices of the measurements for the network nodes 
in (2) and (3) represents the number of arcs emitted from 
the node (emission degree) due to the corresponding mea‐
surement, hence, each emission degree in (2) and (3) is used 
as the weight assigned to the arcs referred to each measure‐
ment in the spanning tree. For instance, the weight assigned 
to each power flow measurement is 1. In contrast, the 
weight is usually 2 or more for power injection, depending 
on the number of incident branches converging toward the 
node where the power injection is measured. Furthermore, 
since the measurement of the angular state follows the same 
rule as applied to power injection, a first consideration in 
the construction of the spanning tree, since it is a measure‐
ment of the variable state, is to take its weight as a fraction 
of the actual weight, e. g., 90%. This strategy reduces its 
weight to less than the weight of the power injection mea‐
surement.

On the other hand, the sparse method is based on Kruskal 
algorithm, which performs an ascending sort of weights for 
each arc, sequentially adding such arcs to the minimum span‐
ning tree as long as they do not form a loop with the previ‐
ous tree.

At this stage, the SMST is carried out to obtain the OST 
once it avoids the loop formation and ensures different mea‐
surements in the minimum spanning tree. For example, Ta‐
bles I and II present the OST obtained for the P - δ and Q - V 
sub-problems based on the Prim and Kruskal algorithms 
[22], [23] under the supervision of SMST algorithm, respec‐
tively. Note that the weight for each measurement is indicat‐
ed by appending (1) and (2) to the arc specification.

Recall that the chosen measurements for the composition 
of OST are selected following the ascending order of the 
weight assigned to each type of measurement under the su‐

pervision of SMST algorithm. For instance, for the P - δ sub-
problem, the order is power flow → angular state measure‐
ments →power injection measurements. In contrast, for the 
Q - V sub-problem, the order is voltage magnitude measure‐
ment → power flow → power injection measurements.

Note that in Figs. 7 and 8, all vertices are connected to 
each other. Otherwise, the corresponding measurement place‐
ment is not topologically observable.

III. NUMERICAL APPLICATIONS

This section presents the main network features and the 
monitored quantities for the larger-scale systems used in the 
simulations. The SMST algorithm was developed in MAT‐
LAB using sparsity techniques and performed on an Intel(R) 
Core(TM) i7-10510U CPU (@ 1.80 GHz, up to 2.30 GHz), 16 
GB RAM, and 64-bit operating system. Table III depicts the 
power flow parameters for IEEE and SIN test systems, 
where NPV is the number of P - V buses; NPQ is the number 
of P - Q buses; CVr is the complex-valued Jacobian matrix 
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Fig. 6.　Measurement digraphs of Q - V sub-problem considering ηtarget = 3.
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Fig. 8.　OST for Q - V sub-problem.

TABLE II
OST OBTAINED FOR Q - V SUB-PROBLEM

Spanning tree arc

1-2

1-3

1-0

2-0

3-0

Set of measurement

u1 - 2 (1)

u2 - 1 (1)

u1 - 3 (1)

Q3 (2)

V1 - 0 (1)

V2 - 0 (1)

V3 - 0 (1)

Randomly chosen measurement

u1 - 2

u1 - 3

V2 - 0

TABLE I
OST OBTAINED FOR P - δ SUB-PROBLEM

Spanning tree arc

1-2

1-3

Set of measurement

t1 - 2 (1), t2 - 1 (1), P2 (2)

t1 - 3 (1), t3 - 1 (1)

Randomly chosen measurement

t1 - 2

t1 - 3

1

2

3

t1-3

t1-2

Fig. 7.　OST for P - δ sub-problem.
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in rectangular coordinates and its dimension 
n = 2(NPV +NPQ );  and  RVp is the real-valued Jacobian matrix 
in polar coordinates and its dimension n =NPV + 2NPQ. In con‐
trast, Table IV presents the SMST performance considering 
several scenarios of measurements provided by the SCADA 
and PMUs. 

When measurement noise is present in SCADA or PMUs, 
the impact of SMST performance is described in [21], in 
which results are obtained under various scenarios, assuming 
ηtarget = 3. Furthermore, Figs. 9-12 show the comparative per‐
formance of the SMST algorithm for the most representative 
test systems considering different least local redundancy indi‐
ces of measurements, e.g., ηtarget = 3 and ηtarget = 5, in P - δ and 

Q - V sub-problems. The least local redundancy index of the 
measurements has a low impact on SMST performance. 
Still, it positively impacts the robustness of a highly robust 
state estimator, as it can handle two bad data if ηtarget = 5 is 
assigned to each fundamental set.

On the other hand, the measurement digraphs and OSTs 
for the P - δ and Q - V sub-problems for larger-scale systems, 
considering ηtarget = 3, are shown in Supplementary Material 
A Figs. SA1 and SA2 and in Figs. 13 and 14, respectively. 
Note that in both digraphs of measurements, the vertices 
show up with at least three (ηtarget = 3) arcs converging to 
them, e.g., vertices #33 and #35, among others. Furthermore, 
for much larger-scale systems, the following functionality is 
useful to see the overall local redundancy for the P - δ and 
Q - V sub-problems, as shown in Figs. 15 and 16, respective‐
ly. Note that the IEEE 57-bus test system is chosen for illus‐
tration since much larger-scale systems cause visual pollu‐
tion in the pictures due to the density of digraph connections.
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TABLE IV
SMST PERFORMANCE CONSIDERING ηtarget = 3

Test system

IEEE 
57-bus

SIN-340

SIN-730

SIN-1916

SCADA

Nm

239

185

120

59

-

1427

1067

710

367

-

3417

2559

1720

859

-

8453

6287

4220

2095

-

R (%)

100

75

50

25

0

100

75

50

25

0

100

75

50

25

0

100

75

50

25

0

PMU

Nm

-

27

60

91

121

-

180

359

531

715

-

429

849

1280

1710

-

1083

2117

3180

4228

R (%)

0

25

50

75

100

0

25

50

75

100

0

25

50

75

100

0

25

50

75

100

A (s)

0.0453

0.0484

0.0584

0.0559

0.0504

0.2822

0.3521

0.3355

0.3645

0.3955

0.6898

0.6822

0.7878

0.7727

0.7675

2.4401

1.8205

1.9887

1.9419

1.7991

B (s)

P - δ

0.0132

0.0136

0.0129

0.0122

0.0131

0.1052

0.1797

0.1048

0.1648

0.1664

0.6125

0.3612

0.6269

0.5036

0.4844

1.9982

1.7203

2.1164

2.0569

1.7334

Q - V

0.0126

0.0141

0.0114

0.0126

0.0121

0.1025

0.2564

0.0972

0.1877

0.1838

0.4253

0.3469

0.4538

0.4727

0.4517

1.8671

1.7626

1.9822

1.9009

1.7511

Note: A denotes the total time for searching the critical sets and critical mea‐
surements; B denotes the time for obtaining an OST; Nm denotes the num‐
ber of measurements; and R denotes the percentage of the number of mea‐
surements by the measurement devices in the total number of measurements.

TABLE III
POWER FLOW PARAMETERS FOR IEEE AND SIN TEST SYSTEMS

Test 
system

IEEE 57-
bus

SIN-340

SIN-730

SIN-1916

NPV

6

53

104

163

NPQ

50

287

626

1753

No. of 
transformer

15

82

234

835

No. of transmis‐
sion line and 
shunt device

83

550

1078

3197

n for 
RVp

106

627

1356

3669

n for 
CVr

112

680

1460

3832
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IV. CONCLUSION AND FUTURE INVESTIGATION

This paper presents an algorithm of low computational 
cost for analyzing topological observability based on an as‐
signed local redundancy index. Such features result from uni‐
modular matrices obtained by the topological analysis of the 
network and the established real-time monitoring plan. 
These, known as incidence matrices, are sparse and easy to 
build, and do not have the risk of numerical instability. Fur‐
thermore, these matrices can be easily converted to computa‐
tional applications based on graph theory, encouraging the 
elaboration of measurement digraphs for P - δ and Q - V sub-
problems. 
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Moreover, such applications are the basis for searching for 
OSTs, which is a necessary and sufficient condition to en‐
sure topological observability. The Prim and Kruskal algo‐
rithms create spanning trees based on a given measurement 
digraph. A new algorithm is developed to avoid duplicity of 
measurement and loop formation when constructing the span‐
ning tree. Therefore, this algorithm allows the creation of 
OSTs for the P - δ and Q - V sub-problems, avoiding a high 
computational effort since it belongs to a combinatorial prob‐
lem.

Future investigations could involve developing an algo‐
rithm to create a monitoring plan that considers local redun‐
dancy depending on operational requirements. This can be 
done by assigning larger weights to power injection mea‐
surements, e.g., zero injection buses, since this strategy pro‐
vides more arcs in the measurement digraph, ensuring alge‐
braic observability.
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Abstract—The increasing deployment of Phasor Measurement
Units (PMUs) has introduced complex-valued measurements into
system monitoring and control frameworks. This work applies
the second-order statistical properties of complex signals to
PMU data, aiming at power systems applications in the complex
domain. Two sets of actual data are used to this end. The first
uses data from PMU installed in the National Interconnected
Brazilian power grid, which is termed (SIN). The second uses
data from the phasor measurement unit (PMU) installed in
low-voltage distribution systems, notably PMUs installed on
university campuses across Brazil and funded by the MedFasee
project. Results demonstrate that PMU signals predominantly
show proper and circular characteristics, hence guaranteeing the
reduction to real-valued covariance matrices in actual systems.

Index Terms—Second order statistical properties of PMU
signals; Power systems applications in the complex domain.

I. INTRODUCTION

Complex-valued signals have been applied to a great num-
ber of research areas, such as communications, radar, echocar-
diogram images, features for face recognition, geophysics,
optics, and electromagnetics, to name a few [1]. Recently,
electric power companies worldwide have deployed many
Phasor Measurement Units - PMUs aimed to enhance the
monitoring of the operation security of power transmission
systems under either steady state or dynamic conditions. The
signals provided by the PMUs represent a particular case of
complex-valued random vectors. Hence, these signals should
be suitably embedded into the non-linear measurement model
for hybrid power system state estimation developed in the
complex domain [2]–[5]. Notice the findings described in this
work are already applied in [2].

In this paper, the different reporting rates of the conven-
tional measurements and the synchronized system of phasor
measurements based on PMU are assumed to be perfectly
synchronized. This issue is beyond this work, but in the
literature, relevant contributions aim at this goal. Among them,
we highlighted the proposals addressed to solve this problem
on static and dynamic hybrid state estimation as described in
[6] and [7], [8], respectively.

The performance of bad-data processing algorithms formu-
lated in the complex domain should rely on the methodology

recommended by the technical literature in signal processing
once this issue is a novelty for the power system community
[2]. For instance, Picinbono [9], [10] showed that the covari-
ance matrix usually used to describe complex-valued random
vectors is insufficient for a complete description of second-
order statistics, and an additional matrix named relation or
pseudo covariance matrix is necessary. Some of its properties
should be analyzed and used to express the probability density
function of normal complex-valued vectors. On the other hand,
in [11], the main focus relies on the case where the pseudo
covariance matrix does not vanish, i.e., the complex-valued
random vectors are improper. Whereas in [12], the analysis
follows the case of non-circular complex-valued random vec-
tors.

The reasons above are the true motivation for the proposed
work presented in this paper. To this end, two sets of PMU
actual data are analyzed to identify the statistical properties
of the complex-valued recorded metered signals. In the first
set of data, the signals come from the PMUs installed in
an extra-high voltage transmission system, which is operated
by Companhia de Transmissão de Energia Elétrica Paulista
(CTEEP), a vital transmission system operator in Brazil. The
real and imaginary parts of the voltages and currents are the
positive sequences (+) obtained from the transformation of
the symmetrical components. In contrast, the complex powers
expressed in the rectangular coordinates are obtained through
the element-wise products of V ⊙I∗, where ⊙ is the Hadamard
product. In the second set of data, only the positive sequences
of voltages are available because the PMUs are installed
in the low-voltage at the consumer level, which are PMUs
installed at University campuses across Brazil and funded
by the MedFasee project [13]. Both sets of PMU data were
obtained at 60 phasors per second reporting rate.

The key contribution of this paper is the statistical con-
firmation that PMU complex-valued signals predominantly
show circular and proper characteristics. This observation
warrants simplifying their statistical modeling, allowing for
the application of real-valued covariance matrices without
accuracy loss, lessening computational complexity for real-
time applications in the complex domain.

20
25

 IE
EE

 K
ie

l P
ow

er
Te

ch
 | 

97
9-

8-
33

15
-4

39
7-

6/
25

/$
31

.0
0 

©
20

25
 IE

EE
 | 

D
O

I: 
10

.1
10

9/
Po

w
er

Te
ch

59
96

5.
20

25
.1

11
80

40
7

Authorized licensed use limited to: Eduardo Resende. Downloaded on December 25,2025 at 14:27:32 UTC from IEEE Xplore.  Restrictions apply. 



This paper is organized as follows: Section II presents the
theoretical foundation of complex-valued random signal pro-
cessing and the multivariate generalized Gaussian distribution
(CV-GGD). Section III provides some numerical results based
on the second-order statistical properties recommended by the
signal processing community. Finally, Section IV concludes
the paper.

II. THEORETICAL FOUNDATION

A. Complex-Valued Random Variables
The covariance function generally characterizes the second-

order statistical properties of complex-valued signals. How-
ever, this is not enough for a complete second-order statistics
description, and another statistic called pseudo-covariance or
complementary covariance needs to be taken into account [9].
Its properties, especially the conditions that must be satisfied,
lead to a new perspective on complex-valued white noise and
modeling any signal as the output of a linear system added to
white noise. Therefore, considering a complex-valued random
variable, zi = zre + jzim, where j =

√
−1 and zre and zim

stand for the real and imaginary parts of zi, the second-order
statistic [14] for the multi variables case is expressed as

C = E[z zH ] = E[z2re] + E[z2im] = σ2
re + σ2

im, (1)

where C is the covariance matrix and (·) denotes a vector,
and (·)H denotes the transposition and complex conjugation,
i.e., the Hermitian transpose, and E[·] denotes the statistical
expectation operator. In addition, it is necessary to define
the so-called pseudo-covariance matrix, P, which in turn is
expressed as

P = E[z zT ],

= E[zre
2]− E[zim

2] + 2j E[zre zim],

= σ2
re − σ2

im + j 2× σre im,

(2)

where (·)T denotes transposition, σ2 is the variance, j =
√
−1,

and 2 × σ
re im

is the correlation. Note that P is a complex
and symmetric matrix and therefore satisfies P∗ = PH , where
(·)H denotes the complex conjugate. The pseudo-covariance
matrix is rarely introduced in the signal processing literature
because it is explicitly or implicitly assumed to be zero.
Observe that P vanishes for uncorrelated real and imaginary
parts of equal variances. Moreover, under such condition, a
complex-valued Gaussian random signal is said to be circular
if for a given complex-valued random variable, zi ∈ C, with
probability density function (pdf) is invariant to rotation in C,
i.e., p(zi) = p(zi e

jθ) for ∀ θ ∈ [0, 2π] and has zero mean.
Additionally, it is proper if its variance is twice the variances
of its real and imaginary parts, i.e., σ2

i = 2 σ2
ire

= 2 σi
2
im. Oth-

erwise, the complex-valued Gaussian random signal is non-
circular and improper. However, among many other practical
reasons, the most common being short observation windows,
the pseudo-covariance should be considered, i.e., P ̸= 0. Thus,
to deal with non-circularity, the literature in signals processing
[9], [11], [15] have recommended the signal model based on
the augmented form of the complex variable, i.e.

zc = M

[
zre
zim

]
=

[
z
z∗

]
, (3)

where the matrix M ∈ C2×2 is defined as

M =

(
1 j

1 −j

)
, (4)

and for what follows it is important to note that

M−1 =
1

2
MH . (5)

Thus, the following augmented covariance matrix [16] can
be derived as

Ωc = E[zc z
H
c ] =

[
C P

P∗ C∗

]
. (6)

Note that Ωc in (6) models both second-order circular and
noncircular properties of signals for general complex pro-
cesses. Moreover, Ωc will have real-valued diagonal elements,
whereas the off-diagonal elements are complex values. The
latter are the correlation coefficients between the real and
imaginary parts of the complex-valued random variable, which
allow us to quantify the degree of impropriety of complex sig-
nals. For instance, the complex correlation coefficient between
zi and z∗i for the multivariable case is defined as [17]

|ρ| = E[z zT ]
E[z zH ]

, (7)

with bounds 0 ≤ |ρ| ≤ 1. However, since the pseudo-
covariance is a complex number, ρ can also be expressed in
polar coordinates, such as

ρ = |ρ| ejθ, (8)

Thus, the ratio coefficient between the real and imaginary parts
of the signal is calculated as follows:

ρzre,zim =
ρim√
1− ρre2

. (9)

Therefore, when |ρ| = 0, it can be inferred that the complex-
valued signal is proper. To sum up, note that circularity
implies zero mean and propriety, but not vice versa, whereas
impropriety implies noncircularity, but not vice versa.

B. CV-Multivariate Generalized Gaussian Distribution
As aforementioned, complex statistics are not straightfor-

ward extensions of real-value statistics. For instance, consider
the distribution of samples from a complex process in which
the real and imaginary parts are Gaussian distributed. The key
concept herein is to derive a compact form of the density
function, which can be written directly as a function of a
complex argument rather than its real and imaginary parts.
In this sense, a collection of m complex numbers is simply
a collection of 2 × m real numbers. Thus, a collection of
m complex-valued random variables is just a collection of
2×m real-valued random variables with some joint probability
distribution of its real and imaginary parts in R2m. Firstly,
consider a Gaussian random error vector η ∈ R2m×1 in the
real domain, i.e.,

η =
(
ηre1

, ηim1
, · · · , ηrem

, ηimm

)T
, (10)
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and E
[
η
rei

]
= E

[
η
imi

]
= 0 for all i, which are samples

of a circular and proper complex stochastic process. Then, the
covariance matrix of η is defined as

R = E
[
η ηT

]
. (11)

The distribution function of η
rei

and η
imi

is given by

f(η) =
1

(2π)
m
(detR)

1/2
e(−

1
2 ηT R−1 η). (12)

On the other hand, based on (3) and (12), follows

(
ϖi

ϖ∗
i

)
= M




η
rei

ηimi


 , (13)

where ϖi = (ηrei
+ j ηimi

) and M is defined as in (4).
Now, defining ϖc ∈ C2m×1 as the augmented random error
of measurements in the complex domain. Formally, we have

ϖc = (ϖ1, ϖ
∗
1 , · · ·ϖm, ϖ

∗
m)

T
. (14)

Then, by (13) it yields

ϖc = A η, (15)

where the block-diagonal matrix A ∈ C2m×2m is defined as

A = diag (M,M, · · · ,M) . (16)

Hence, according to (15) and (5) we get

η = A−1 ϖc =
1

2
AH ϖc, (17)

and since η is a real vector, thus

η =
1

2
AT ϖ∗

c . (18)

The augmented covariance matrix Ωc ∈ C2m×2m of ϖc
given by (15) becomes

Ωc = A R AH . (19)

Now, following [18], consider the quadratic form in (12)
given by

ηT R−1 η. (20)

According to (17), (18) and (19), this form can be written
as

ϖH
c ( 12A) R−1 ( 12A

H) ϖc = ϖH
c

(
A R AH

)−1

ϖc,

= ϖH
c Ω−1

c ϖc.
(21)

Moreover, the determinant given by (12) is written as

detR = det( 12A
H Ωc

1
2A),

=
(
1
2

)2m (
detMH

)m
detΩ

(
1
2

)2m
(detM)

m
,

=
(
1
2

)4m
(2j)m (−2j)m detΩc,

=
(
1
2

)2m
detΩc.

(22)
Substituting (21) and (22) in (12) allows us to obtain the

complex-valued multivariate generalized Gaussian distribu-
tion, that is,

f(ϖc) =
1

πm(detΩc)
e(−ϖH

c Ωc
−1 ϖc). (23)

with ϖc defined by (14). Moreover, note that the pdf depends
algebraically on ϖc, i.e., ϖi and ϖi

∗, but is interpreted as the
joint pdf of η

Ri
and η

Ii
, and can be used for proper and im-

proper ϖi. Introducing a non-zero mean µ is straightforward,
which is the complex vector isomorphic to the mean of its real
counterpart. The resulting pdf is

f(ϖc) =
1

πm(detΩc)
e−(ϖc−µ)H Ωc

−1 (ϖc−µ). (24)

Finally, according to the definition and the format usually
assumed, ϖc can be rearranged as follows:

ωc = Sw ϖc = (ϖ1 · · ·ϖm, ϖ
∗
1 · · ·ϖ∗

m)
T
, (25)

where Sw ∈ R2m×2m is a swap operator defined as

Sw
∆
=

[
0 In
In 0

]
, (26)

and In is the identity matrix of dimension n×n. That matrix
has the following property: Sw

T = Sw
−1 and |detSw| = 1,

i.e., Sw is an orthogonal matrix [19]. Notice that Sw per-
mutes blocks of m rows or blocks of n columns depending
upon whether Sw pre-multiples or post-multiples a matrix,
respectively.

III. NUMERICAL RESULTS

This section presents the statistical properties of the voltage,
current, and complex power measurements provided by the
PMUs. To validate the methodology across different volt-
age levels and operational conditions, the authors use PMU
measurements installed in an extra-high voltage transmission
system, specifically the network operated by Companhia de
Transmissão de Energia Elétrica Paulista (CTEEP). Addition-
ally, the analysis using PMU measurements installed in the
low-voltage distribution systems is equally addressed. These
latter are PMUs installed on University campuses across Brazil
funded by the MedFasee project [13].

A. Statistical Signal Properties of PMU Data
The deployment of many PMUs to monitor power trans-

mission systems worldwide is widely known [20]. Today, a
hybrid monitoring system is used in many countries’ utilities.
As can be seen in Fig. 1, a logical diagram for the conventional
PMU according to IEC/IEEE 60255-118-1:2018 is presented

Authorized licensed use limited to: Eduardo Resende. Downloaded on December 25,2025 at 14:27:32 UTC from IEEE Xplore.  Restrictions apply. 



[21], only the phase components of voltage, i.e., Vag, Vbg, Vcg
where the subscript g means the ground potential, and current
Ia, Ib, Ic synchrophasors are available at the PMU output
in rectangular coordinates. Thus, each measured quantity is
accessed through two real values. Hence, the user has to
apply the symmetrical component transformation to the syn-
chrophasors of voltage and current once the standard studies
are conducted on the positive sequence (+) emerged from the
transformation of the symmetrical components. Moreover, the
complex power signal is not measured but calculated, so it
plays the role of a pseudo measurement. Unlike what happens
with the locus of the voltage (Vr + j Vi) (see Fig. 2a) and
current (Ir + j Ii) (see Fig. 2b) phasors, the locus of the
complex power signal, i.e., active and reactive power (see Fig.
2c) is expressively correlated to the real and imaginary parts of
the voltage and current signals. The real and imaginary parts
of the complex power are functions of the real and imaginary
parts of the voltage and current signals, as shown below:

S = V I∗ = P +j Q = (VrIr+ViIi)+j (ViIr−VrIi). (27)

Remark that the thickness of the red line in Fig. 2b
represents the current variation throughout the accessed data
window.

Figure 1: Logical diagram for the conventional PMU.

In the CTEEP data set, the analysis takes place on voltage,
current, and complex power signals. In the MedFasee data set,
only the voltage signal performed at the consumer voltage
level is available. The data set provided by the CTEEP
company is equivalent to approximately 15 minutes of ac-
quisition of signals obtained from 3 PMU that monitor part
of the National Interconnected System (SIN) at a reporting
rate of 60 phasors/s. The measurement points are at the
Araraquara, Baixada Santista, and Porto Velho substations.
These measurements contain voltage and current information,
with 54,060 records for each measured quantity. The three data
sets are obtained at the same day and time interval. However,
accordingly, with the statistical premise stated by the Central
Limit Theorem [22], it is sufficient to use a smaller sample
size of data. All installations assume the signals in a steady
state regime (= 60± 0.05 Hz). Due to the space limitation, in
the sequel, only the scatter plots of signals at the Araraquara
substation are shown in Fig. 2. The sample mean for each
quantity is displayed via the star (*) symbol in these plots.

On the other hand, among 28 University campuses, only
the scatter plot for the probability density function at UFMG
campus is displayed in Fig. 3. In contrast, the corresponding
variance (blue) and pseudo-variance (red) are shown in Fig.
4, which were calculated by using the Matlab code available
in [23].

(a) Voltage (b) Current

(c) Complex Power

Figure 2: Scatter plots for voltage, current, and complex power
at Araraquara substation (CTEEP).

In turn, Table I presents the values of the mean (µ), covari-
ance (C), pseudo-covariance (P), and the complex correlation
coefficients (ρ) for the CTEEP PMU data. The |ρ| values may
attest to the properties of circularity of the voltage, current, and
complex power signals once their magnitude, in the worst case,
is less than 5%. Furthermore, similar results are shown for the
voltage signals for four University campuses as depicted in
Table II.

Similarly, from the pictures shown in Figs. 5, one can infer
that the complex correlation coefficient (ρ) is close to zero,
characterizing a weak correlation between the real part and
the imaginary part of the measurements at the Araraquara
substation. In addition, note that the pseudo-covariance values
are much smaller than the covariance magnitude. Therefore,
the analysis leads to the conclusion that a pseudo-covariance
normalized by a fixed time interval of the considered time
series (LAG - “lead and lag effect”) is much lower than the
covariance. This fact makes it negligible in applications of the
second-order covariance matrix defined in (6). The data set
analysis referred to the remaining substations that exhibited
the same standard.

Also, strictly speaking, when the data are proper and cir-
cular, the problem of the complex-valued nonlinear model
can be solved similarly to its real-valued counterpart. The
covariance matrix becomes a real-valued diagonal matrix
as stated in (1), i.e., Ωc = C. Otherwise, i.e., when the
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Table I: Statistical Signal Properties of PMU’s Data at CTEEP.

Sample Araraquara Baixada Santista Porto Velho
Voltage: Vseq.(+)

µre -0.12000 -0.71000 0.02700
µim 0.51000 -0.03500 0.29000
σre 0.61000 0.55000 0.71000
σim 0.71000 0.51000 0.69000
σ 0.92736 0.75498 0.97980
C 0.86600 0.56200 0.97000
P -0.133+0.299i 0.051-0.026i 0.025+0.199i
ρ 0.0213× ej136.15 0.030× e−j8.25 0.0102× ej75.76

Current: Iseq.(+)
µre -2.21000 3.07000 -1.62000
µim -6.96000 1.09000 4.43000
σre 9.56000 2.54000 10.99000
σim 9.05000 2.35000 11.68000
σ 13.15751 3.45832 16.03652
C 173.12100 257.156 257.17000
P 9.308+0.416i 0.949+0.080i -15.642+0.165i
ρ 0.0214× ej75.48 0.039× ej26.63 0.0102× ej126.49

Complex Power: Sseq.(+)
µre -13.81000 -4.69000 15.46000
µim 8.11000 -1.42000 7.41000
σre 0.00600 0.01400 0.01900
σim 0.01200 0.01700 0.02600
σ 0.01378 0.02145 0.03271
C 0.001 0.001 0.002
P -0.001+0.345i -0.001-1.712i -0.001-0.313i
ρ 0.0293× e−j166.3 0.0162× e103.6 0.0310× e151.0

Table II: Statistical Signal Properties of PMU’s Data provided by MedFasee.

Sample UFBA UFMG UFRR UTFPR
µ -0.107+0.010i -0.045-0.099i 0.008-0.005i -0.086-0.07i
|µ| 1.002 1.012 0.998 1.023
σre 0.698 0.709 0.708 0.706
σim 0.712 0.715 0.704 0.733

C 0.993 1.012 0.996 1.035
P -0.021+0.074i -0.009-0.083i 0.006-0.01i -0.04-0.038i
ρ 0.042× ej119.75 0.042× e−j101.25 0.007× e−j40.74 0.042× e−j154.13

Figure 3: Scatter plot for the pdf at UFMG campus: real (blue)
and imaginary (red) parts of Vseq.(+).

pseudo-covariance matrix cannot be neglected (P ̸= 0), the
above formulation must be employed, and the computational
overhead has to be circumvented, e.g., by applying augmented
matrix factorization techniques [14]. Opportunely, this issue
will be investigated, and the results will be presented in the

Figure 4: Scatter plot for the Covariance (blue) and Pseudo-
covariance (red) low-voltage at UFMG cumpus.

forthcoming paper.
Therefore, the overall analysis of voltage, current, and

complex power signals allows us to assume the second-order
circular property in all cases once the complex correlation
coefficients are small enough to neglect the pseudo-covariance
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(a) Voltage - Vseq.(+) (b) Current - Iseq.(+)

Figure 5: Araraquara substation (CTEEP) - Covariance (blue) and Pseudo-covariance (red).

matrix, P, in (6).

IV. CONCLUSIONS AND FUTURE INVESTIGATION

This paper applies the second-order statistical properties of
complex signals to actual PMU data. This approach allows one
to deal with complex random variables, i.e., whether proper or
improper, circular or non-circular. It is shown that the PMU
signals of voltage, current, and complex power can be assumed
based on the statistical properties of circularity and propriety.
Consequently, the magnitude of measurement error assigned
to each complex-valued measure equals 2 × σ. Otherwise,
for instance, the state estimator collapses, e.g., see [2]. The
statistical properties of non-circularity and impropriety of
voltage, current, and complex power signals will be the target
of investigation in the forthcoming paper.
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